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REDUCTION OF A BOUNDARY PROBLEM OF THE THIRD ORDER TO
A BOUNDARY PROBLEM OF THE SECOND ORDER

Slobodanka S. Georgievska

Abstract. The objective of this paper is a boundary problem
of the third order whose solution is the second power of the solu-
tion of a boundary problem of the second order involving more
general boundary conditions.

The paper [6] points out the possibility that a boundary
problem of the higher order, under given conditions for the solu-
tion, could be reduced to a boundary problem of lower order. Thus,
a boundary problem of the third order is reduced to a boundary
problem of the second order under the Sturm’s conditions of the

first type. Also, using the same procedure, paper [1] considers a
boundary problem of the fourth order and it’s solution by reduction
to a boundary problem of the second order, under the Sturm’s
conditions of the first type.

The boundary problems of the third order have not been
treated very often because there are some difficulties involved
in their solution.

1. Let us consider the homogeneous boundary problem of the
third order which solution is the second power of the solution of
the homogeneous boundary problem of the second order,

yu + pyr + gy = 0 (1.1)
@yo¥a t @y ,¥a t By v * By LYy =0, (i=1,2) (1.2)
(where yc=y(c), yé=y’(c) for c=a,b).

‘It is known [2] that the homogeneous boundary problem of the
second order (1.1)-(1.2) has a solution if rank of the matrix of
coefficients “uv’euv (v=1,2; v=0,1) is twp.

The boundary problem with equation
y' +ay =0, A2z 0

and boundary conditions (1.2) is solved in [4].
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Let us define the solution of the boundary problem (1.1)=-(1.2)
taking the solution of the equation (1.1) in a form
' r,x (r,-ry)x
y = e [C2+C1Ie dx] (1.3)

where r and r, are roots of the characteristic equation
r2+pr+qg=20 (1.4)
while C, and C, are arbitrary' independent constants, [5].

Solution (1.3) of equation (1.1) should satisfy the boundary
conditions (1.2) i.e.

r a r

2 22 (r,-r,)a
ay0® (C,I #Co)+ay @ ic,(e +r21a)+czrz] + (1.5)
r,b r,b (r,-r;)b
+ Byoe  (C I +C,)+By e [c, (e +r,I,)+C,r,1 = 0, (i=1,2)
(r,-r,)x
where I, = (Ie ax) e

The system (1.5) will have nontrivial solution of the con-
stants C, and C, if its determinant is zero, i.e. if it applies

r,a-r,b r b-r.a (r,-r,)a (r,-r,)b
Re +Be -(a, +a,,x,)e +(A ,tr A, )e
2 -
+(Ib-Ia)[r2A11+r2(A1°+A°1)+A°°] =0, (1.6)
where
a a .
A= 10 11 = det(a1°,az1),
%20 %214
B
B=| """ ' = aet(s,.8,,), (1.7
820 631
o . B .
_ 1i a3t _ . o
Aij = = det(“1i'szj)' (i,3 0,1{.
Gzi sz

Equation (1.6) is a transcedental equation which can be used
for definition of eigen values of the problem with eigen values
(1.1)=(1.2) with known relation between p and q.

The number of non-complex roots of this equation is the
number of the eigen walues of the problem (1.1)-(1.2).

If r,=r,, the number of eigen values is at the most finite.
If r1#rz, the number of eigen values is at the most infinite.
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With precision to a multiplicative constant, the solution of
the boundary problem (1.1)-(1.2) is as follows:

r,(x-a) r,(b-a)
Y, = e {(a1°+r2a11)(Ix—Ia)+(B1o+r2811)(IX—Ib)e -
(r,-r,;)a r,(b-a) (r,-r,)b

=~ la,,e +8,.e e 11. (1.8)

For given relation between parameters p and g, the eigen
functions of the problem with eigen values (1.1)-(1.2) become (1.8).

2. Let us dafine the boundary problem of the third order
which solution is a second power of the boundary problem solution
(1.1)-(1.2).

Putting
z = y2 (2.1)

and, by differentiation, including the relation (1.1), it is
obtained

2z’ = 2yy’, (2.2)
z" + pz’ + 29z = 2y'%2, (2.3)

z" + 3pz" + (2p2+4q)z’ + 4pgz = O, (2.4)
The boundary conditions (1.2) will be as follows '

djo¥a ¥y .Ya T T8y Yptey yp), (ASL,2). (2.5)
By putting these two equations to the power of two, and
multiplying them, in connection with (2.1), (2.2) and (2.3), the
boundary conditions by z will be
3 L] -
2ai°aj°za ¥ kioaikaj k+1%a * ai1“j1(za+pzé+2qza) -
1
= 283,502y * kioeiksj k+12ptB1 1844 (2p7P2LF2q2, ),

(i,3r=0(1.1),(1.2),(2.2) },

. (2.6)

which together with equation (2.4) give the required boundary
problem of the third order.

