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REDUCTIONS FOR PRESENTATIONS

OF (n,m)-SEMIGROUPS INDUCED BY

REDUCTIONS FOR PRESENTATIONS
OF BINARY SEMIGROUPS

DONCO DIMOVSKI AND IRENA STOJMENOVSKA

Abstract. The question of finding a satisfactory combinatorial description
of an (n, m)-semigroup given with its (n, m)-presentation (B; A) can be an-
swered by managing to construct a good reduction for the given (B;A) (if
possible), which is usually quite complicated to achieve. Here, we construct
good reductions for a class of (n, m)-presentations of (n, m)-semigroups that
are induced by presentations of binary semigroups satisfying certain condi-
tions. Namely, given a semigroup presentation (B; A) with a good reduction
¢ that satisfy a pair of conditions, we define an associated (n, m)-semigroup
presentation (B;A) and derive a good reduction 1 for (B;A). As a conse-
quence, good description of the corresponding (n, m)-semigroup is obtained.

1. INTRODUCTION AND PRELIMINARIES

Bellow we give some definitions, notations and facts on combinatorial semigroup
theory and combinatorial (n, m)-semigroup theory. (For more details see [2], [4]).
Let B be a nonempty set and let B' be the free semigroup with basis B.
BT = (B*;.) where B* is the set of all finite (nonempty) sequences of the elements

of B and ’- is the concatenation of sequences. The element (ay,...,a,) € B" C BT
will be denoted simply by aj, or by a in the case when a1 =...=a, = a. Also,
a will denote the sequence a;a;i1,...,a; when i < j or the empty sequence when

i > j. Sometimes x will be a short notation for a sequence of elements of a set
B. As usual, d will be used to denote the dimension of a sequence a} € B" (i.e.
d(a}) = ), and N will denote the set of all positive integers. By N, and N? we
denote the sets {1,2, ..., r} and {0,1, ..., r} respectively, where r € N.

Let A C Bt x B*t. The pair (B;A) is a presentation of the semigroup B™ /A=
where A= is the smallest congruence on BT containing A. We use the notation
(B;A) = BT /A=,

A reduction for (B;A) is a mapping ¢ : Bt — B™T satisfying the conditions:

(i) wlauy) = plop(uy), (i) (u,v) € A= () = (o), (i) p(u)A=u,
for all u,v € BT and z,y € B*, where B* = Bt U {1} and 1 is a notation for the
empty sequence.
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Each reduction ¢ for (B;A) is a homomorphism from BT to (p(B7);0), where
the operation 'o’ on ¢(B™) is defined by uov = p(uv), u,v € p(BT). Moreover,
ker o = A= and thus BT /A= = (p(B7);0) i.e. (B;A) = (¢(B*);0).

A reduction ¢ for (B;A) is good (effective) reduction for (B;A) if there exists
an invariant p : BY — N such that ¢(z) # x implies p(p(x)) < p(z) for all z € B*.
In this case, for a given u € BT, the reduced represent ¢(u) can be determined in
a finite number of steps. (As a consequence, the existence of an algorithm for the
decidability i.e. solvability of the word problem is provided).

Let Q # 0, n,m € N and let n —m = k > 1. We will also assume that m > 2.
A mapping f: Q™ — Q™ is an (n, m)—operation and the pair @ = (Q; f) is called
an (n,m)-groupoid. A mapping f : |J Q" — Q™ is called a poly-(n,m)-

s>1
operation and the pair Q@ = (Q; f) is said to be a poly-(n, m)—groupoid.
An (n,m)—groupoid @ = (Q; f) is an (n, m)—semigroup if

F(F@D)apth) = flat flathaltr,,) for all 2, € Q, i € Ny.

A poly-(n, m)—groupoid @ = (Q; f) is a poly-(n, m)—semigroup if

f(xlf( m+rk) ji1) f(xly{"“k jil) for all zx,y, € Q, s,r >1,j € N

Remark. It is not necessary to make distinction between the notions of (n,m)f
semigroup and poly-(n, m)-semigroup due to the fact there is no essential differ-
ence between them, a consequence from the general associative law (GAL) which
holds in all (n, m)-semigroups. (See [2], §5.)

