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Abstract

A description of congruences on polyadic groups is given in
this paper. Namely, if Q = (Q,[]) is an n + 1-group, and Q"
is its universal covering group, then each congruence o of Q can
be characterized by an invariant subgronp Ho of Q7 such that
H, C{a1-...-an—1|av € Q}. Also, if a € Q and * is an operation
on Q defined by z *y = [za™ 2y}, then (Q, *) is a group, and each
congruence o of Q is characterized by an invariant subgroup K
of (Q, %), such that for each z € Q [za""?K] = [a"~?Kz]. It
is also shown that it may happen to have an n-group Q and a
congruence o on @ such that neither of the a—equivalence classes
is an n—subgroup of Q, and necessary and sufficient conditions are
given under which such classes do exist.

In the last section of this paper new and shorter proofs of some
propositions of [5] are given using the universal covering group.

0. Let us first state some preliminary definitions and results.

K []: (20, T1,--+y &) — Lo &1 ... T, is an associative n + l-ary
operation on a non empty set @, then we say that Q = (Q;[]) is an
n + l-semigroup.

The notions of n + 1-subsemigroup, homomorphism, congruence on an
n + l-semigroup 1) are defined in the usual way, so we will not state them
explicitly.

If Q is an n + 1-semigroup, then the semigroup Q", given by the
following prese\ntation (in the variety of all semigroups)

_=<Q'{a=qoa1...'an|a= agay ... anl} > 0.1)
is called the universal covering semigroup of Q. We can assume that

Q € Q" and Q/\:QUQzU...UQn
where Qi = QQ ... Q = {ap,a1...4; | ay € Q}, and that the union is
\_\r——/

1
disjoint.

1) In this paper, only for technical reasons, we are using n + l-semigroups instead
of n—semigroups.
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An n + 1-semigroup Q = (@;[]) is said to be an n + 1-group iff
(Vao,a1,...,8,1,b € Q)(3z,y € Q)[acas - ..an_12] = b = [yaga; .. Gp-1]

There are several axiom sistems of n+1-groups (see, for example, (1),
and we note that an n + l-semigroups is an n+ l-group iff its universal
covering semigroup is a group ([1]).

A homomorphism ¢ from an n + 1-semigroup Q into an n + 1-semi-
group Q' can be uniquely extended to a homomorphism ¢”: Q" — Q",
such that ¢ is the restriction of ¢ on Q. Namely, ¢” is defined in the
following way: 4 L

a=a1...4,€Q", ay,€Q=>¢"a)=9y(a1)...¢(a;).
We note that if ¢ is surjective or bijective, then ¢ has the corresponding
property, but it can happen ¢ to be injective mapping and " not to be
such one ([4]). Thus, in general, if P is an n + 1-subsemigroup of an
n + 1-semigroup Q, P" may not be an n + 1-subsemigroup of Q*. But if
we consider n 4+ 1-groups the following statement holds:

if H is an n+ 1-subgroup of the n+ 1-group Q, then H" is a subgroup
of Q" ([4]).

1. Let Q = (@;[]) be an n + 1-semigroup, and Q” its universal
covering semigroup. Let o be a congruence on Q. Then ¢ = nata is an
epimorphism from Q into Q/4, and ¢" = (nat o)” is an epimorphism from
Q" into (Q4)". If A = ker(nata)”, then a” is a congruence on the
semigroup Q” with the propert

& ple. .oz al ylp. . .pyj :y> i =j(modn), (T4, yr€Q)?

1.1°. Let Q = be an n 4+ 1-semigroup, and Q” its universal coverting
semigroup. If 8 is a congruence on Q”, then a = f|g is a congruence on
Q, such that a* C 8. o

1.2°. Let Q be an n + 1-semigroup, and Q” its universal covering
semigroup. Then 3 is a congruence on Q” with the property

a=plg&r...2;fyp ...y =>i=j5iff a" = . ¢
2. Let us now give a description of the subgroups of the universal
covering group Q" of an n + 1-group Q.

2.1°. H is a subgroup of Q" iff there exists a natural number 7,
1 <r < m,such that 7|n,and H = H,UH2U ... UHZ, where H, = HnQ",
n = rq. In this case H, is a ¢ + 1-subgroup of H and H. = H([3]). ¢

2.2°. H is an invariant subgroup of Q" iff for each z in Q,
zH, = H,z([3]). ¢

Let us note another property of Q*. Namely, if a € @, then
Q" =QUaQU ... Ua"1Q, ie. Q' = a*"1Q. Then (a'z)(a’y) =
a*tit1 2, where z is the solution of the equation [a"z] = [a"~7~! zaly],
and i+ j + 1 is counted by modulo n. Specially, (a™z)(a""1y) = a" !z,
where z = [za™"1y].

