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THE CAUCHY PROBLEM FOR THE QUASILINEAR
SCHRODINGER EQUATION AND LOCAL WELL POSEDNESS

ALIT IBRAIMI* AND LIGOR NIKOLLA**

Abstract. In this paper we will examine the posibility of well-posedness of
Cauchy problem in the case of Schrodinger nonlinear equations, i.e. Schrodinger
quazi-linear equations. Equations of such type appear in several fields of
physics, such as plasma fluids, classical and quantum ferromagnetism, laser
theory, etc., and also in complex geometry, where, for example, in K&hler
geometry they model ,,Schrodinger flows”. The results of this paper apply
to the superfluid film equation in fluid mechanics. The method is based on
energy estimates which can be performed thanks to the construction of an
integrating factor. This construction is of independent interest and relies on
the analysis of some new pseudo-differential operators. These equations are
also analogous to corresponding ones for hyperbolic equations, where the cor-
responding results were obtained much earlier, in the 70’s, by Kato and his
collaborators [10], [11]. The problem was extensively studied in the 90’s, in
the case of constant coefficients.

1. INTRODUCTION

We will consider the Schrodinger nonlinear equations on a compact Riemannian
manifold (M, g)

iOu+Agu=f < |u\2) u, u(0,z)=wug(x) (1)

where f is a suitably chosen real valued function, while A is the Laplace operator.
A natural question is whether the particular structure of (M,g) influences the
critical threshold for the local well-posedness Sobolev regularity of the initial data.
Let us precise what we call local well-posedness.

Definition 1. ([4]) We say that the Cauchy problem is locally well-posed for data
in the Sobolev space H® (M) if for any R > 0 there exist T > 0 and a functional
space X continuously embedded in C ( [-T,T], H* (M)) and invariant under the
natural action of the isometrics of M, such that for every

wo€ Br={uoe B (M) | Jlwoll ey < R}
the Cauchy problem (1) has a unique solution uw € Xr. Moreover:

1. The map ug — w is uniformly continuous from Bg to C ( [-T,T], H* (M)).
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2. Ifup € H* (M), we C([-T,T), H' (M)) and satisfies the usual conser-
vation laws:

I Ol L2 (ary = luoll L2 ar) »

1930 O, + o (1 0.2 o = coms,

where F is a primitive of f.

The assumption of uniform continuity of the flow map in the above definition
seems to be natural for semilinear equations. The main issue in our analysis is to
study the nonlinear evolution by the nonlinear Schrodinger equation flow of some
eigenfunctions of the Laplace-Beltrami operator on the d dimensional sphere S¢.
The situation turns out to be particularly simple in 1D. Consider the Cauchy
problem:

iOpu + 02u = |u>u, u(0,2) = ug (z), (2)
where z € S, t € R. For s < 0 we set
Up,n (t, @) = kn™ % exp (—it (n® + k*n™>%)) exp (inz).
It is easy to check that uy ,, solves (2) with initial data kn~* exp (inz). Moreover
[t (t7*)||Hs(51) < |kl

where k is a fixed element of the interval (0,1). Let {k,} be a sequence of real
numbers tending to k which will be specified later. We observe that wuy , (0, %) —
g, n (0,%) — 0 in H* (S') as n — oco. Take now a positive ¢. Then there exist
C > 0 independent of n and § > 0 such that

[t (£, %) = g, (6, 5) | o1y = C lexp (—itn™? (K> — k2)) — 1] — Cn=°. (3)
If we suppose that (2) is locally well-posed in H* (Sl) , 8 <0, then (3) would

imply
nll)r_{loo ’exp (—itn_2s (k2 — k,zl)) — 1’ =0 (4)
But (4) easily fails by choosing {k,} , so that
(k2 — ki) n~% = an’
for suitable a« > 0, 8 > 0, satisfying 2s + 5 < 0.

Theorem 1. Let s < 0. Then the Cauchy problem (2) is not locally well-posed
for data in H* (S').

Remark 1: 1. It can be shown that (2) is locally well-posed for data in
H*(SY), s >0.
2. The proof of Theorem 1 can be extended to equations of type

i0u + 0%u = f (\u|2) u (5)

under weak assumptions on the nonlinearity, for example, f (A) = £A7 for some
v > 0. In the case of (5) one has to deal with the following explicit solution

U, (t,2) = kn"®exp (—it (n® + f (K*n™%%))) exp (inz) .
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3. It is interesting to mention that if the measure invariance (if « is a solution
of (5) then so is eu, # € R) of (5) is violated then one can obtain the local
well-posedness of the corresponding Cauchy problem for data more singular than
L? (S*). For instance, the Cauchy problem associated to the equation

i0pu + 0%u = u?

is locally well-posed for data in H* (S'), s > —1([18]).