The notions of (n, m)—operations (poly-(n, m)-operations) are easily thought of as
algebras with m n-ary (poly n-ary) operations

Frooo f s | Q% — @, where fi(a ™) H 2 o flafth) = 2 i€ Ny,

s>1
and s = 1 for the (n,m)-case (i.e. s > 1 for the poly-(n,m)-case).
This allow us to translate all the notions which make sense for universal algebras
to [poly-](n, m)—-goupiods, without giving their explicit definitions.
Let F(B) = (F(B); f) be a free poly-(n, m)—groupoid with a basis B. We recall
its construction. (See [2], §6).

B_y=0, By=B, Byu=B,U(N,x|]By**), F(B)=|]B,
s>1 p>0
The poly-(n, m)-operation f on F(B) is defined by
Fui™™*h) = 0" & (Vi € Np) v = (i, uf"™*").
Hierarchy of the elements of F(B) is a mapping x : F(B) — Ny defined by
X(u) = min{p|u € Bp}. Clearly, x(u) =p < u € By\Bp_1.
Length on F(B) is a mapping | | : F(B) — N defined by induction on y :
lu| = 1 for u € By, |(4,u]" %) = |ur|+. . A tmrsr| for (i,ul" %) € B,y1\B,.

SHowever, there is a justified reason for introducing poly-(n, m)—semigroups in the combina-
torial (n, m)-semigroup theory (see [2], §6).
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Definition 1.1 ([4]). Let A C F(B) x F(B). A is said to be a set of (n,m)—
defining relations on B and the pair (B; A) is a presentation of an (n, m)—semigroup.

Proposition 1.1 ([4]). (B;A) presents the factor (n,m)-semigroup F(B)/A
where A is the least congruence on F(B) such that A C A and F(B)/A is an
(n, m)-semigroup. We use the notation (B;A) = F(B)/A.

Definition 1.2 ([4]). Reduction for (B;A) is a mapping ¢ : F(B) — F(B) with
the following properties:

(i) (u,v) € A= 1p(u) =¢(v)

(i) ¥, 2"(1,9)(2,y) ... (m, y)x") = (i, 2'ya")

(iil) (4, 2'wz") = Y (i, 2" P(w)z")

(iv) uli(u)

(v) Y (u)) = ¢P(u),
for all w,v,w, (i, x'wz"), (1,2 (1,y)(2,y) - .. (m,y)z") € F(B) and z’,2" € F(B)*.

Theorem 1.1 ([4]). The reduction ¢ : F(B) — F(B) for (B;A) is a homomor-
phism from F(B) to (Y(F(B));g) where

Y(F(B)) = {u € F(B) |¢(u) =u} and
g k) = o & v = (i, up ), i € Ny,
Moreover, ker ) = A and thus F(B)/A = (y(F(B));g) i-e. (B; A) = (¢(F(B)); g).

If 4 is a reduction for (B; A) such that 1(u) can be determined in a finite num-
ber of steps for a given u € F(B), then v is said to be a good (effective) reduction
for (B;A). (It provides the existence of an algorithm for calculating the reduced
represent 9 (u), u € F(B)).

In the case when A = (), the pair (B;{)) presents the free (n, m)-semigroup with a
basis B and (B;()) = F(B)/~, where = is the least congruence on F(B) such that
F(B)/~ is an (n, m)-semigroup. We recall its combinatorial description from [3].
Let 1o : F(B) — F(B) be a mapping defined as follows:

¢0(b) = bvb € Ba

Assume that u = (4,4 **) € F(B) and that 1(v) € F(B) is well defined for
all v € F(B) such that |v| < |u|. Moreover, assume that (v) # v implies
[tho(v)| < |v|. Then, vy = tg(uy) is well defined for all A\ € N,,; 4 and thus
v = (i, v’fl“k) € F(B). If there exists a A’ € N, ¢ such that vy # wuy then
|v| < |u| and consequently define

Po(u) = to(v);
If vy = uy for all X € Ny o and if u = (i, (1w ™) ... (m, w{”“k)u;’f;jil)

where w" ™% € F(B)™+"% (1 > 1) and j is the smallest such index, define

Yo(u) = 1o, ulwgn”ku;’fnf’il).
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If u doesn’t satisfy any of the conditions above, 1o (u) el .
The mapping 1y is well defined and it reduces the length, i.e. ¥o(u) # w implies
[o(u)| < |ul, uw € F(B).

Proposition 1.2 ([3]). The mapping 1o is a good reduction for (B;0).

