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STRONG n-CONVEX n-NORMED SPACES

Risto Malceski

Abstract

The concept of a n—skalar product on a vector space of dimen-
sion greater than » — 1 and n~norm, introduced by A. Misiak ([6]),
is a multidimensional analog of the scalar product and the norm:
In [6] and [5] are proved the basic properties of a n—preHilbert and
n-normed space. In this work we will give a generalisation and
some properties of a strong 2—convex 2-normed spaces which was
treat in [2] and [3].

Let n be a natural member, L a real vector space such that dim L > n
and (e, e |e, ..., e)be areal function on L™+ such that

i)(a,a|x1,...,2p—1) >0, for each a, 21, ..., 2,1 € L and
(a,a|z1,...,2n-1) = 0if and only if a, 2y, ..., z,_1 are lineary depen-
dent;

i) (a,b | z1,...,2p—1) = (go(a), o) | w(z1), ..., 7r(:1:n_1)), for
each a, b, z1, ..., z,_1 € L and for every bejections 7: {z1, ..., p_1} —
{.’E], SRR xn*l} and P: {ar b} - {a, b},

i) (a,a |z, 2z2..., 1) = (21,21 | @, 22 ..., Ty_1), fOr every
A, X1, ..., Tpn-1 € L;

iv) (ea, bl zq, ..., 2n-1) =ala, b| 21, ..., 24_1), for every
a, b, zy,...,2,-1 € L and for every a € R; and

v) (a+ay,blze,...,zn1)=(a,b] z1,...,20n-1)H(a1,6| 21, .., T0n_1),
for every a, b, a1, 1, ..., 2n-1 € L. S

We call function (e, e | e, ..., e) n—scalar product and we call
(L, (e, 0|e,...,0)) n—preHilbert space.
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Let L be a real vector space of dimension greater of n—1 and ||e, ..., o||
is a real function on L™ with the following conditions:

i) |1, ..oy znll >0, Vi, ...2, € L, and |21, ..., 24| = 0 if and
only if the set {zy, ..., %, } is lineary depend;

i) |z1, - - -, zall = [|I7(21), ..., 7(24)||, for every zq, ..., T, and every
bejection 7:{zy, ..., Tn} = {Z1, ..., Tn};

i) ||azy, ---, @ull = |} {21, ..., 24a]|, for every @y, ..., 2, € L and
every a € R,

i) lz14zh, - zall < |21, - 2|2, . .. 24|, for every 4, .. 2,
zy € L.
We call the function [|e, ..., ®|| a n~norm of L, and we call (L, |le, ..., of})
a n—normed space.

1. n—vectors

In [6] are introduced the concept of a n—vector and are proved some
properties of n—~vectors. Let n be natural number and L be a real vector
space of dimension greater or equal to n. We denote by N| the family of
all formal notations:

k
Zz(l')Xz(;) X mgl)x...x:cgf), x(j’) el,i=1,2,...,k j=1,2,...,n.
i=1 .

We define equivalence relation o on N} with:

M =

t
249 x 28 x 2l xLx ) ~ > A2 x ) x gl x L x oyl
1 i=1

i

i
if and only if for every linear functionals fi, fa, ..., fn on L it is true

AED) i) - A A A - AW
u (i) Oy ... (2D (4) OISO
f2(331 ) f2(:v2 ) f2(za ) = Z fz(yl ) f2(yz ) f2(yn ) .
i=1 i=1
(@) Fal2d)) - falal) Fa™) £uls?) - Sul0n)

We denote with N, the factor space N;/ ~. The elements of Np,
are called n—vectors on L([6]). The elements of N| which belongs to one
n~vector a called represents of the n-vector. The n-vector whose represent
is

K
3 &) x o8 x 2l x ..ox 2
=1
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we denote with

k
N (Z wgi) X J:(ZZ) X :1::(;) S x?) .
i=1 /

We say that the n-vector is simple if it has a represent of a from

1 X ... X T,. The theorem 10 in [6] implies: if dim L < n + 1, than
each n~-vector is simple. The space N of n—vectors on L is real vector
space with the operations defined by

k k
aN (Z x(li) X m(zi) X zgi) X ... X zﬁ?) =N ( axgi) X z(;) X zg) X ... % zSP)
i=1 i=1

and

k : m
N<ngf>xx<;>x... ) (Z ) ) ..ms:+k>>=

i=1
4+m
(o)

In N, the null vector represents has a form 7 x 2 X 23 X ... X z,, where
Iy, Ta, ..., Ty € L are lineary depend vectors. Hence, the null vector on
the space N is simple.