4. A result related to Theorem 1, due to Kenig-Ponce-Vega, when the spa-
tial domain is R is obtained in [4]. It is shown that the cubic focusing non-
linear Schrodinger equation in 1D, posed on R, is locally ill-posed for data in
H*(R), s < 0.

We now turn to the higher dimensional case. Let (M, g) be a two dimensional
Riemannian manifold and Ay let be the a corresponding Laplace-Beltrami opera-
tor. Now we consider the Cauchy problem

iOu+ Agu = |u>u, u(0,) = ug (), (6)

where x € M, t € R.
Let M = R?, with the plain metric. Then (6) is invariant by a scaling transfor-
mation. Namely, if u(¢,x) is a solution of (6) then so is

uy (t,z) = Mu (AN°t, Az)

with initial data Aug (Az). Clearly Aug (Az) has the same norm in L? (R?) as
ug (x). Heuristically this scaling argument suggests that (6) is locally well-posed
for data in H® (M), s > 0. Moreover this is the case when M = R? or M = T?,
with the plain metrics, due to [3] in the case R? and [1] in the periodic case. In
this paper we will show that the above heuristics fail when M = S2.

Theorem 2. LetT > 0,s € ]%7 %[,k €10,1[. Take M = S? with the canonical

metric in (6). For n € N, we denote by 1, : S*> — C the restriction to S? of
the harmonic polynomial (x1 + ix)™. Then fort € [0,T] the solution u, (t) of (6)

with initial data ko, , where ¢, = ni_szﬁ” can be represented as
un (£) = kexp (=it (n(n+ 1) + k*wy,)) (¢ + 10 (1)) (7)
where wy, ~n22 and r, (t) satisfies
7 (Ol g7+ (52) < Crn™° (8)

where § > 0 and Cp depends on T but not on n. Moreover there exists C > 0,
independent of T and n such that

HuVLHLDC(R;Hs(SZ)) S Ck. (9)

As a consequence the Cauchy problem (6) is not locally well-posedness for data in

H* (5?).

Remark 2: 1. The existence of u € C*° (R X 52) is guaranteed by Theorem 2 of

[2].
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3
2. The condition s > 5g Snsures that (7) is valid on an arbitrary time interval.

If one is interested only in the local well-posednessness, a slight modification of
the proof of Theorem 2 gives the ill-definedness of the Cauchy problem (6) in
H*(S%), se[0,5]

3. In [4], we have proved the local well-posedness of (6) in H* (M), s > 3.
Therefore, in the case M = S? the critical Sobolev regularity for the local well-
posedness of (6) is in the interval [1, 1].

4. The choice of 1, is related to earlier works on spherical harmonics by
Stanton-Weinstein [19] and Sogge [6]. In these references, is proven that 1,, max-
imizes the quotient |¥|,4/|/%| > among the spherical harmonics of n degree.
Moreover, observe that 1), is concentrated on the elliptical closure x? + x3 = 1.

The method of proof of Theorem 2 can be further exploited in order to prove
ill-posedness results in the energy space for H! subcritical nonlinear Schrodinger
equation posed on S®. On the other hand, in the H' supercritical case some
semilinear wave equations on M? are not regullary in the energy space (see recent
works of Brenner-Kumlin [20] and Lebeau [5]).

Theorem 3. Let « € ]0,1]. Then the Cauchy problem
i0pu + Agou = (u)“u, u(0,2) =wug(z), (10)

where z € S8, t € R, (u) = \/1+ |u> is not locally well-posed for data in
H! (59).

Remark 3: The question of extending our results to more general geometries than
the sphere is still open. However, if (M, g) is a compact orientable d-dimensional
Riemannian manifold with a closed stable (elliptic) geodesic, then by considering
quasimodes for initial data as constructed in [21], one easily shows that for s <
%, d > 2 the Picard iteration scheme applied to the integral formulation of the
nonlinear Schrodinger equation

i0pu + Agu = + lul® u

sends us at the second iteration any ball of H® (M) into an unbounded set (see
[22]).