Remark 1.1: Note that the reduction vy does not change the first coordinate
nor decreases the dimension of the second coordinate when mapping elements
from F(B)\B. Also, ¢y does not increase the hierarchy i.e. x(¢o(u)) < x(u),
u € F(B). (The proofs are by induction on | | and applying the definition of vy.)

It is natural to look for a suitable combinatorial description of an (n,m)-
semigroup given with its (n,m)-presentation (B;A). Such description can be
obtained if we manage to construct a good reduction for (B;A), a task which is
not easy nor always possible to fulfill. Some examples, constructions and results
on the issue are given in [4], [5], [6]. Bellow we define a class of presentations of
(n, m)-semigroups (B; A) such that good reductions for (B; A) can be constructed.
These (B; A) are induced by presentations of binary semigroups (B; A) with good
reductions ¢ satisfying a pair of conditions. Given such (n, m)-semigroup pre-
sentation (B;A), and using the good reduction ¢ for (B;A), as well as the good
reduction g for (B;0), we will construct a good reduction 1 for (B; A).

2. MAIN PART

Let (B; A) be a semigroup presentation satisfying the conditions:
(") d(z),d(z) >m for all (z,z) € A
(IT") There exists a good reduction ¢ : BT — BT for (B; A) such that
d(e(z)) = d(z) (modk) for all z € BT.

We define a set of (n, m)—defining relations A C F(B) x F(B) by

A= {(u,v) € F(B)x F(B) |u= (i,ui\a{u;\"ﬁsfl), v = (i,u{‘bﬁu?frsfl),
al,by € BT and a] = b} in (B;A),
U € F(B),ac{l,.. ., \}U{A+r+1,...,m+ sk},
0§/\§m—|—sk‘—r,1§r§m+sk,i€Nm,521}.

Thus, we get a (n, m)-semigroup presentation (B; A) which is said to be induced
by the semigroup presentation (B; A).

Our aim is to construct a good reduction for (B;A). For that purpose, we will
use the mapping 1o and the fact that there exists an invariant p : Bt — N
which is reduced by ¢ (since ¢ is a good reduction for (B;A)). We will extend
such invariant p on F(B) and then, using ¢ we will define an auxiliary mapping
' : F(B) — F(B) which will reduce the extended invariant p. Afterwards, we
will show and display the properties of the mapping v’ as well as some properties
of compositions of 1y and ’. Applying these results and the properties of the
reduction vy (see [3]), we will define an appropriate mapping ¢ : F(B) — F(B)
(by induction on hierarchy, combining ¢y and '), and such ¢ will be a good
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reduction for (B; A). Let us now proceed to this construction.

Being ¢ a good reduction for (B;A), there exists a mapping p : Bt — N such
that ¢(z) # z implies p(¢(z)) < p(z), for all z € BT. We will extend the invariant
p on F(B) and define a mapping

p: F(B) — Ny, by induction on x as follows:
For b € B, p(b) is already defined and since the condition (I’) for (B;A) implies
that ¢(b) = b,b € B (the elements from the basis are alone in the class), we can
take p(b) = 1,b € B (the usual way of defining p on the basis in such cases).
Next, for (1, a’anrSk) € By\ By, define p(i,a" %) = p(a7"7%); Assume that p(v) is
well defined for all v € B), and extend the definition of p on B, by induction on
the dimension: We put p(1) = 0, assume that p is well defined for all z € B} with
d(z) < ¢, (¢ € N) and let z{ € B;f.
If 2§ = :c{‘a’l"x§\+7,+1 where: af € BT, 1 <r <q, 2x,Zx1r11 € B, 0 <A< q—r,
and X is the smallest such index, then p(z7) and p(z%,, ) are well defined (by
the hypothesis), and consequently define

p(af) = P(xi\) + play) + P($‘3\+r+1)~

q

If 2:{ doesn’t satisfy the conditions above, we put p(z]) = Z p(z;).
‘7:

Now, for u = (i,u]""**) € B, 11\ B, we define p(i,u[" %) = p(u"T").

Lemma 2.1. p(i,z3a{ay' %) = p(x}) + p(af) + p(z555F))

where: af € BT, 1 <r <m+ sk, xx,Txyr11 € B, 0 <X <m+ sk —r.

