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NEW FORMULAR FOR APPROXIMATE SOLUTIONS OF THE LINEAR DIFFERENTIAL
EQUATIONS f THE II AND III ORDER

M. Kujumdzieva-Nikoloska, D. Dimitrovski

Abstract. In this paper is used a simple cuadrature process
for approximate solution of a linear differential equations of
II and III order with analytical coefficients.

I. CANONICAL FORM. We shall prove that following

Theorem. Equation

'+ ax)y =0 (1)

has linear independent solutions

XX xx XX
y = 1-ffa(x)dx? + [fa(x)ax?ffa(x)dx® -... (2)
1 oo oo 0o
XX xX XX
y, = x~-[[xa(x)dx?® + [[a(x)dx*[[xa(x)dx?® -... (27)
o0 (-] oo

Proof. If we differentiate (2) two times we get

n
1

XX XX
y ~a(x)+a(x) ffa(x)dx?® ~... = -a(x)[1~ffa(x)dx?*+...] =
o0

oo

~a(x)y,
and similarly for y,.

If the function a(x) is such that we can easily calculate
double, quater etc. Integrals, then we can also find Y, and Y,
quickly with great accuracy.

If the quadratures are dificult, we must solve (1) appro-
ximately taking finite numbers of (2) (or (2’)) or with appro-
ximation of a(x).

It is evident that the following essential and elementary
statements hold:

Theorem. Series (2) and (2') are convergent for every ana-
lytical coefficient a(x).



Proof. With a usual estimation, if la(x)| < M, then
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and these series are convergent for every x and if [x| < x  be-
longs to the analytical domain, for solution y, ve estimate the
error from

L] an
ly,| 1 + M";I-+ MET +eo ot Mo + R

By the Taylor series we get

(3)
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Rn < i . : for Mxj < 1, (4)

arnd because estimating series is fast comnvergent then the error
is relatively amall. It is posible for given x, and M, to find,
in usual way, the number of the terms n, in order to make the
error less than e,

Similarely, for

ly,| =~ Ixi +M—'-’35-:—+...+ M"-'(-’z"—z—r-‘+)—;-+ R,
and if Ixl S x
(MMx,) 2" M/Rxd
o < DT (4"
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for Mx: <1,

Example 1. For differential equation
2
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Example 2. For y" + —;;y 0
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la(x)| <1 and
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II. THE GENERAL LINEAR DIFFERENTIAL EQUATIONS OF THE II
ORDER. In a similar way, we can also deal with the general 1li-
near differential equation of the II order

y" + a(x)y’ + b(x)y = 0 (5)
Theorem. The general solution of (5) is given by
X
-%Ia( a
y=¢e 0 {c,l1- H(bT %)ax? + II(b——f —T)dx
XX ’ : e
{{(b-é.[ -Ez-)dxa ST c,[x-ggx(b-iz- -54—)dxa + (6)

XX ’ 2 XX ’ 2

+ [f(b-3 - a3([x (b2 ~2)ax? -... 1}
[-%5 -Spaef[x (b= -5

Proof. With substitution y-e1/3fa(X)dx Z, where z is a new

unknown function the equation (5) can be transformed in the

canonical form (1)

z" + A(x)z =0

2
where A(x) = b(x) - a'(;) -4 ix)' and cqnsequently the inte-

grals (2) and (2’') hold for z.
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However, in the differential equations the following prin-
ciple is satisfied: every solution depends only on the coeffici-
ents. Therefore the solution of (5) will depend only on coeffi-
cients a(x) and b(x), i.e.

i

y = f(a(x),b(x)) (7
So, from (6) we get:

Theorem. Every particular solution of the linear homogenious
differential equation of the II order (6) can be expressed by a
sum of 3 factors, done with the formﬁla

y = e"/’f""(")d"[ya +y +y, ] (8)

a,b
where Ya is a part of the solution which depends only on coeffi-
cient a(x), Yb depends only on b(x), and Y. b depends on the

r
total influence on a(x) and b(x) in the solution. So for y,

b

XX XX XX
1 - [fb(x)dx* + [[b(x)dx?[[b(x)dx? -
co oo 00

X XX XX

- [[b(x)ax®*[fb(x)dx2[[b(x)dx® +...