?) Here, and further on, we will assume that z,, y, € Q and 1, j < n.
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3. Let us now state some properties of congruences of n + 1-groups.
Note that, further on with Q will be denoted an n + 1-group, and with
Q" its universal covering group. We will often write »Subgroup” instead of

»»T + 1-subgroup” whenever the meaning will be clear from the context. -
3.1°. Let o be a congruence on Q. Then (Qra)™ = Q;\M , and

xl...wia"yl...yj =

(*)

@izj&(flco, cosCni € Q)[co ... Cnoiy ... zilalco . Croiyr .. - Yi]-

Conversely, if § is a congruence on Q" and o = Blq, then a™ C g,
anda® = a;...a;8b...0; =>i=7. o

The fact that Q" is a group allows us to describe o by a corresponding
normal subgroup H of Q*. Namely:

3.2°. Let a be congruence on Q, H* = {z € Q" | za”e}.? Then
H< C Q" is an invariant subgroup of Q”, and Qo ={zH* |z € Q}.

Conversely, if K is an invariant subgroup of Q" such that K C Q",
then the corresponding congruence X on Q” induces a congruence a =
B¥|q on @, such that o = g« %

A more general statement of this property is the following: if L is an
invariant subgroup of Q*, then K = LN @ is an invariant subgroup of Qr,
such that BX|q = #¥|q, and in this case (8% |q)" C B* whenever L is not
a subset of Q™. k

4. Further on we will give a description of the congruences of an
n + 1-group Q by corresponding non empty subsets of Q.

4.1°. Let Q be an n + 1-group, a € @ and let us define a binary
operation * in ¢ by:
z*xy=[za"ly].

Then (@;*) is a group isomorphic to Q™ by the isomorphism p:
zw a1z '

It is easy to prove that each congruence a on (Q;[]) is a congruence on
(Q;%) as well. Thus it induces an invariant subgroup K = K** of (Q; *).

Consequently,
Qra=Qix ={z*+K |z €Q}={[za" K] |z €Q}

[za"'K] = [Ka™ x].
Thus, we can describe the a—classes by special subsets of Q, which
depend on the choice of the element a.
Conversely, Let K be an invariant subgroup of (Q;*). Then K induces
an equivalence relation « on @ defined by Q Ja = QK. Now, the question

and

3)) e is the neutral element of the group Q*.

4)  This is another way of stating Th. 2.7 of [5].
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arises to find conditions such that « is a congruence on (Q;[]). We will
answer this question considering the group Q", isomorphic to (Q; *).

4.2°. a is a congruence on Q iff a®~! K is an invariant subgroup of

Q", i.e. iff
(Vz e Q)za" 'K =" 'Kz. ¢
5. Let us recall that if H is a subgroup of an n + 1-group Q with the

property
(Vz € Q)[zH"] = [H"z],
then we say that H is semiinvariant subgroup of Q ([2]). In this case H is
a class of a congruence a on Q defined by
Qra=Qu={[zH"] |z €Q}.

The following property is also true:

The subgroup H of Q is semiinvariant in Q iff H™ is an invariant
subgroup of Q" ([2]).

It is natural to ask the question whether every congruence on Q is
obtained by a semiinvariant subgroup of Q. The answer of this question is
negative. Let us give some examples to illustrate this fact.

Ezample 1. Let Q = (2k + 1)Z be the set of odd integers. We define
a ternary operation by [zyz] = 2 + y + z, and obtain a 3—group, such that
Q" = (Z, +). Let a be the congruence on @ such that
Qa={{4k+1|keZ}, {4k+3|kc Z}}.
In this case there is no a—class that is a subgroup of Q.

Ezample 2. Let Q be the same as in Ex. 1, and « be the congruence
on Q such that

Qo ={{6k+1|ke€Z}, {6k+3|keZ}, {6k+5|ke Z}}.
Then {6k + 3 | k € Z} is the unique a—class that is a subgroup of Q.

Ezample 3. Let Q = {a1, as, b1, b3} C Dy, and let define an operation
[] by [zyz] = zoyoz, where ,,0” is the operation in the dihedral group D,.

Then Q is a 3-group, and Q" = D,. If we define o to be the congruence

on Q such that Qe = {{a, as}, (b, bs}},
then both the a—classes are subgroups of Q.