If || o || is @ norm on Ny, then

“wl’ .- xn” = ||N(£1 X ... X $n)l|
define a n—norm |je, ..., o|| on L ([6] theorem 15). If n = 2, there is an
example in [7], p. 52, which show that for every n-norm ||o ..., ¢l on L,

there is no a norm || e || on N which satisfy

z1, oo oh zoll = ||V (21 X ... X zu)ll -

If all n—vectors are simple, e.t. if dim L < n+1, then for every n—norm on L
there is a norm on Ny, which satisfy [|[N(z1 X ... X z,)|| = |21, ..., 4|, for
every 1, ...,T, € L. ([6] theorem 19). If (e, o) is a scalar product on Ny,
then (a, b | z1, ..., Tn-1) = (N(a, T1yeeny Tna1)y N(b, 21, ..., :1:"_1)) is
a n—scalar product (e, e | e, ..., ¢)on L ([6] theorem 11). If dim L < n+1,
then on every n-scalar product (e, e |,..., ®) on L correspond a scalar
product on N, defined with

(N(ax Ty X oo X Ty ), N(b X2y X .00 X a:n_l)) =(a,b|21,...,%n-1),

for every a, b, 21, ..., Tn—y € L ([6] theorem 14).
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2. n-linear mappings

Definition 1. Let X;, ¢ = 1,2, ..., n and Y are real vectors spaces.
We call a n-linear operator A: X; x X3 X ... X X,, — Y every function
A(zy, ..., Ty), i € Xi, 1 =1, ..., n which is linear in each own argument.
If Y is a set of real numbers, then n-linear operator we call a n-linear
functional.

It is easy to see that the operator (functional) A is a n-linear if and
only if

l) A(J?l+y1’$2+3/2»'--,$n+yn): Z A(zl’ 227"-7271)7

zi€{zi,yi}, =100

and

i) A(az1, aas, .., QpTy) = 1@y ... @z A(Z1, T2, - -, Z, ), for ev-
ery a; € Rgi=1,2,...,n.

Let X be a vector space. We denote with T x the family of all

mappings T:L" — X such that for every T there is a linear mapping
f: N, — X which satisfy

f(N(zp x ... X xn)):T(ml,...,mn), for every 21,...,%, € L.

It is clear that the mapping f is well defined.

Theorem 1. T €T}, x if and only if T is n-linear and T'(z1,...,7,) =0,
for every linear dependent vectors zy,...,2, € L.

Proof. Let T € Ty x. Since f is linear and the space Ny has the
properties N(zy X ... X &y) = iN(W(ml) X ... X 7r(zn)), for every bejection
m:{z1, ..., Ty} — {21, ..., 2} and

aN(zyXzaX. .. X&n)+BN(y1 Xz X . .Xw,t):N((aml—}—[jyl)xng. LX),

we conclude that T is n-linear. But, since for the linear dependent vectors
T1, ..., Ty € L it is true N(zy X ... X xy,) = 0, we get

T(1y ...y 2n) = fF(N(z1 X ... X x,)) = f(0)=0.
Conversly, let T ia a n-linear and for every linear dependent vectors
&1, ..., Ty € L it is true that T(2q, ..., z,) = 0. If

N:N(E :c(li) X ..o X z%”) €N,
=1

we define m .
f(N) = z T (m&z), cee, "cgf)) .
i=1

Using the caracterisation of the n—vectors, given in [6], it is easy to see that
f(N) is independent of the choice of the represent of N. If
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m k
= (Z . xxn),N«Z:N(Zyg” ><y$;’)> and o, € R
=1 i=1

we have

k
f(aN1+BNy)=f |N ( az‘ cee X zgf)+z ﬂy%j) X ... X y%j))> =

i=t

=, T (a:clz), ,ng))+jz::lT (ﬂyij) " yﬁﬂ)

=1

m k
- T (=0, ..., 20)+8 D) =
O‘i:l ("’1 z ) ; (yl Y )
= af(N1)+ Bf(N2),

which means that f is linear. It means T € T\ .

Theorem 2. Let T € Ty x and T(z1, ..., &) = 0 for every linear
independent vectors zy, ..., 2, € L.

a) If || o || is norm on X, then ||zq, ..., z,|| = |T(21, ..., 2,)|| define
a n—norm on L.

b) If (e, #) is a scalar product on X then

(a,b|z1, ..., 2n1) = (T(a, 1, ..., Tn—1), T(b, 21, ..., $n—1))
is a n—scalar product on L.

Proof. Let T € Ty x , T(z1, ..., ,) # 0 for every linear independent
vectors 1, ..., &y € L. ;

a) If || e || is a norm on X, then

) lle1, ..o, zall = | T(z1, ..., )|} > 0 for every zy,...,z, € L
and ||z, ..., z,]| = 0 if and only if ||T(z1, ..., @y)|| = 0 if and only if
Zy, ..., T, are lineary dependent vectors.

ii) For every bejection m:{z1, ..., z,} — {z1, ..., z,,} it is true

Hz1s .-, IL‘nH = ||T(131, sy xn)” = ”f(N(l‘l X X Il?n))” -
= F(EN(x(z1) X ..., x 7 (@) =

=1 (N (m(z1) x ..., x7(@a))l =
=T (x(z1), .., 7@ )l = Im(21), -, W)l -
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iii) For every 2y, ...

zull = | T(ey, ...,

ez, ...,

=lal- T (21, ...

iv) For every zi, 1, ...,

|z + 1, z2 ...,

:||$1, ey

b) If (e, ) is a scalar product on
i) For every a, 71, ...,

(a,alzy, ...

and (a,a | 21, ..
and only a, z1, ..

ii) For every bQ]G(‘thI]S m:{zy, ..
p:{a, b} — {a, b} it is true

(ab] z1, .0 vy Tue1) = (T(ay 21, -y
= (T(p(a),21,. .-

(F(N(p(a) X 21 X ...
(f(:l:N((p(a)Xﬂ’(arl)x
T(p(a),m(@1), - s T(Tn-1)),

Qo(b) I 7T(.”IJ1), s (Tn 1))

iii) For every a, 21, ...,

) l'n_]),

p(a

(
(

, Tpo1) = (T(a, T1,y -ees

N(a x z1 X...