2. THE CAUCHY PROBLEM FOR THE QUASILINEARS SCHRODINGER EQUATIONS

We will discuss in time the local well-posedness of the Cauchy problem for
quasi-linear Schrodinger equations

0w = taw (z, 5 u, T, A, AgT) 025w + ik (z, t;u, T, Agu, AyT)021,,T
+b_1>(:c, tu, U, Agu, Ayu)Agu + b_2>(az7 tu, U, Agu, AgW) AT
+ei(z, tu, w)u + ez, tyu, w)u + f(z,t)

Ult=0 = Uo

x € R™te(0,T]

(11)
We will determine in acceptable way ellipticity hypotheses on a;x, b;x, smoothness
on all the coefficients, ”asymptotic-flatness” on the coefficients, and as we shall see
a (necessary) "non-trapping” condition on a Hamiltonian flow obtained from the
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coeflicients and the data ug. By local well-posedness in a space B, we mean that,
given ug € B, f € X, there exists T = T'(ug, f), and a unique v € C([0,T]; B),
such that u solves the equation (in a suitable sense), u (0, *) = ug, and the mapping
(ug, f) € Bx X — u € C([0,T]; B) is continuous. In general, the space B will be
a Sobolev space, like

ey ={res’ [+ ieh [fof de < oo} (12)

or of the type HS(R™) N L%(|z|" dz), whose presence will be explained later on. It
turns out that the classical theory of pseudo-differential operators is an appropriate
and useful tool in this task, and we will review it and utilize it.

We take into consideration the case of constant coefficients ((«,t) independed) and
semilinear non-linearity, so

{ Oru = iAu + F(u,w, Ayu, A7)

U|t:0 = Ug , T € R" y te [O,T} ’ <13>

Let us first discuss (13) in the case when there are no derivatives in the non-
linearity, when F(u, @, Ayu, Ayu) = G(u,w) with G(0,0) = 0. In this case, the
energy method applies, and gives local-well-posednessness in H*(R") for s > n/2.
Since the energy method will be important to us in the sequel, let us work out this
result:
Thus, we assume G(0,0) = 0, G € C*(C x ('), and we wish to show the local
well-posedness of the Cauchy problem

{ Ou = iAu + G(u, ) (14)

ult=0 = uo

in the Sobolev space H(R") for s > n/2. To simplify the exposition, let us
assume that G is a polynomial, so that

G(u,u) = Z cipuiuF (15)
0<j<M
0<k<N
(4,k)#(0,0)
Let us recall some properties of Sobolev space:
12 |l oo gy < Cllull grs(gny for s >n/2.
2° For s > n/2, H%(R") is an algebra under pointwise multiplication. So

If-gllgs < C N llgs lgllys
This is a consequence of property 1°.
3° For s > n/2, if G(0,0) =0, G is smooth, then

1G(uw, W) 7rs < R (Jull )

where R is an increasing function that depends on G, s, with R(0) = 0. For
instance, in our polynomial case, we have

IG@ a1 < €L Nulffs™ + lull s |
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At the beginning we do the nessecarry calculations to determine the excistence and
unicity. Assume that u is a regular solution of (14). Let Ju (§,t) = a(&,¢)(1 +
1€]%)5/2. We take (14) and rewrite it as

O = iAu + G(u, ) (16)

ou = —1AuU+G(u,u). (16")

We now apply J° to both equations, multiply (16) by Jsu = J%%, multiply (16’)
by J%u integrate both equations in x, and add. Then :

8t/\Jsu\2 zi/[AJsuﬂ—Aszu]+/JSG(u,H)E+/JSG(u,E)JSu
Since i [ [AJ*uJsu — AJ*uJ*u] = 0, this term drops out. Using property 3°, for

F(t) = lluCe, O3 = 17, )17z

we obtain
d
— <
dtf(t)‘ < 2|
C{ Il + ull e lull e < CLA) + FHMFND/2)

TG )| Il e <

Now, we define fi(t) = sup ||u(*,r)||§is . Then, 3rg, 0 < ry <t such that
0<r<t

f1(t) = F(ro) = / U@+ 10) < ol + CHAG) + Cth0)®

where a = M+ > 1. For ¢ < 55, we obtain fi(t) <2 ||u0||qu + 2Ctf1(t)>. Let
T, be the first values wich satisfies t < 5 for which value f1(Tp) =4 Hu0||i,s. Since
f1(t) is continuous,