Proof. 1t is sufficient to show that p(ztafz%,, ;) = p(z?) + plal) + p(a,, 1),
where: af € BT, TxyTarr+1 € B, 0< A< m+sk—r, 1 <r <m+ sk. Assume
that the equality holds for all z € F(B)™ satisfying the conditions above and
such that d(z) < d(z} alxgﬁffl) = m + sk. If X is the smallest index such that
zx ¢ B, af € BT and xxy,41 € B, the case is trivial (follows by definition).
Hence, let :rlalgcT;SﬂH = xlblmJ-ﬁ-l-‘rlal‘r)\-‘ﬂ“-ﬁ-l where: b} € BT, z;,2;1141 € B,

0<j<A—=1-1,(1 <1< X—1)and let j be the smallest such index. Then
k j k j k
P(x{\alxﬁis-y-ﬁ = p(ijllzi\+l+1alx§\n$s+1) = P(x]l) + p(bl) + p(x g+l+1a1xT:r11)

and d(z J+l+1a1x;n$ﬁ“1) =m+sk—j—1 < m+ sk. Thus, p(:clala:;’frsfl) =
p(@d) + p(Bh) + p(x)y i) + plap) + p(al2F) = p(ad) + plaf) + p(aot). O
Define a mapping ¢’ : F(B) — F(B) by induction on p as follows:

Y'(b) =b,b € B;
Let u = (3,u"***) € F(B)\B, assume that v’ is well defined for all v € F(B)
such that p(v) < p(u) and moreover, assume that

' (v) # v implies p(¢'(v)) < p(v).

Let v "% = wdalul %% where: af € Bt, 1 < r < m+ sk, p(a}) # af,

Ar+1
Un, Untr4+1 € B, 0 < A <m+ sk —r and let A (if exists) be the smallest such in-

dex. Then, d(¢(a)) > m (by (1)), d(¢(a])) = d(a}) (modk) (by (II’)), and thus
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(i, ulw(al)uTLSfl) € F(B). Also, p(a]) # af implies p(¢(al)) < p(a}), which

implies that p(z,ulap(al)u’;frsfl) < p(u). Consequently, define

W' () = ' (6w p(a) JulE).
Now, p(t/(w)) = p(u (i, ude(afJug's ) < ol wdplap)ug'syty) < plu) ie. the
mapping v’ is well defined in this case, and it reduces the invariant p.
If u}"“k doesn’t satisfy the conditions above, we put

W) = .

Remark 2.1: Note that ¢’ does not change the first coordinate of (¢, z) € F(B)\B.
Furthermore, x(¢'(u)) = x(u), u € F(B). (Easy to verify, by induction on p).

Lemma 2.2. (1) p(t(x)) < p(u) and p(t(w) = p(u) > ¥/(u) = u
(2) ¥ (6, utafuy ) = ¥/ (i v p(af)ul ), where
(1, ui\alugﬁrﬂfl) € F(B) anda] € Bt,1<r<m+sk,0<A<m-+sk—r.
(3) Let (,y7" "), (i,zyi" " 2) € F(B).
If /(o) = (G, yd ™) then /(i 2y 2) = ¢/ (1, wyp ™).

Proof. (1). Consequence from the fact that ¢’(u) # w implies p(¢p'(u)) < p(u)
which is shown above, while defining 1)’.

(2). Firstly, will show that ' (4, ulaluf\”ﬁsfl) ='(4, ulgo(al)ui\"_:sfl) for all

(3, uf‘alu;\n::_ilfl) € F(B) where a}f € B (1 <r < m+ sk) and uy,uxtr+1 € B,
(0 <A< m+sk—r). If p(a}) = af the case is trivial, so let ¢(a]) # af and assume
that the equality stands for all v € F(B) with p(v) < p(3, ui\alugﬁrﬂfl) If Xis
the smallest index such that u, uxyri1 ¢ B, the conclusion follows by definition.
Let u} = u{bllug-\HH where: bl € BT, 1 <1< XA—1, p(b}) # b, uj,ujyi41 € B,
0<j7<A—1-1, and assume that j is the smallest such index. Then