(a,a]zy, ...
X Tp-1

f(N(@y X ax... X Tp
(:vl,a,

=(f
=(f
=(T
=(z

r1, T1 ‘(l zn—l)-

ol = 1T (21 + 25, 22 ...
—":”T(.Zl, ey
S“T((L‘l, ey

) wn—l) = (T((l, 3 PETRR)

, Tn_1) = 0 if and only if T'(a, z1, ..
, Tnq are lineary dependendent vectors

Tp-1), T(b, 1, ...
T (o(d), z1, ...
X Tn-1))s F(N(p(b) X 21 X ...

><7r(a:n_1))),f
T (o(b)

3 mn—l)v T(.’L‘], a

zo)ll = T (a1, ..

s To|| =

zoll + 2], - -
X, then

Tp-1 € L it is true

, Tn-1} — {21, ..

1Zn-1)) =

71-(‘7:1)’ cers

ZTn_1 € L it is true

xn—l)v T((L, L1y ens

),
)
.. znml)) =

o Tl
s xn)“ = |a| : ”"1:1’ SRR

z, € L it is true

Ty,)+ T(zh, ...,
el + 1T (21, - - -

wn—l)a T(“’? L1y oeny

y Tn—1 ))

(Tp—

f(N((L X xry X..
f(N(zy X a x...

, T, € L and each a € R it is true

Tyl .

zn )|l <

T,)|| =

» | -

zn—l)) > 0
, Tno1) =0 et. if

, Tp-1} and

X 2n-1))) =

(EN (p(b) x7(z1) %

X T(Z g )))) =
1)) =

s Tp—1 )) -
. X .'Iln_]))) =
X xn—l))) =
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iv) For every a, b, 21, ..., Z,—1 € L and each a € R it is true

(aa,b|zy, ..., 2n1) =(T(aa, 21, ..., Tno1), T(b, 21, ..., Ty_1))
:(aT(a, T1yeuey Tu1)y, L(by 2, ..., a:n_l))
::a(T(a, T1yeeny Tn-1), L(b, 21, ..., :zzn_.l))

=afa, b|z1, ..., Tp-1).

I

v) For every a, a1, b, z1, ..., Tn—1 € L it is true

(a+ai, bl ..., 2p-1) =
=(T(a+ a1, T1, -+ - Tn-1), T(b, 1, ..., xn_l)) =
:(T(a, T1y oy Tno1) + Tlar, 21, ooy Tpo1), T(b, 21, ..., Tno1))=
:(T(a, Tyyoeey Tp—1, T(b, 21, ..., a;n_l))-[—
+ (T(al, Tiyeony Tn-1), T(b, 1, ..., xn__l)) =
=(a,b|zy, ..., Tpn-1)+ (a1, b] 21, ..., Tno1).
Definition 2. Let (L, ||e, ..., ¢]|) be a n—normed space. We say that

the n—functional f with domain D(f) C L™ is bounded, if there exist a real
constant k£ > 0 such that

[fl(z1,22,. .., zn)| < kl|21,22,..., 25|, foreach (z1,2s,...,2,) € D(f)-

If f is a bounded n—functional, we define a norm of f, denoting by || f||,
with

IfIl = inf {k: |f(z1, T2, ..., za)| < kllz1, 22, ..., z]l, Y(z1, 22, ..., Ta) € D(f)}.
If f is not a bounded n—functional, we put || f|] = +oc.

Lemma 1. Let L,(||e, ..., ¢||) be a n—normed space and let f is a
bounded n—functional with domain D(f) C L™ If z; = Az, for 4,5 €
{1,...,n}, i # 7, and (@1, ...2y) € D(f), then

f(.’L‘l, Ty voey Tie1y Liy Tidly ---5 Lj—15 Tjy Tj41y o« 1y mn) =0.

Proof. Since f is a bounded n-functional with domain D(f), there is
a real constant k£ > 0, such that for each (z1, 22 ...2,) € D(f) it is true

lf(zla T2y «eny :L"n,)l < k”xla T2, «0ey xn” =

:k”xla L2y - -v9 Ti-1, /\xja Titty vovy i1y Tjy Tjp1seces mn“ = 07
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which means f(Z1, Tz2,- ..y Ticl, TisTit1s -« s Lj=1yTjr Tjqly s Tn) = 0.

