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Abstract. C. Park [3] introduced the term of quasi 2-normed space, and further he has
also proved few properties of quasi 2-norm. M. Kir and M. Acikgoz [4] gave the
procedure for completing the quasi 2-normed space. Families of quasi-norms generated
by quasi 2-norm are considered in [2] and are also proven few statements according to
that ones. The inequalities of Dunkl-Williams, Mercer, Pecari¢-Raji¢ and the sharp
parallelepiped inequalities are fundamental in the theory of a 2-normed spaces. In quasi
2-normed spaces are proven, [1] and[2], the analogous inequalities of sharp inequalities
and inequalities of Pecari¢-Raji¢ type. In this paper will be considered inequalities,
which are analogies to Dunkl-Williams and Mercer inequalities in quasi 2-normed
spaces.

1. INTRODUCTION

S. Gihler (1965) gave the term of 2-norm ([11]). One of the axioms of 2-norm is the
parallelepiped inequality, which is basic one in the theory of 2-normed spaces.
Precisously this inequality, analogous as in normed spaces, C. Park has replaced by a
new condition, and thus he actually obtained the following definition of quasi 2-normed
space:

Definition 1 ([3]). Let L be a real vector space and dimL >2. Quasi 2-norm is real

function ||-,-||: Lx L —[0,0) such that:

a) |Ixy|=0,forall x,yeL and || x,y|=0 iff the set {x, y} is linearly dependent;

b) lIx ylHly. x|, forall x,yeL;

c) llex,y|Hal-|I|x Y], forall x,yeL and for each « € R,and

d) it exists a constant C>1 so that || x+VY,z|<C(|x z|+]|lYy.z]), holds for all
X,y,zelL.

An ordered pair (L,||-,-|]) is called as quasi 2-normed space. The smallest possible C

such that it satisfies the condition d) is called as modulus of concavity of quasi 2-norm
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Further, M. Kir and M. Acikgoz [4] have given few examples of trivial quasi 2-
normed spaces and have also considered the question about completing a quasi 2-normed
space. In [2] is proven the following Lemma which is one of the basic while proving
important inequalities in quasi 2-normed spaces.

Lemma 1. If L isa quasi 2-normed space with modulus of concavity C >1, then

13 %2 [l CHI00 DI 5 7. 6
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holds for each n>1 and for all z,%,%X;,....%, €L . m

Further, C. Park gave a characterization of quasi 2-normed space, i.e. proved the
following theorem.

Theorem 1 ([3]). Let (L,||--|]) be a quasi 2-normed space. It exists p, 0< p<1 and an
equivalent quasi 2-norm ||| -,- ||| over L so that

Ix+y, z P,z IIP +1y. 211l @)
holds forall x,y,zeL.m

Definition 2 ([3]). The quasi 2-norm defined in Theorem 1 is called a (2, p) —norm,
and the quasi 2-normed space L is called a (2, p) —normed space.

2. OURRESULTS

Theorem 2. Let L be a quasi 2-normed space with modulus of concavity C >1, and
V (z) be the subspace generated by vector z . The following inequality

s byl e gy maxkirlly.a
I~ a2 1< 4 wamiyar ~ 2C D iyl ©)

holds true for each z € L\{0} and for all x,y e L\V(z).
Proof. Let ze L\{0} and x,y € L\V(z) . Since definition 1 we get that

X, z||- D, S ,Z X, Z _y +L_L,Z
Izl g = 2D 2 R~ e e~y 2
=X y
sClixzl- - 2l+C izl -zl @
SClIx=y,z|[[+Cl|ly,z|| = I %z |||

Further, once again definition limplies that
Iy zl<Clly-xz|[+Cl[x z] and || x,z[|<C[[x-y,z|[+C|ly.z]l.
Therefore,
Iy, zll=lIxzli<Clly—xz||[+(C-Dlxz]|
<Clix=y. z|l+C-Dmax{[|x.z|l.lly, [}
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and
Ixzll=lly.zll<Clx=y,z[[+C =Dl y.zl
<Clix=y. z[[+C-Dmax{][ x, zl.lly, I},
i.e. the inequality
Ny, zll=lIxzlllsCll x=y, z | HC-Dmax{]| x, z|l.Il y, 2 [[}- ©)
holds true. The inequalities (4) and (5) imply the inequality