Accordingly, the boundary problem of the third order (2.4)-
(2.6) has a solution
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2r  (x-a) r,(b-a)
z, =e '{(u1°+r2a11 )(Ix—Ia)+(B1°+rzB11 )(Ix-Ib)e -
(r,-r,)a r_(b-a) (r,-r,)b
- la..e % 4p e ? e =, (2.7)
11 11
In case of Sturm’s boundary conditions
oYy t e,y =0
104 3 114 3 (2.8)
azoya + az1yé =0

the boundary conditions of the third order are easily provided

20, .2, + a;1zé =0
@02y t a11(z;+pz;+2qza) =0 (2.9)
28,02 + By,2) = 0

=0

Ba0Zh * By, (2ptPZt207,)
These conditions define four triplets of boundary conditions
which, with equation (2.4), define four boundary problems of the
third order, the solution of which is
2r, (x-a) (r,-r,)a
z, =e [{a,otr 0., (I ~I )-a, e 12 (2.10)
It is concluded from here that:

2%14 x

The four boundary problems of third order with the equation
(2.4) and a triplet of boundary conditions (2.9) have a solution
(2.10), which is a square of the solution of boundary problem of
the second order (1.1)-(2.8).

Example 1. Leét p=g®. On the boundary problem with equation
y" + py’ + p?y =0 (2.11)

and boundary conditions (2.8) are reduced the boundary problems
of the third order with equation

2z’’’ + 3pz" + 6p2z2’ + 4p3z = 0 (2.12)

and a triplet of the boundary conditions

20,2, + u11zé =0
a2’ +a (z"+pz’+2p3%z_) = 0
10 a 11 a a a (2.13)
28,02y .+ BaeZp = 0
=0

Bzozé + 631(zg+pz£+2pazb)
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the eigen functions of which are as follows

z = e_px{(2a1°-pa11)sinE£§i§:3l - Rggcosﬁlz—(%:i)—}2 (2.14)

where p is a root of the equation

B a, B..)pY3

20 1021

2
1830)+2p 611621

(a11

26, B, . ~pla

10”20 108272,

(2.15)

tggéz(b-a) =

(The number of roots 6f (2.15) is Fhe most infinite).

2
Example 2. Let g = -2%—. To the boundary problem of the second
order
" ¢ _ 3p2
y" + py Y = 0 (2.16)
y(a) = y(b) =0 (2.17)

which has no solution, are reduced the boundary problems of the
third order with the equation

z'’’ + 3pz" - p?z’ - 3p3z =0 (2.18)
and a triplet of boundary conditions

z, = zé = 7y =.z£ =0 (2.19)

which also have no solution.

Example 3. Let p = 0. To the boundary problem of the second
order with equation

y" +qr =0
and boundary conditions
y’(a) =y’(b) =0 (2.20)
are reduced the boundary prbblems of the third order with equation
z'’'" 4 4qz’ = 0
and a triplet of boundary conditions
. z, = 29z, + z; = zg = 2qzy + zg =0
the eigen functions of which are as follows
z = cos?(x~a) /g
where 9, is a root of equation
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sink = 0, (K=(b-a)/§;),

and the eigen values are

n
= n=0,1,2,... .

9 = (b
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-

PEIVKIKJA HA KOHTYPEH NPOBJIEM OLI TPET PEﬂ
BO KOHTYPEH HNPOBJIEM OO BTOP PE]

Cnodomanka C. I'eopruescka

Pesunme

BOo OBOj TPYR Ce pasrjienyBaaT KOHTYPHH HpOGJeMHM OX TpeT pexn
YHe pemeHHe € BTOpa CTENeH OL PEumeHHMeTO Ha KOHTYPEH mpo6neMm ox
BTOP pen CO ONUTH JIMHEADHH XOMOreHUM KOHTYPHH YCJIOBH. AKO KOHTYD-
HHUTEe ycyloBu ce UITYDMOBHM 3a KOHTYDHHMOT IpOGJEM On BTOP pen, Toram
NOCTOJaT YeTHDH KOHTYPHH TpOGJIeMH O TPET peX KOH MMaaT pemeHHe
KBagpaT ON PeneHHeTO Ha KOHTYpPeH Ipo6leM on BTOD pen.
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