Theorem 3. Let (L, ||e, ..., ¢||) be a n-normed space with dimen-
sion equal or smaller than n + 1 and ||z1, ..., zx|| > 0. Then there
exist a bounded n-linear functional F' on L™ such that ||F|| = 1 and

F(xyy ooy zn) = lz1, .05 ol

Proof. Since dim L < n + 1 there is a norm || e || on N, such that

Ny, w2y oo wnll = [IN(y1r X g2 X ... X yn)l|, for every y1, 42, ...\ yn € L.
If we put N' = N(zy X ¢ X ... X %) and use the Han-Banach theorem

on the space (N, || ¢ ||) we get a bounded linear functional f on Ny such
that ||f|| = 1 and f(N') = ||N'||. If we define

F(y17 Y2, «04s yn):f(N(yl XYy X ... X yn))a for every Y1, Y2, - +» ?/nGL

then F is a n-linear functional on L™ with the searching properties.

3. Strong n—convex n—normed space

Definition 3. We call a n-normed space (L, ||o, ..., ¢||) a strong
n—convex if for every vectors z1, ..., Z,4+1 € L which satisfy the conditions

“xly ey i1y Tigls ooy Ty zn+1” = n+1 ||1§1+.’L’n+1, $2+13n+1, ceey I11""'1""-{-1“ = 1;
n
for t=1,2,...,n+1litis true z,41 = Zw,
i+1
Theorem 4. The following statements are equivalents:
i) (L, ||, ---, ¢||) is strong n—convex.
i) If [Ty, o ooy @ity Big1s oovs Ty Tpgaf) = L fori=1,2,...,n 41
and there is a non—zero bounded n-linear functional ¥ on
P(.’L‘], ey 113n+1) X ... X P(CL‘l, ceey .’L‘n+1)
n

such that

F(:I?l,...,:lf,'_l,tlti_i_l,...,.’En+1)=”F”, for i=1,2,...,n+1.

n
then 2,49 = Z z;.

i=1
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i) It
7w+l
“fL‘l + Ty, T2 +.’l)n+1, e 7xn+xn+1“:2 “1‘1, ey i1, T, ,.’En,.’L‘n+1“
=1

and
n+1

H ||51?1, vy i1y Tigly ovey Ty z'n+1“ ;é 07
i=1

then there are positive real numbers a;, 1 = 1,2, ..., n such that
n
Tpn+1 — Z Q;r;.
i=1

Proof. i) = ii). Let (L, ||e, ..., ¢||) be a strong n-convex,
|Z1s ooy Ticty Tidty coos Tny Tngalj =1, for ¢=1,2,...,n+1
and there is a non—zero bounded n-linear functional F on

f(.’l)l, ...,:l)n+1) X ... X P(Il,...,xn+1)

A~

such that "

F(zy,y ooy Tic1,Zip1y -0y Tpy1 = ||F]|, for ¢=1,2,...,n4+1.
Since
n+1
n+1:E”-'1:17---7Ii—17$i+17---awnsxn+1”Z
i=1

>|T1 + Tpt1y T2+ Tngts oo vs Tn + Togrl] 2
1
Zm F(z1 4+ Zng1, T2 4 Tug1s o os Tn + Tny1) =
n+1

1
:—”F” E F(Q}], ey Ti—19 Tid1y ooy .'L‘n’(l,‘,n_{_l) —_ TL+1
=1

we have

Z1, . Zict, Tigl, - s Tns Tnta|l = He1r + Trnat, T2+ Tndly oy Tn + Tng1l|=1,

n+41

for i = 1,2,...,n + 1. Because (L, ||e, ..., ¢]|) is a strong n—convex we
n

have 2,41 = E z;.

=1
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ii) = iii). Suppose that the condition ii) is true and that

nHl .
“wl+xn+1’ $2+xn+1’ ey :L'n+xn—|—l “ = Z ”271, ooy i1y Tigtlyee 9 Tn, xn+1||a
=1

n+1 v
H ”zlv"',zi—lazi-}-la"'azna'zn-i-l”?éo-
=1

According to theorem 3, there is a bounded n-linear functional F' on
P(xy, ..., Tnp1) X ... X P(21, ..., Tpy1) such that ||F|| = 1 and

~
n

F(21t@nt1, Totnt1y - Tt Tng1) =214 0ng1, T2+ Tngt, -0y Tty -
Since || F|| = 1, we have

n+1
E ”mlv ey L1 Ti415 - -0y Ty mn+1” Z
=1

n+1
> z F(zla ceey Ti—1y Tig1y o0y Ty xn-}-l“ =

i=1
:F(xl + Tpt1, T2 + Tp4ls o035 T + $'n+1) =

:Hxl + Tnt1, T2 + Tptly »++9 T + z'n+1” =
n+1

= E ||$1, ceey Tim1s Tigls - ¢s Ty $n+1||
i=1

Hence, F(Z1, ..., Tic1, i1y« s Tng1)=T15 vy Ticly Titly -y Totll,
fori=1,2,...,n+1. Let