A k k . A k
Y’ (i, U1“1“Tfri1> Y’ (i, Ul%“ﬁlﬂ%“&”ﬁﬂ) w’(z,u{w(b ) g+l+1a1UTfri1)

and moreover, p(b}) # b} implies p(p(b})) < p(bl), which implies that
(U1<P(b1) j+l+1a1uT-:rrS-|’-€1) < P(U1b1“]+l+1alut\n$’8f1) = P(U1a1u§nﬁsf1) Thus,
wl(i u{‘#’(b Ju A+z+1d’iﬂ3"frsf1) wl(l u{@(b Ju A+l+1‘P(a1)“TJ:rrSf1)
O (i udy o p(al)ultor) = o (6 ug o (ah ultoF).
To show the proposition (2), first assume that there exist p' € {1,...,A} and
w" e {A+r+1,...,m+sk} such that u,,u,~ ¢ B. Moreover, let 1’ and ¢ be the
biggest and the smallest such index respectively. Then, uf = ulf b where b} € B,
I=X—y >0, and, ugfﬂfl = clu:ﬁ,ﬂk where ¢ € Bt, g=p"—X—r—-1>0.
Now, using the equality from above, we get

o) = 0/t Ml ) = o il ooty ™) =

0y (i, Ul (b190(a1)c1)u,77+8k) (4 (4, u’f b1¢(a1)cluzlff+8k) 0y (4, u3 @(al)UTIffl)
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If up € BY or u’;fﬂ:l € Bt the proof is analogical. If u]**** € Bt the statement
follows from definition of 1)’ and the properties of the reduction ¢.

(3). By induction on p. Assume that the proposition stands for all v € F(B)
with p(v) < p(j,y1""**) and let ¢/(j,y7" ) = (j,yi™ ") # (4, y7"***). Then
yvln-i-sk - y{‘a{yﬁzfl for some 1 <r <m+skand 0 < A < m + sk — r, where
ai € BT, p(al) # af and yx,yrir+1 € B. We can (but not need to) take A

to be the smallest such index. Now, ¢'(j, yf‘gp(a’{)yf\”j;‘fl) = (j,yy™**) and we
have that p(7, yf‘go(a’l“)yf\"ﬁs_{fl) < p(4,y"™*).  Applying (2) and the inductive

hypothesis for the element (j,y?¢(af)y¥;*F,), we obtain that ¢/(i, zy!""**z) =

O (i, zyralyitoh z) = ' (i zyde(al)yiol z) = o' (6 zy ™). O
Lemma 2.3. (1) If (u,v) € A then ¢'(u) = ¢’ (v).

(2) If ¥'(u) # u, there exist a sequence ug,uy, ..., u_1,u; € F(B)
such that u = ugAu A ... Aup_1 Auy = ' (u), (¢ > 1).

(3) uAvy'(u), u € F(B)

(4) /(8 () = ' (w), u € P(B).

Proof. (1). Consequence from (2) in Lemma 2.2.

(2). Let u € F(B) and let ¥/(u) # u. Then u = (i,u!"™*) € F(B)\B and
assume that the proposition stands for all v € F(B) with p(v) < p(u). Since
Y'(u) # u we have that ¢'(u) = w'(i,ui\@(a{)u’;fﬁfl) for some af € BT and
U, Urnt+r4+1 € B where p(a]) # af, which implies that p(i, ui\p(a{)uﬁfrgfl) < p(u).
Also, u = (i, ug afu ("5 ) A, udp(af)ul [ 7).

If ' (3, ui\p(a{)ugﬁrﬂfl) = (i, ui\o(a{)uﬁﬁfl) we immediately get uAy' (u).

If w’(i,u{‘go(a’l’)ug”jf_fl) # (i,u{wp(a{)uT_ﬁfl), the hypothesis implies that there
exists a sequence ug, Uy, .. .,us—1,us € F(B), (t > 1) such that

(i, uj\go(aq)uzﬁffl)AulA o A 1 AY (4, ui\o(a{)uﬁfﬁfl), and thus

ul (i, utp(a)ul F ) Aur A L Aug 1 AY (i, uip(al)us ) = ¥ (u).

(3). Direct consequence from (2).

(4). By induction on p. Clearly it holds on B, let (i,u"™**) € F(B)\B, and
assume that ¢/ (¢/(v)) = ¢/ (v) for all v € F(B) with p(v) < p(i,u""**). Let also
W' (3, uT ) # (i, uTF). (Otherwise the equality is trivial). Then ¢/ (i, u[" %) =
w’(i,u{‘w(a{)uf\“_ﬁfl) for some af € BT such that p(a}) # af (1 <r < m+ sk),
and some uy, uxyr+1 such that uy, uytrr1 € B, (0 < XA < m+ sk — r). Moreover,

p(i, ui\cp(a{')u’;fﬁsfl) < p(i,u" %) and by the hypothesis we get ¢ (¢' (i, u]" %)) =
00 i A ) = 0 e ) = ), .