Auollyy. = fi(To) < 2luollyy. + 20Tod" [luoll3
1

C4e |fug | 30

i{s <4 Hu0||i15, as required.

and so Ty > . In other words, if Ty = min {

1 1
2C7 4o |Juo |32 [

then for we have ||u(x,1t)]
Remark 4: Suppose we considered solutions to
A2 . _
{ O = —eA*u+ iAu + G(u, ) e>0 (17)
ult=0 = ug

Then, the same conclusion holds, with C' independent of e. In fact, we only need
to understand e [ [A2J%u - Jou + A%J5u - Jou]dz = 2e [ |AJ*u|* > 0. But then

O [1J5ul® = =2¢ [|AT*u)® + [ J*G(u, @) Tu+ [ J*G(u,uw)J*u <
[ IG(u,w) JPu+ [ J3G(u, 1) Jou

and we proceed as before.
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Existence of solutions. For each e > 0, a solution u® on [0,7] to (17) is shown

by ”standard parabolic theory”. Specifically, let s > n/2, and define Xrp p, =

{v: B" < [0,T] = C([O0,T]; H*), v(0) = uo, and|l[yl]l = sup [o()]l o < Mo}
0,

We then have: for any ug € H?®, ||uglly. < My/2, there exists T, = 0(e), de-
pending only on My, s, n, G, and have a unique solution u® in Xz as, of system

Ou = —eA%u + iAu + G(u,7) (18)
Uli—0 = U

sothat sup |[[u®(t)| g < Mpy. Thisis proved by converting (18) into the integral
tefo,Te]
equation I'u® = u®, where

Tw(t) = e 2 yy + / e~ A [Ny + G(w, )]t (19)

and showing that, for appropriate T, I' is a contraction on Xr, pr,. The only
estimate that is needed for the semigroup {e’etAz ,t > 0} is that HAe*eng‘ , <
L

1
Sz /2 gl 2 -

Set My = 8|Jug|| s Obtain, as above, a solution u® to (18) on [0,7°¢]. One
then uses the a priori estimate in Remark 4, to conclude that, if T, < Ty =
— ——————} one has sup [[u¢(t)|ly. < 4|uolly. < 0. We can
207 04 fluo 7. t€lo,.] " e
then iterate this local existence result, in the interval [T, 2T¢], etc., to find now

a solution of (18) in [0,Tp] , 0 < e < 1, with sup |[u®(t)|gs < 4|uoll s Now
t€lo,Te]

min{

consider 0 < €’ < e < 1, and u®, u® let be the corresponding solutions of (18). Set
v=u’— ue/, so that
v = —(e — ) A% — &' A%v 4+ iAv + [G(uf,u™¢) — G(u® ,u~)). (20)
Recall that sup [|u®(t)|| < My and similarly for u®, and that |G(u®, u=°) —
t€lo,Te]
G, u=)| < Cuplu® — uf|. Then, multiply (20) by T, conjugate (20) and
multiply by v, add, and integrate in x, to obtain

01 [ 1o < 2(e = )17 ol + o ol -

that, for s > 4,

sup [[v][7> < Cle —€&)llvllrz + TChy sup |Jv][7.
0<t<T 0<t<T

Selecting T' < T such that TCpy, < 3 and using that |[v[z2 < C, we have v — 0

in C([0,T]; L?) as e, ¢ — 0 for u® — wu in C([0.T]; L?) when e — 0. The family

u® belongs to L>°([0,T]; H®) and thus, by weak compactness, u € L>([0,T]; H®).
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By the interpolation inequality

1 —1
ol [rs-1 < [Joll}5° ol D7

we have
ue L>([0,T]; H) nC([0, T]; H* ).
Uniqueness. We act now like as in existence case, with v = u—u/, and e = ¢/ = 0,
where u and u’ are solutions. Then obtain
sup ||v||p2z < TCh, sup ||v]|r2
0<t<T 0<t<T
which yields uniqueness, by taking T' < 1/(2C)y, ).
Convergence. u € C([0,T]; H®) depends continuously on u,. Here there is a stan-
dard argument, due to Bona-Smith [7]. One solves with data uj = @5 * ug, where
0 € S(R), [ ¢ =1, [2%p(z)dz = O¥|a| # 0. We then show that u’, the solution
corresponding to u$ converges in L>°([0.Tp]; H*), to u as  — 0. To see this, we
show
sup [[u®(t)||gest <C67L, 1>0
0,To
and then use interpolation and the fact that
sup [|(u® = u®)(B)|r2 < Cllug —ug |2 = o(5°)
0.To

This completes our outline of the energy method applied to (13).