n+1 -1/n
t=<]_—[ ||971,~~-,$i—1,$i+1»---,-77n+1||> )
i=1

Bi =||T1, oy Ticty Tig1y -ovy Tagal|t, for i=1,2,...,n+1.
Then

16121, - -y Bic1Ziz1,Bit1Zit1, - - - Pup1Zagr|| = 1, for i=1,2, ..., n+1
and

F(,B].’I?], .. .,ﬂi_lmi_l,/i%lwm, .. .,ﬂn_HCI?n,H):l: ||F||, for ,i=1, 2, ., .
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n
It follows from ii) that Bp412p41 = Zﬂﬂ?i and if we put a; = bi ,
n=1 ﬂn-{—l
n
1=1,2,...,n,weget Tp,41 = Zaﬂi-
=1
iti) = 1i). Assume that the condition iii) is true and that
”1:17 oy L1y Titly -+ T +xn+1” = ”zl+fl)n+1,1‘2+zn+1, e ,fl)n+1}n+1“= 1,

n+1

for i=1,2,...,n+1. Then, there exists positive real numbers o;, i=1,2,...,n

n .
such that z,4 = E a;x;. Since ||Z1,...Zi1, T, .5 Ty Tppf] = 1, for
=1

n
i=1,2,...,n+1wegeta;=1,for i=1,2,...,net. T4 :Zmi,
i=1

which means that (L, ||e, ..., ¢||) is a strong n—convex space.

In the next two theorems we will view the conection between the strong
convex and n—strong convex n-normed spaces. If a, b are lineary indepen-
dent vectors, then with P(a, b) we will denote the space generated by the
vectors a and b. Simillary, if zy, ..., £,—1 are lineary independent vectors,
P(z1, ..., ZTn—1) means the subspace generated by this vectors. We call the
n-normed vector space (L, ||e, ..., ¢||) strong convex if

la+b, 21, ..., zuo1ll = lla, 1, .oy Tacall 110, 21, ooy Toall,
la, z1, - ooy Tno1ll = 16, 21, - ooy Ta-all =1
and
P(a, b)N P(z1, ..., zn—1) = {0}

implies a = b.

Theorem 5. If (L, ||o, ..., ¢||) is a strong convex space, then it is a
strong n—convex space.

Proof. Suppose that the vectors zy, ..., Zn41 € L satisfy the condi-
tions

HE1yen s sl Tigls - - Eny Tnil] = 1 +Znt1, 22+ Tnt1, oo Tnt+Tnill =1,

1
n+1

for :=1,2,...,n+ 1. Then,
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n41=|21 4+ Tnt1, T2 + Tng1y -+ s Tn + Tngal] <
<l|#1s T2 + Togts - os T+ Togr |+
+ 2041, T2+ Tngis o oo Tn+ Tugall =
=14 |71, T2 + Trg1s oo os T F Tuga|| <
<1+ l|z1, T2, T3 + Tpi1s - os Tn + Tutr ||+

+ ”CC], Tpt1, T3 + Tpgts ooes Tn + zn-{—l“ =

::2+||m1a Za, $3+$n+1, ey "l;’ll+wn+]|| S ...S
S’Il-—1+||£lf1, Ty, T3, «v.y Tp—1, $n+$n+1”

which means that 2 < ||z1, 2, T3, - - -, Tn-1, &n + Taq1||. For the other
side, we have:

llz1, 2, T3, « ooy Tn—1, Tn + Tot1l] < Jl21s T2, T35 o0y To—1, Tnll+

+”£I71, Loy T3y -vey Tp—1, xn-}-l” =2.
Hence,
”mla T, T3, ..+ Tp—1, Tn + xn+1” =2
and
”1131, Ty T3y «vey Tyl wn” = Hmla Ty T3y «vvy Tn—1, mn—l—l“ =1.

Since (L, ||o, - .-, ®||) is a strong convex and , # Tny1 We have

P(:El, RN xn_1) N P($n, -73n+1) # {0}7

which means that there exists real numbers «;,7 = 1,2, ..., n+ 1 such
that

n—1

z Q;T; = QpTy + App1Tatd - : (1)

i=1
If ap = 0, for some k € {1,2, ..., n+ 1}, then
“‘7“17 cees Th—13 Th41y +-+5 Tny x:c+1H = 07
which im impossible. Hence, ay, # 0, for every k € {1,2,...,n+1}. Now,

from (1) we have

o o; )
" and f;=———,for i=1,2,...,n—1.
(87995 | Ayt

n
Tpp = Z Bixi, where (3, =—
=1
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If we substitute z,4; in

“xla cers i, "I;H;l’ cees Ty, xn+1||=’ll+1 ||x1+zn+lax2+zn+l yreey zn+$'n+1 ”:11

for :+ =1,2,..., n then by the properties of the n—norm, we get

1+Zﬁz

n+1

1:|ﬂi|‘”1’1—$n, ceeyTn—1"Tn, xn”— ”-'1’1 TryeeesTn-1"Tn, xn”
fort=1,2,...,n and since

1= ||$1, ooy Tp—1, :En” = ”"E] —Tpy ey Tp—1 — xn,‘xn”

we have

|IBil=1, for i=1,2,...,n and =n+1. (2)

1+E Bi
=1

n

From (2) we have §; = 1,for 1 = 1,2, ..., n, et. Tppy = Zz,-, which
i=1

mens that (L, ||e, ..., ¢]]) is a strong n—convex.