Lemma 2.4. (1) ¢ot)'o(u) = 'y (u),
(2) ¥t (u) = "tho(u), u € F(B).

Proof. (1). We will show that v € ¥o(F(B)) implies ¢'(v) € ¥o(F(B)). (By
induction on p). Since it holds on B, let v = (i,v7""**) € vo(F(B))\B and
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assume that the statement holds for all z € vy (F(B)) with p(z) < p(i,v]" ).
Let also o/ (i, 07" %) # (i, 07" "*%). Then, (i,v]""*) = (4, vf‘alvf\nﬁfl) for some
1<r<m+sk,0<X<m+sk—r, where: a] € B*, p(a}) 7é ay, vx, Vatr+1 € B,
pli; vi @(%)Wﬁﬁ) < p(v), and, ¥'(v) = ¥'(i,0""*") = ¥/(i, (D) Vi)
Being af € BT, ¢(a}) € BT and (i, v; a’l"vgfrsfl) € Yo (F(B)), it is easy to conclude
that (,v] @(al)vﬁfrsfl) € Yo(F(B)). Thus, and by the inductive hypothesis, we
get that ¢’ (i, v gp(al)vmj;:’fl) € Yo(F(B)). Therefore, ¥'(v) € 1o(F(B)).

Consequently, ¥'wo(u) € o(F(B)) for all v € F(B), and now (1) follows from

otho = o (Proposition 1.2).

(2). Let u € F(B) and let ¢'(u) # u. (Otherwise the case is trivial). Then

u = (i,u" %) € F(B)\B and u""** consists a subsequence uxajux 41 such

that af € BT (1 <r <m+ sk), (al) #al, un,Urtr+1 € B, (0 <A <m+ sk —
) and, ¢/ (i,u"T*) = ' (i, u) @(al)uT:ifl) Also, p(i,u{‘@(al)qursfl) < p(u).

Assuming that the equality stands for all v € F(B) with p(v) < p(u) we get
Vot (u) = 9oy’ (6wt p(aD Ui ) = ¥ (i p(a] Uy ).

Consider the images 1 (%, ui\p(al)uT_ﬁfl) and (4, ulalu;ﬁffl) Recall Remark
1.1 and assume that 7,[10(i,u?g0(a1)u§1_:ffl) = (i,uy™*%0k). Since ¢(a}) € BT,
there exists an integer A9 > A such that u) ... u’/\0+d(¢(a{)) = p(a]). (Easy to
conclude, by induction on the length). Similarly, and being a} € B, we obtain
that (7, uq alu;\"ﬂsfl) = (i,u} ... u&oa{ug\ﬁdw(aq))ﬂ by o). Therefore,

&o (i, udp(al)uf ol ) = ¢ (6, u) - uh 0(a]) U agea )41 - Umtsok) =
(LACRT us\oalu)\o+d(g&(a{'))+1 Uy o) = Yo (i, ul alu;\”jrsfl) o (u).
Hence, 9ot (u) = ¢'¢o(u). U

Define a mapping ¥ : F(B) — F(B) by induction on x as follows:
(b) = b,b € B;

Let u = (i,u]"**) € F(B)\B and assume that 1(v) is well defined for all v € F(B)
such that x(v) < x(u). Hence, ¥(u,) is well defined for all y € N, 44, and
consequently define ¢ (u) by

(i, u ) = o (i, ¥ (wr) - . (Umsk))-

Lemma 2.5. (1) x(¢¥(u)) < x(u)
(2) ' (W(u)) =1(u)
(3) Yo(¥(u)) =1(u)
(4) Y((u)) = ¥(u), for allu € F(B).

Proof. (1). By induction on the hierarchy. x(¢(b)) = x(b),b € B, assume
that x(¢(v)) < x(v) for all v € B, and let u = (i,u[""**) € B,1\B,. Then,
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X(¥(ua)) < x(ta), @ € Ny sk and applying the properties of x for the mappings
1" and g respectively (Remark 2.1 and Remark 1.1), we get

X, up™)) = X (P (6,9 (ur) -« (k) =
X(Wo (i, ¥(ur) . (umrsk)) < X(E 0 (ur) W (umas)) < X uf"™).