These examples initiate a problem of finding conditions under which an
a—class is a subgroup of Q. The answer is given by the following property:

5.1°. Let Q be an n 4 1-group, let a be a congruence on Q, a € Q,
and H = H** be the non empty subset of ) induced by a and a (as in in
4.). Then: [za™ ' H] is a subgroup of Q iff [z"+1] € [zra”+! H], and in this
case [za™ 1 H] is a semiinvariant subgroup of Q. ¢

6. In this last section of this paper we will give new proofs of some of
the results of [5], using the universal covering group of an n—group Q.

Let a be a congruence on an n + 1-group Q. Then the a—equivalence
class containing the element z € @ is called a z—ideal. Using the results in
the previous section it is easily seen that a z-ideal I of an n + 1-group Q
could be expressed in the form I = 2B, where B is an invariant subgroup of
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Q", such that B C Q™. Using this fact and the properties of the universal
covering group Q" we can easily prove the following:

6.1°. (Th. 2.5in [5].) If a and 3 are two congruences of an n+ 1-group

then
Q (Fze@Q)z* =2z a=4. ¢

If Iis a z-ideal, clearly z € I and I = 2B for some normal sub-
group B of Q" which is a subset of Q™. Then, if z,y € I, = = zby,
y = zby, we have [2b121""2""22b,] = [2b1by] € 2B =1. Hz,y € Q and
[zFyy™ %z € 2B, where 7 is y'~", using the fact that B < Q" we obtain
that [ Za""%2] € I = 2B as well. Using the fact that B « Q" we easly
check that if y, 21, ..., 2, € Q, [¢]2] € 2B, then [[yz}]y~'2] € 2B, ie.
[[yz{‘] yy"‘2z] € zB. Thus we have proven the ,,if” part of the following:

6.2°. (Th. 2.6 of [5]). Let Q be an n + 1-group and z € Q. The
following two conditions are equivalent:

(i) I is z-ideal;

(ii) a) z € [;

b)z,yel=[z72"%y|cI;

&) 2,y € Qand 175" 2] € I = [yTa 2] € I

d) y, 71, ..., 2, €Q, [z} € I = [[yz}]yy"22] € I.

To prove the converse we first show that if a)-d) hold, and if B = 271/,
i.e. I =2B,then B C Q™. Uing a)-d) then we prove that B<a@Q”. Namely,
a) implies that the unity of Q" isin B, b) and ¢) imply that B is a subgroup,
and d) that B is an invariant subgroup of Q”. . %

These two theorems give another characterization of a congruence of
an n + 1-group Q, i.e. each congruence a of an n + 1-group Q is uniquely
determined by its z—ideal.
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KOHI'PYEHIIMM HA »-I'PYIIA

Bumnana Jamesa

Peszunwme

Bo 0Boj Tpyn e maleH omuc Ha KOHI'PYEHIWM Ha NOJUAIUYHU I'PY-
mu. Wmenso, ako Q = (Q;[]) e n-rpyma, a Q" e HejsuHaTa yHH-
Bep3aJiHa MOKPMBaYKa I'pPyma, TOTAll CeKOja KOHTpyeHIHja « Ha Q e
OKapaKTepu3upaHa co HOpMatiHa momrpyna H, C {a1 ...an—1 | @y €
Q}. WUcro taka, ako a € Q M * e omepamMja Ha () IJedpuEMpaHa CO
z+y = [ra"?y], Toram (Q; *) e rpyma M cekoja KOHIDyeHIMja « Ha
Q e okapakTepusupaHa co HopMaiaHa moarpyma K on (@; *) TakBa
mTo 3a ceKoj z € @, [za™? K| = [a"? Kz]. IlokaxaHO e ¥ JeKa MOXe
Ia ce Hajme n-Tpymna Q ¥ KOHTpyeHDHja a Ha Q TakBM WITO HMeIHA
Klaca Ha eKBMBaJeHTHOCTa « Oa He O6mae n—-moarpyma on Q, u Haj-
IIeHM ce HYXKHM M IIOBOJHM yCJIOBH DY KOM KJIaca Ha €KBUBAJEHTHOCTA
a e n—-moArpyna ox Q.

Ha kxpajoT ox TpyZoT AalleHW ce HOBH, HOKPATKH IOKa3H Ha HEKOHU
cBOjcTBa oX [5] mpeky yHWMBep3aJlHaTa HOKpUBayKa I'DyIa.
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