Theorem 6. Let (L, ||s,...,s|)) be a n-normed space and (Ly,]|e,. .., o|])
is a strong n—convex n-—normed space. If f: L — L; is a linear mapping
such that

lf(z1), ..., fz)l = ||z1, - .-, Tn|| for every zy,:..,z, €L,

then f is injection and (L, [|e,...,|) is a strong n-convex. If (Ly,||e,..., o)
is also strong convex, then (L,||e,...,e|]) is a strong convex space.

Proof. For every z1 # 0 there exist zy, ..., z, € L such that the set
{z1, z3, ..., T} is lineary independent. Hence, ||f(z1), ..., f(z,)|I' =
|1, .. znll #0et. f(z;) #0. Slnce f is a linear mapping, this means
that f is a injection.

Suppose that the z1, ..., 41 € L satisfies the conditions:

HZ1, - s @ity ity - oy Ty Tit1ll=—— |14+ Znp, T2+ Tnpas -, TatTap =1,

n+1
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for i=1,2,...,n+1. Then, for #=1,...,n+1, the vectors f(z1),..., f(Zn11)€
L satisfies

1f(21), -5 F(@ic1), f(@ig1)s ooy f(@n), f@ng)ll" =

1
:m ”f(lvl) + f(il/'n.|.1), caey f(a;n) + f($n+1)|‘l —1.

Since L; is a strong n—convex space and f is a linear mapping, we have
n n
ewin)= 35 stz =1 (3 o) -
i=1 =1

n
But, f is a injection and so z,41 = Z x;, which means that (L, ||e,...,e||)
=1
is a strong n—convex space.
Suppose that

P(a,b)N P(z1, z2, ... ,&n—1 = {0},

la,z1, T2y -y Tt || = ||b, 21, T2, ooy Tnoa]] =1 and
“a‘l’b’ L1, T2, - -, zn—-l” = “(1, L1, T2y .44y wn—l”"i'”ba L1, T2, -4, m'n—l” .

We have

lf(a) + £(b), f(z1),s -+ fl@n-1)| =
= If(a), f(z1), -, F(@n_) + (1 FB), f(@1)s -, fl@a-D)I

and

I f(a), f(z1), -, f(mn—l)“I = Hf(b)’ f(@1), oo, f(zn—l)”, =L
If y € P(f(a), f(b)) N P(f(z1), ..., f(&n-1)), then there exists

n—1

M\ g, ot =1,...,n — 1 such that y = Af(a) + pf(b) = Zaif(zi).

=1
n—1
Hence, f(Aa+ pb) = f (Z a,—z,) and since f is a injection it follows
i=1

n—1 .
that Aa + ub = Zaixi. Since, P(a, b) N P(z1, 2, ...Tn—1) = {0}, we
=1

have
n-—1

Aa-{—,ub:Za,-z,-:O, e.t. y= f(0)=0.

i=1




95

This implies't.hat : - _ '
P(f(a), f(8)) N'P(f(z1), ..., f(Zn-1)) = {0}
and because L; is a strong convex space, we have f(a) = f(b). But f

is a injection and so @ = b, which means that (L, ||e, ..., ¢||) is a strong
convex space.

In the end od this part we will give one more condition for a strong
convexity. First, we will view one property of the normed spaces.

Definition 4. The normed space (X, || o ||) has the property C, if
1

n+1

implies that the vectors z1, ..., Zp41 are colinear.

lzill = - - = l|Znsall = 21 4+ 2nafl = 1

Lemma 2. If the normed space (X, || ¢||) is a strong convex, then for
every n € N it has property C,,.

Proof Let n € N. We have

n+1

1
< I3 e =1,
1=2 i

1
“;(372 + -+ Tog)
On the other side

1

1
— &
1 —— lz1 + -+ + zngall < —— (||f'31||+"

which means

1
;;($2 + -t Tagr)

)

n+ 1< ||zy]|+n

1
Lo 4 2ag)
n

1
et. 1< “;(zz +ooot Tpgr)

Hence

=1.

L+t )
n 2 n+1
Since (X, || e ||) ia a strong convex,

||1131+$2+-'-+$n+1||=n+1==“3?2+-'-+$n+1||+||$1||,
Ty #0, zo+ -+ Tpp #0

implies z3 + -+ 4+ z,41 = az;, for some a > 0. But,

nt+l=|z1+z24- -+ 2upil|=llertez||=1+)||z1l|=1+ ¢, et. a=n,
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and so 1 = L(z2+---+2Zn41). In the same way can be proved that each of
the vectors 1, &3, ..., Tn41 is a arithmetical mean of the rest n vectors,
which implies

Ty =Ty = "= Tontl,
and this mean, that for every n € N the space (X, || ¢|j) has the property
e

Note. It easy to prove that the normed space (X, || o||) with the
property Cj is a strong convex space. But, for n = 2 there is an example
in [4] of a normed space with the property Cj, but the space is not a strong
convex.