00 00 o0

XX _, 2 XX _, 2 XX _, 2
Y= [f& +30ax® + [f (3 + Enax?ff (3 + &yax? +
&5 [1G + Tpaxl &5 + Tpax
XX _, 2 XX _, 2 XX 2
+ (1 + 2yax?[f (3 + 2)ax?f[ (3 + &r)ax? +...
[ + specfler « acfer o 7
XX XX ’ 2
Y = -{(bdx? A+ 2Hax? - (9)
i Gy + S ax
XX _, XX XX XX XX _,

- JIE + a‘—:)dx’ [fbax® + [[bax?f[bax?[[ (3 + &2)ax> +
00 00 o0 (X [+X+] 2 4
?de 2?? a' a’)d z?? 2

+ X ( + =.)dx bdx< -

00 o0 T 4 o0
XX XX ’ 2 XX ’ 2

- [fpax?[[(q + 2 ax?[[(& + & )ax? -
[ fes » pacfle « 2
XX _, XX XX _y

- jj(§7 + Eg)dx’jfbdxzjj(g; + e—2-)dx2 -

o0 oo 00 2 1
T? a’ az) 3?x a’ , a® . 23%

- [IE 4 ax2 (3 + 04 bdx2 +...

G+ S axd{[ Gy + Tp)ax®{{bax

Analogicaly we get expresion for Y,- So we get one new practical
formula.
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Theorem. If a(x) and b(x) are analytical coefficients then
the following approximate formula for the solution of equation
(6) holds:

. xX ’
y ~ e /2faiax ) T - - i}ﬂ)d") to)

oo

whose accuracy can be easily estimated.

Proof. If a(x) and b(x) are analytical coefficients, i.e.
limited and if

m, < la(x)| = m,

then 2
_al(x) _a (x)
M, S Ib(x) 5 2 s M
XX XX XX
ly | <e 1/"“‘°"‘|(1+Ih/11dx2 + [fM,ax*[[M,dx? +...)
1 00 oo o0
-1/2. x 2 “
= e V3 ml om Zomdis 40
and
-1/2.my x| x2 ax" n x38
ly,| ~e /2:mo | (LM SP+MagT +o oot Mioeyt + R)
Similarly
an+1
M, Ix|
-1/2.m x| Ixi® 21x|2 1
|y2' ~oe o (|x|+M1T+M1 51 +...+—-(-ﬁl+—1)-T—+ Rn)

and so we get the approximative formula (10).

Example. For

y" +y’' + cosxy=0

a(x) =1, b(x) = cosx, lal =1
2
05 Ibx) - 28 2 < joosx - I 52

One approximative solution is

y* = e_1/2!a(x)dx[1-T?(cosx-%)dx’] = e-x/z(cosx+%x3).
[<X] .

I1II. CANONICAL EQUATION OF THE III ORDER. We can give a
similar observation for the differential equation of the III
order.

Theorem. The canonical differential equation of the III

order
v+ a(x)y = 0 (11)
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has particular integrals

y,=1- [Ua(x)dx= + ;”a(x)dx’ﬂja(x)dx° -
(X X+] 000
XX >
Y, = X - Ifjxa(x)dx3 + Hfa(x)dxsffjxa(x)dx’ - (12)
o000 000 000
XXX XXX XXX
y, = x* - [[fx*a(x)dax® + [ffa(x)ax®[[[x*a(x)ax>-
000 000 000

Proof. We can prove it directly, by differentiation:

Theorem. Series (12) are convergent for every analytical
cwefficient a(x).

Proof. From la(x)| < M we have that

© 3 an
ly,1 <1 sotxl® L gax® 5 (Mix)

31 6! n=o (3n)1!
4 L] 3 an+1
alx|® - 1 (MIx1l)
Iy, ! <1xl +y.2‘—+u—7—-+... nzo:y_ (3at )T
3 +23
Ix1® 1 (MMix1)3®
ly,| <x? + 4o = x* + Z ————-(-3——-2-)——-
: ke mmo Vi (nH2)1
and because the estimating series are convergent for every x,
the same holds for series (12) for every Ix| < x, from the domain
where a(x) is an analytical function. In this way for the appro-

ximative solutions we can also estimate the error.

IV. A MORE GENERAL EQUATION OF THE III ORDER. For the ho-
mogenous linear differential equation of the III order with two
analytical ooefficients

y''’ + a(x)y’ + b(x)y =0 (13)

using Cauchy’s method of the unknown ocoefficients for solwing

with series, by putting
a(x) = X a xn, b(x) = Ib x1
n=0° n=

and finding unknown series y= Ik cnxn, we get:
n=o0
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y, =1- IIIb(x)dx’ + Iffa(x)dx’ffb(x)dx= + (14)

000

+ I[fb(x)dx‘ffjb(x)dx’ - xx?a(x)dx'ffa(x)dx’ffb(x)dx’ -

- {Ifa(x)dx’ffb(x)dx’ffjb(x)dx’ - {{Ib(x)dx’[fa(x)dx’

{Ib(x)dx’ - {{{b(x)dx’!{{b(x)dx’{{{b(x)dx’ +.o..