(2). Consequence from (4) in Lemma 2.3.
(3). Consequence from (1) in Lemma 2.4.
(4). Firstly, we will show that all u € F(B)\B satisfy
W(u) = (i,w" ™) where i € N, and w,, € Y(F(B)), 7 € Npppri-
By induction on x. For u € B;\B, u = (i,a""**) where i € N,,, and a"*** € B+,
Hence, ¥ (u) = ¢'1ho(i,a" %) = ¢/ (i, a7 %) = (i, (a7 *")) and the conclusion
follows immediately, being B C ¢ (F(B)). Assume that the statement holds for

all ' € B, and let u € Bp1\B,. Then, u = (i,u"™") for some i € N, and

u" ek e B, and 9(u) = (i, ul TR = o (i, (ur) . .. Y (Umysk)). Recalling
that none of the mappings ¢y and 1’ changes the first coordinate, assume that
(i, 0(wr) . Dimyor)) = (6w TE). Lot also Go(i, $(un) ... Y(tm s ok)) =
(i, v %), We will show that v, € ¥(F(B)), tt € Npypix:
If wo(i,(uy) ... v(Umask)) = (6,9 (ur) ... Y(Umysk)) the conclusion is trivial. If
Yo(i, Y(u1) - Y (Umsk)) # (i,9(u1) ... Y(Umsk)), then there exists ¥ € N, such
that ¢(ugys) = (6,477%),8 € N, (since o) = ), and thus (i,0]"+*) =
Yo(i, (ur) . . () Yy T (g pmat) - - . Y(Umask)). Moreover, the hypothesis im-
plies that y; € Y(F(B)),j € Ny qqk. Consequently, if

o (i, ¥(ur) (o) Y Y (g mga) (U gsk)) =

(9 (2ur) (o)™ () - (tmsi),
we immediately get v, € ¥(F(B)), ft € Npypg5. Otherwise, the conclusion follows
by induction (i.e. repeating the same process).
Hence, we have that ¢(u) = (i,w]""™) = ¢'(i,0]""*), where v, € ¥(F(B)),
i € Nyt Thus, and being B C ¢(F(B)) it is easy to verify that w, € ¢(F(B)),
7 € Nptri- (Induction on p).

Let us now proof the statement (4). By induction on Y.

It is clear that ¢y (b) = ¢(b),b € B, assume that Yy (z) = ¢(z) for all z € F(B)
with x(z) < p, and let (3, u}""**) € B, 11\ B,. We have showed that (i, u" %) =
(i, w"T*) (for some r > 1) where w,, € ¥(F(B)), n € Ny 4k and thus w,, = Y(wy)
for some w;, € F(B), n € Ny, k. Furthermore, x(wy) < X0, u Y € Ny
and applying the hypothesis we get that y(wy) = ¥ (wy), i.e. ¥(w;,) = w, for all
1 € Nytri. Thus, and by (2) and (3) (this lemma) we obtain

(i, wPR) = (i, WY = o (i, b(wn) - (Wgrr)) =
Wb (i, wi ) = o (i, ul ) = (i, R O

Proposition 2.1. The mapping v is a good reduction for (B;A).

Proof. (i). Let uAwv, ie. let u = (i,ui‘a{u?f_ﬁfl), v = (i,u{‘bﬁuT_ﬁfl) where

al =blin (B;A),0 <A< m+sk—r,1<r<m+sk. Then, p(a}) = p(b}) and
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by Lemma 2.4-(2) and Lemma 2.2-(2) we obtain
P(u) = Yo, P(ur) - P(ur)ayy(urtrir) - Y (Umsk)) =

1/1/1)[}0’1/)/(271[)( 1) w(uA)a1¢(uA+r+l) w(um-&-sk)) =

Yot (i, (ur) - - p(un) (@)Y (urgrs1) - - P (Umask)) =

ot (6,9 (ur) -+ (ur) (W)Y (Ungr41) -+ - P (Umsk)) =

¢/¢0¢'(ia¢(ul) 77[)(“)\) 1¢ u/\JrrJrl) w(um+sk>) =

o (i, Pur) - P(ua)bip(ungrin) - - (Umask)) = Y (v).
(ii). Let (¢,2'(1,y)...(m,y)z") € F(B). Then

(
Ui ' (Ly) ... (myy)a") = "o (i, b (@)h(Ly) ... (m, y)P(a")) =
o (i, () wo< W) - Po(m, 1 (y)) ("),

where (a’), ¥(x”) and 1/)( ) denote the sequences of the images by ¥ of the
elements in the sequences z’, 2" and y respectively.