Remark 5: For power non-linearities, G (u, @) = |u|” u, more refined results can
be obtained by means of mixed norm estimates (the so-called Strichartz estimates).
Now we briefly turn to the case of F(u, @, Ayu, A,u) and explain what the energy
method gives in this case. Suppose that for any u € H*(R"), s > § + 1,

Z/ 0B (u, T, A, Ay Tdz| < C(L+ [l )|ul%e (21)
Rn

jal<s

Then the above proof works (here p = p(F) € N). Thus, for these examples, the
energy method gives local well-posedness in H* | s > n/2+ 1.

Example 1. n =1, F = 9, (|u|*u).

2. n>1, F(u,u, A7)
3. n>1, F general, 9y
These results are due to Tsutsumi-Fukuda [16], Klainerman [12], Klainerman-
Ponce [13], Shatah [17]. The difficulty comes from trying to ”recover” the ”extra-
derivative” in the non-linear term.

o oy 0p, , - F, j=1,...,n, are real.
. h

Problem 1. Using the method of ,,artificial viscosity” and the previous estimate
to prove the excistence and unicity, and the Bona-Smith method we can prove
the dependness of continuity and to prove the local well-posednessness of Chauchy
problem
{ Opu = iAu + F(u, ) (22)
8|t:0:U0€H5 S>%
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Proof. We will give an elaboration of the Bona-Smith method, which appears as
Step 4 in the notes, and on the other hand we will instead work with the equation

Or(u) = i0%u + iud,u

in order to underscore the wide range of applicability of the method. First, we
apply 0 for k >3

8t/ |0%u|?> = 2Rei /u@f“ﬂafﬂ + lower order terms (23)
x

(we shall drop the lower order terms in the rest of the exposition). Pairing with
Ok, integrating in z, and taking the real part gives

o, / |05 uf2 = 2Rei / W HITORT = —Rei / Du(OFT)2. (24)

If ||luol|g» < R, we can integrate in time to obtain T' = T (R) > 0 for which
sup ||u(t)|| g+ < 2||uo||gx is bounded. Thus existence and uniqueness of a solution
(0,7]

on [0, T for this equation follows by the techniques of step for existence of solutions,
uniqueness and convergence. Now we use the Bona-Smith method to show that

the ”data to solution” map is continuous as a map from H* to sup ||u(t)||gr <
[0,T]

2|ug|| g Set ud = @5 *up where p € S(R™), [ =1, [ 2%p(x)dz = 0 for |a| # 0.

(We take ¢ when replacing ¢(§) = 1 for [§] < 1, ¢(§) =1, $(€) = 0 for [¢] > 2.)

Then let u’ be the corresponding solution for uj We will treat the problem in

several steps:

Step 1. For [ > 0, sup ||u’(t)||gr+1 < 2R6~'. This is obtained from (23), (24) with
(0,7

k replaced by k -+ [ and also noting that |[ud||grrt < 67 |ug|| mx-
Step II. sup ||(u® — u)(t)||z2 < 2|[ul — uol|z2 < 6Fh(5), where h(5) — 0 and
(0,77

|h(6)| < R. From the equation, 0 (u’ — u) = i0?(u® — u) + iu’0,u=° — iud,u =
102(u® — u) + i(u® — u)0pu™% + iud,(ud — u) pairing with u® — u, integrate in
z, take the real part, integrate in time to obtain: |[(u® — u)||2, < [|lu§ — uol|2> +

T( \amu‘sHL%oLoo + 1|0z ul ‘L%OLOO)HU(S —ul|? < ;2 where, to estimate the last nonlinear
x x T Hx

term, we used that 0,(u® — u)(u® — u) = £9,(u’ — u)? and integration by parts.