Theorem 7. Let (L,]|le,...,e|]) be a n-normed space and
(X, || o|]) is a normed space with property C,.. If there is a mapping
T € Tp,x such that

lz1, - zall = | T (24, ..., zp)||, forevery zi,...,2n €L,
then (L, ||e, ..., o||) is a strong n—convex space.

Proof. Suppose that the vectors z1, ..., Tn41 € L satisfy the condi-
tions

1
n+1 lz14enst, Totenti, - - - Tntntd =1,

if i=1,2,...,n+1. Then, for i =1,2,...,n+1 it is true

||x1,...,xi_1,a:m,...,:I:n,zn+1||:

1= “T(’L‘], ey Ti—15 Tp4ls Titly oo o zn)“ =

= “T(mla ey Tim1y Tig1s o0 Ty wn-{-l)” =
1
= m ||T(:171 + Tpug1, T2+ Tptly ooy Tt 1'n+1)” =
1 n+1
” Z T(iﬂ], ceey L1, 415 Tidls .- amn)”
=1

:n+1

Since the normed space (X, || o|) has the property Cj, the vectors
T(Z1y -ovy Ticly Tigls - -y Tuy Tpp1), t=1,2,...,n+1

are colinear. - :
i T(zy, ..., zn) =T(21, -+ -5 Tn-1, Tyy1), then

z1, . or Tty Tn = Tug1ll = 1T(21, -5 Tao1, T — Tngal =
= ”T(Ila ey Ty—1, xn) - T(xl) ceey Tp—1y mn+1)“ =0
and
“1‘1, ey 1, -'Enll =1

implies




n-1
Tpgl =Ty — E oG .
’ i=1

For every ¢ € {1,..., n— 1} it is true

1= “:El’ ceey i1y Tig1y -0y Ty mn+1|l =

|ai] le1, -+ -, @all = fe]

and

n—1

=1
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xla---axi—lawi+17---’xna$n_E ;T =

1= Nz1+ Zng1s T2+ Tag1 .oy Tn + Taqal| =
n+1
1
= ”wl_mna T2—Tny-r-yTn—1—"Tn, zn+xn+1”:
n+1
n—1
1
= :El_xvn~--7$n—l"‘$n,2zn"'§ QT =
n+1 .
=1
n—1
1
= —HT1 = Tny ooy Tp—1 — Tyy T 2_2 Qy =
n+1 4
=1
n-1
1
= 2—2 (22) ||l‘1—$n,---,xn-l—itn,-’ﬂn”:
n+1 £
1=1
n—1 n—1
— -S| I=—= -3
= — a;| llz1, ..., zx| = - ;
n+1 — | o

n—1
From |a;] = 1, i € {1,...,n— 1} and 2—Za,~
i=1

= n + 1, it follows

n
that o; = =1, i = 1,..., n — 1 which means that z,41 = in, e.t.

(L, |le, ..., o||) is a strong n-—convex.

i=1
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Suppose that there is no two points which are identical, e.t. that

n |
T(fl)], RS} .'Bn) = E aiT(ml, ceey L1y Tl Tidls « o s il?n)
i=1

So
T(:L'l — 1 Tp41y ---y T — anzn+1) =0 »
and hence
||$l_a1$n+la ey zn"’anxn+1) = ||T(-Tl'—(1112n+1, seey xn_anzn+1)” =0

which implies that there exists real numbers §;, ¢ = 1,2,..., n not all
equal to zero and such that

n n
> Biwi = Tup > aip;.
i=1 i=1

It is clear that, za,ﬂi # 0 and if we put v; = __@1_ we get

n

i=1 Z aiﬂi
’ i=1

n
Tpp1 = nyizi. As in the previous case can be proved that v, = 1,

=1
n

1=1,2,....n et. T4y = Zzi, which means that (L, ||e, ..., e|]) is a

i=1
strong m—convex.

4. Algebraic and n—norm middle points

Let 21, x3 ..., z, € L. Denote with P(zy, 22 ..., z,) the subspace
generated by the vectors zy, T3 ..., Ty.

Definition 5. Suppose that (L, ||e,...,]|) is a n—normed space. The
point a € L we call algebraic middle point of the points z1,22...,7% € L

1
ifa = z }: z;. The point @ € L we call n-normed middle point of the
=1
n + 1 lineary independent vectors 1,23 ...,%y, Tps1 € L if
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|lz1—a,...,zi1—a, 200, ..., w,ﬁl—a“:n_}_ ! N1 ni1, ToTnpr -+, ToTrpa ||,

for 1=1,2,...,n+ 1.