B | [ S
21l i~ 2 € 2C -y, 2l +(C-Dmaxdll x 2L v,z [} (6)

The following inequality can be proven analogously
Iy, 211l 2~ g 2 1< 2C T x=yoz | +(C ~D maxqll x,z L]y, z 1} (7)

Finally, if we add the inequalities (6) and (7) and so obtained inequality is divided by
[| X[+l y[> 0 we get the inequality (3). m

Theorem 3. Let L be a (2, p)—normed space, 0< p<1, and V(z) be a subspace
generated by vector z . Then

||x7y,z||p+| lly. zlHIx. Il
z|P<2 .2 6)
[1x,2l[" Hly,zll

e IIX 7| IIy Z|”’
for each ze L\{0} and for all x,y e L\V (2).
Proof. Definition 2, i.e. the properties of (2, p) —norm imply that each z e L\{0} and
all x,y e L\V(z) satisfy the following

p X y P_j Py _x y y p
X,Z||P -2 - Z||P| %, z ———+———,z
%21 ez~ iy 2 =0 2 5 = e * e~ v 21
<%,z Y 2P %z P =z |IP (9
I 2Pl - 2P + 2Pl - 2P (©)
AQx=y,z|IP +[ly.z] -l xz]|[[°
and
p X P_ X X y p
2P Z z X Y 7
R e et e e 820 i ey R e e R
< P Py, z|P z|IP (10
Sy2 Pl - 2P 2P~z P (10)
Ax=y, z|IP +[ly.zll -1 xz [P

Finally, if we add the inequalities (9) and (10) and the so obtained inequality we divide
by || x|IP +]l y||P>0, we get the inequality (8). m

Remark 1. The inequalities (3) and (8) are actually inequalities of Dunkl- Williams type
in quasi-normed and p— normed space, 0 < p <1, respectively.

Theorem 4. Let L be a quasi 2-normed space with modulus of concavity C >1. The
following statements are equivalent:
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1) Foreach z e L\{0} andforall x,y e L\V(2)

lIx-y. 2] _qy maxglix 2L lly. 2}

I a2 P papyat €D gy @Y
2) If x,y,zeL aresuchthat || x,z|H|y,z]||=1,holds then

152, zlI< C Il @-t)x+ty, z || + S maxfl—t, 13, (12)

for each t €[0,1].
Proof. 1) = 2) . Let assume that 1) is satisfied. Let x,y,z € L be such that
IxzIHly.zl=1
is satisfied. Clearly, for t =0 and t =1, the inequality (12) is satisfied. If t € (0,1) , then
1) implies

X+Y L 1=t Tt
15 2 e Bt ) T x+ v,z

t
w1y
=zl 2D R 2
t
Ct t =5y oy maxlix 2.l
=72 (2l y,z||)(2c”“”+” ‘1yz||+(C D= ‘1yz|| )
C-1(-t

=c-0lx-y 2+ E 5 maxy L3

=Cll@-t)x+ty,z ||+ S maxfl-t,1},
i.e. the inequality (12) holds true.
2) =1). Let assume that 2) is satisfied. Further, let x and y be arbitrary non-null

vectors at L. Then for e L itis true that
IIX Z||’ IIy Z||

X -y
——= 72IHl +—,z|F1
I lIx.zll = I=y.zl I

PP 1| .
and if t= TR then 2) implies that

-y

y EXIMTRT
X X,z y,z
X Y =2 .z
I [Ix.zll - lly.zll =2l 2 I
<2(CIl(1- Ily.zl + lly.zll -y .2
ClI¢ ||x,z||+||y,z||)||x,z|| 1%, zllHly.zll ly.zll I
c-1 Iy zll Ily.zll
+==max{l— ,
7 M~ Ryl Ty 2

—oc x=y.i +(C- 1)max{||xz||||y 2|}

X zll+ly. 2| lIx,zll+ly.z
i.e. the inequality (11) holds true. m

Remark 2. The inequality (11) is actually generalization of the inequality

”< 2|x-y,z|
Il

X ___J
I Ixzl - lly.zll’ Xzl +Hly 2l
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which on 2-normed space, is satisfied if and only if the 2-norm is generated by 2-inner
product ([10]). So, it is logically to be stated the following question:

Does the inequality (11) in quasi 2-normed space with modulus of concavity C >1

hold true if and only if it exists a function f :LxL — R sothat f(x,x,z)<|x,z ||2.
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