Thus, by suitable choice of T =T (R) > 0,

1w = w)(®)llzz < 2llug — uoll2-

Now observe

|6(68) — 1] < 6[¢] sup [(9ep)(n)]
[0,5¢]

However, because 0¢((0) = 0, we also have,

|05(n)| < 6[¢] sup [0F¢(n)]
[0,6¢]
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Continuing, for any integer k , we have
|2(68) — 1] < 6%[¢]* sup |(9F@) (n)]
[0,8¢]
and thus
1/2
(/16666 - 1Plaotera) < ot foup kot Hanterac )

(&)

1/2

giH(l) h(6) =0 by dominated convergence.

k—

Step IT1. For r < k, sup ||(u® — u)(t)||gr < RE¥6F"h(8) % . This follows from
[0,7]
Step II by interpolation:
k—r r
|0 =l < [Ju® =l 5 |Ju® = ul s -

Step IV. sup ||(u® —u)()|| gr < 2||ud —uol|gx. By (23) for u and u? 9,0F (ud —u) =
(0,77
i020F (u® — u) + wl O a0 — udh U = 10208 (w0 — u) 4+ i(u® — u)oFTlu= +
iud* 1 (u® — u) and thus

105 (u® = w)(®)|I72 < 1|05 (u§ — uo)lI7-
+T|u® — ul|pge 2|05 u|| Loo £oo [|OF (u® — w)||poe L2
+T)|0pul | Lee |0 (u® — w)][72

Further, using Step I and III, we estimate the first nonlinear piece (with » = 0 in
this case) to obtain

105 (u® — w)(®)l|2 < 21105 (ug — uo)llz2 + TRE*2h(5)

Step V. If both ||uio||gr < R and ||ugl||gr < R, then sup ||(u‘f — ug)(T)HHk <
(0,77

2||u10 — ugo]| g+ whre T'=T'(R). This follows by the above techniques.
We can now complete the argument. Let € > o, and suppose ujg and wugy are
such that ||uiol|gx < R, [|ugol|gx < R and |Juio — uzo||gx < 5. Then obtain
§ = 6(u0,uz0) such that |[udy — uiollge < 5 and [[udy — ugollgr < 5. Let
T =T (R) (independent of §) be such that the claims in Steps I-V hold; then the
results of Steps I-V give that

sup [|(u! —u®) ()| < e.

(0,7]

Problem 2. Give the proof of local well-posedness for
{ Ou = iAu + F(u, T, A1)
u|t:0 =ug € HS(Rn)

n
fi > —+ 1.
or s 2+
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Proof. The following proof it seems to apply only for k¥ > $+2. In the presentation,
I shall restrict to the case s = k integer and to n = 1(1— D), and also to monomial
nonlinearity, i.e.
F(u,T,0,1) = u®u~?(0,7)7.
Then the equation takes the form
Opu = i0%u + ulu=P (9,7)".
Apply 0%, k > 3, and separate terms in the Leibniz expansion of F:
k—1 _ ,
0y (0ku) = i02(0%u) + - ¢jok—I (uu=")01(0,1)" + u*u=Pok (0, )Y
§j=0
= i02(0ku) + Y ¢;0F 1T [(a — Du Y (Opu)u=P + (B — Vuw’~1(9,u)|03 (9, u)"
+uul ok (0,1)"
=i02(0ku) + I + 11

We further separate term II as:

1T = yueu? (0,u) 105 + uon” > C;o(0pm) 0117 - - - 0l
v>2;5>1,...,5,>1
Ji+...+ju=k
=1L +1I

Taking together the last relation with 0%%, integrating, and taking the real part
of term I, we have

S CjRe [ 051 [(a — Due Y (9,u)a” + (B — 1)uw’ 10,101 (0,u)0ku

< CloE1[(a — 1)u Y (Opu)a® + (B — 1)uew’ 10,10 (0,7)|| 12|05 2
< C(||uH Opw)T || i + [[u T~ 0a0) || 1)1 (0270) 7| -

and use that H*~! is an algebra for term I,
Re/Waﬁﬁ (@,0)" " Oy adu < A|lua” (9,u) " [~ |05 al | 2|05l 2
Use that 9FTladka = %81; (8’;@)2 , and integrate by parts for term 15,
Re[ Y w@?(0,u)~voittu..0it uoky

v>2
Jj121,...ju>1
Ji+...+ju=k

< 2t (0,1) 7 || oo [0 .. 03 M| 2|0 2
< 2w (0:1) ||z |02 (0F) ... [03 (93] 2|0 2

Since (j1 — 1)+ ... + (o — 1) =k — v < k — 2, use that is in algebra. O
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