Y, =x - Haax® - IIfxbdx° + IIIadx’IIadx’ + (15)

+ [ffues s o [ffoar]ffox” + o TfTuoa” -

XXX xx xX XXX xX xx
- [ffadx*[fadx?[[adx? - [[[adx*[[adx?[[xbax? -

- {{{adx’”bdx’{{]o'adx’ - maaxmbq:: £££xbax= -
- [iToax]ffaacTTaax® - TifoanTTate[fabae® ...
¥, = x’-ZE??axdx’ - E?Ex’bdx’ + zzzadx’gixadx’ + (16)
. ﬁ:faax= Jlx*bax? + 2f Hbdx’ £££xaax= + {Hb{{{x’bdx’
-2 {{{adx’ Jfaax"[[xaax® - [[faaxl] Uaax=ux=bax= -
-2 {{{adx’{{bdx’ {{xadxz - maaxmbax’{{{x%af -
- 2£££bdx3£££adx3££xadxz - jjjbdx’jffadx’j[x’bdx’ ...

So we get

Theorem. The linear homogenous differential equation of the
III order (13) has particular solution in the forme of series of
integrals which depend on coefficients a{(x) and b(x) given with
(14), (15) and (16).

It can be used for creating a practical theorem for an
approximate calculation of particular solutions.
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Theorem. Every solution of linear homogenous differential
equation of III order (13) with analytical coefficients is giver
by the sum:

ylx) =Y, + ¥ +Y (17)

b a,b
where Ya is a series of integrals which depends only on coeffi-
cient a(x), Yb is a series of integrals which depends only on
coefficients b(x) and Ya p is a series of integrals which de-

r

pends on a(x) and b(x), and they are for (15):

Y, = x - T1 xbax> + IIIMX’IIbedx’ - IUNX"HINX’IIbedX’

Y = -{{{adx + {{{xdx’[jadx - gﬂaaxﬂ;adx $ouu =
= :J:')j?adx (- afadx’+1} ‘{adx’ [ faax3 -?}adx’ [faax?] Iadx’ +...) (18)
Y p - ofﬂadxi}gxbaxa + £££Mx°6[£6[adx’ - H{adf!{aaxﬂyxbdx’ -
-?z?adx ’}’}bdx’}’}’}xbax e

Analogous we get also for (14) and (16). S we get practical
rul es:

Theorem. The expression

XXX :
y*(x) = x ~ [f[xbdx3® + jjjadx’ (19)
ooo ooo

is an appropriate solution for (15) with accuracy to terms of x*“.

Proof. Because a(x) and b(x) are amalytical functions,
they are 1l imited:

la(x)] <m, |b(x)I <m for Ix]| < S

i.e.
*(x) Tl ze
ly*(x)| = x_ + | (x)dx3| + | (x)dx3|< x, + + =
ot 1 T ms?

Because y* is part of (15), and because the first following term
we can estimate with:

XXX JXX XXKXX X,
| fffadx Hadx’l <m? [[ffjax5t < m?zy
o000 00000 °

and all other terms are with greather order of x respectively X,
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Theorem. The expression

e = x - [l - e + Paaoffaar +
+ {{{adx:’{t{xbdx_’ + JJ{"“"’{{{“"’

is an appropriate solution of (15) with the exactness to term x°.

Proof. If the series of integrals of the solution is substi-
tuted by the polyrom of integrals, holds the usual estimation of
the error for power series. If we take

. XX X < S S,
y(x) m Effeesfadx"[[-+- fbax
o0 (] o0 o
e K o —
then the error of the formula can be done by

lalkipiD cktmt

prial + SR, < <
Bn < W l_xo , for Ixl xo 1.

Similarly, if we need a greater precision, we can take more terms
of (15).

Theorem. The expression

x - fffxbdx® - IIIadx + Fffaax®Tfadx? + IIIadx’Ibedx .

grr =
. ?j?bdx’???adx’ . JJ{bdx’JJthdx’ - Ifjadx’ffadnggadxz -
- {JJadx Jgadx=gggbdx= - IIIadx‘I]bdx’JJ{adx - @
- {{{adx°ffbdx’£££xbdx - IIIbdx’{{{adx’IIadx -
- jffbdxajIIadx°Ibedx

000
3a_10
mx
is an appropriate solution of (15) with exactness of —or for

Ix} <1, and m = max(la(x)!,Ib(x)]).

Proof. It is similar to the above proof with simple esti-
mation of the integrals.
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V. GENERAL EQUATION F THE III ORDER. All said above is
valid for general equation of the III order:

Yy’ 4+ a,(x)y” + b (x)y’ + a(x)y = 0 (22)
It is because with substitution

v = e-1/3fa (J&)dxz

it can be transformed to

z''" + a(x)z’ + b(x)z =0 (23)

where z is a new unknown function. The coefficients a{x) and
b(x) in (23) depend on a, (x), b‘ {x) and c, (x) in known manner,
80 the formulae (17), (18), '(19), (20), (21) can be used in (23).
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Pesume
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