Theorem 8. If a € L is a algebraic middle point of n + 1 lineary

independent vectors z1, 22 ..., &, Tpt1 € L, then it is a n-norm middle
point of this vectors.

n+1
Proof. If a = ———n_}_l zxi, then for every 1 =1,2,...,n,n+1 it is
i=1
true that
||$1—d, e """i—l_a" 1‘,i+1—a, e ,En__l —-a,rn—a, E7L+l—a =
ntl ntl ag 4l
1
:Il_.n? Tgre T _—'Z J"”'H-__Z z’n‘—"z ]’J:TH-I_ E - li=
1 =1 =1
. ntl ntl neHl ntl
A ("ﬂ)frf_: LIRS '("ﬂ)”i—l_zzj»(”ﬂ)¢i+1-2 5, ~~,(nﬂ)1=n—§ J,(nn)%H_ -
n
1
i |[POE1 ). ), EHE o), - D E R ), nznﬂ_z = l=
=1
n
i
el RS Wl RS EREEEE IS Bt N TR R 2 RS el R0 ELE TS E it =
=1
Tn+1 ||ml T P4l %=1 T 41 %41 T T4l TN T Fag 1Tl T T-z“ =
_n +1 “’1 T T4l i1 T 41T T Pnd s T4l T Fptds o I T rn+1|| ’

which means that a is a n—norm middle point of the vectors z1, zg, ..
Lny Tntl € L.

Theorem 9. If (L, ||e, ..., o||) is a strong n—convex space, then every
n-norm middle point of » + 1 lineary independent vectors is an algebraic
middle point of this vectors.

Proof. Suppose that (L, ||e, ..., ¢||) is a strong n—conex space and
that a is a n—norm middle point lineary independent vectors z;, ..., Zpy1.
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If we put
" =21 — q, ey Bl = a,k$j+‘1 — @y ...y Ty — @l =
1
:n 1 “-771 —Tu41y L2 — Tp4ls -ovs T — zn-&-l“ 5

then since 1, ..., Zn41 are lineary independent vectors, we have ¢ # 0,
and hence

|1 —a Tj1— Q@ Tipy —a @ — Tpt1
1= Y eees , ey —— i =
i t i 4
_ 1 1 — Tp41 T2 — Tpyt Ty — Tnt1 il
n41 t ’ t T t
_ T, —a a— Tpt+r T2 — 0 a— Tpti Ty —a a — Tp4l
t t L / I / t ’

for i=1,2,...,n+ 1.
But since (L, ||e, ..., o||) is a strong n—convex space, we have

a—x "z a 1 !

- Ln+41 T

_ = e.t. a= z;.
t ; t ’ n + 1 ’Lz_:l Z

Theorem 10. The n-normed space (L, |ls, ..., ¢|]) is a strong
n—convex if and only if for every n + 1 lineary inpedent vectors the al-
gebraic and n— norm middle point are identical. '

Proof. If (L, ||e, ..., ||) is a strong n-convex space, then the the-
orems 3 and 4 implies that the algebraic and n-norm middle points of
arbitrary n + 1 lineary independent vectors are identical.

Suppose that in (L, ||e, ..., ¢||) algebraic and n~norm middle points
of arbitrary n + 1 linear independent vectors are identical. From

HE1, - s Tiel, Tigls - Tnt1ll = 1 + Tnt1, 22+ Entt, - Zn F T4l =1,

1
n+1

if i=1,2,...,n+ 1 it follows that

Hz1=0,. .., 2i1—0,Tn41—0, ..., Tnp1—0||= l#14+2n+1, T2+ Tnt1, - s EnF+Ens1]|=1,

n+1
if i =1,2,...,n+ 1 which means that 0 is a n-norm middle point of
the vectors 21,...,Tn, —Zn41. Hence, 0 is a algebraic middle point of the
vectors i, ..., Ty, —Tnt+1, Which means
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n n
1
0:n+1 zmi—-zn_ﬂ , e.t. zn+1:Zz,~,,
i=1 =1
and so (L, ||e, ..., e]|) is a strong n—convex space.
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CTPOI'O »~KOHBEKCHHM n~-HOPMHMWPAHU
ITIPOCTOPH

Pucro Manueckn

Pezume

KoHIIeNTOT 3a 7 CKaJapeH OPOM3BOJ Ha BEKTOPCKM MPOCTOP CO
JMMeH3Wja moroieMa oa n — 1 1 n—HopMa, BoBenen ox A. Misiak ([6]) e
HmoBeke IMMeH3NOHAJJHA aHAJNOrAja Ha KOHNENTOT 3a CKajlapeH IPOM3BOL
u HopMa. Bo [6] m [5] ce moKaxKaHM OCHOBHMTE CBOjCTBa Ha n—Hpel-
XuIGepTOB M n—HOpMUpaH Ipoctop. Bo oBaa pabora e naneHa re-
Hepalu3alyja Ha DOUMOT CTPOTO 2-KOHBEKCeH 2—HOpPMUpaH IPOCTOp,
pasritenyBal Bo (2] u [3] # ce NOKaKaHM HM3a CBOJCTBa Ha CTPOTO
n~KOHBEKCHUTE N—HOPMUPAHU OPOCTOPH.
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