Assume that 1o (j,¥(y)) = (j,3°) and that ¥/(5,4°) = (j,¥'),j € Nim. (Note that
such assumptions are correct, according to Remark 1.1 and Remark 2.1). Applying
(2) from Lemma 2.4, (3) from Lemma 2.2 and the properties of 1y, we get that

Vo (i, 9 (x") " o (1,9(y)) - - - "o (m, P (y) )Y (z")) =
Vo (i, (2")(1,y) . (m, ¥ ) (2")) =
Vo (i, (@) y (")) =

oy (i, () y (")) =

o’ (i, (') y° P(a”)) =

Wi, () y° W (2”)) =

Ui, () (1,90) - (m, y) (")) =

B (i, () (1, 8(y)) - - (m, () (z”)) =
Wi, (@) (y) Y (")) = (i, a'ya").

(iii). Follows from (4) in Lemma 2.5, applying the definition of ).

(iv). By induction on x . If u € B then ¥(u) = uAu. Assume that ¥ (v)Av
for all v € F(B) with x(v) < p, and let u = (i,u}****) € B,,1\B,. Applying the
hypothesis and the corresponding property for 1)’ and 1)y respectively, we get

P, ul ) = o (i, () - (U sk)) B o (6, (u1) - . Y (Umsk)) &
(9 () . 0 (Umtsk)) = fi((ur) . (Umssk)) A fi(u]TF) = (6, u]FF).

(v). Shown in Lemma 2.5.
Hence, the conditions (i)-(v) are satisfied and thus 1 is a reduction for (B;A).
Moreover, for a given u € F(B), the reduced represent 1(u) can be determined in
a finite number of steps - according to its definition and since it can be done so for
the corresponding images of the mappings 1y and v’ respectively. Recall that g
reduces the length (Proposition 1.2) and that ¢’ reduces the invariant p (Lemma
2.2-(1)). Therefore, 9 is a good reduction for (B; A). An element u from F(B) is
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reduced if and only if u € B or u = (i,uT+Sk) where: ¥(uq) = Ua, @ € Npypgsk;

there is no p € NY such that u, 5 = (8, w]**"™") for each 3 € N,,; and the

sequence ui”“k doesn’t consist a subsequence uyajuyi,y1 such that a] € BT,

o(al) # a] and uy,uryry1 € B, where 1 <r <m+sk,0<A<m+sk—r. O

Consider now a semigroup presentation (B;A) satisfying the conditions:
(I) d(x),d(z) > m and d(z) = d(z) (modk) for all (x,z) € A
(IT) There exists a good reduction ¢ : BY — BT for (B;A).

In this case, d(¢(z)) = d(z) (modk) for all z € BT, since the dimensions of the
elements in the same class are equivalent modulo k. (Easy to show, applying
condition (I)). Thus, (B;A) satisfies the conditions (I') & (IT’) given at the be-
ginning. The converse is also true, i.e. if a semigroup presentation (B;A) satis-
fies the conditions (I’) & (II’), then d(z) = d(z) (modk) for all (z,z) € A (since
d(z) = d(e(z)) = d(p(z) = d(z) (modk)). Hence, (I) & (1I) < (T’) & (ID).

Our main result follows.
Theorem 2.1. Let (B;A) be a presentation of a binary semigroup satisfying:

(I) d(z),d(z) >m and d(z) = d(z) (modk) for all (z,z) € A
(IT) There exists a good reduction ¢ for (B;A).
Let A C F(B) x F(B) be the following set of (m + k, m)—defining relations
A= {(u,v) € F(B)x F(B) |u= (i,ui\a{u;”fffl), v= (i,ui‘bllu;”;jffl),
al, bl € BY and af =0, in (B;A),
U € F(B),ac{l,...,\}U{A+r+1,...,m+ sk},
Og)\gm—i—skz—nlSrgm—i—skz,iENm,le}.

Then a good reduction ¢ for the (m+ k, m)—semigroup presentation (B; A) can be
constructed. (Essentially 1 is induced by ¢ ). O

Corollary 2.1.1. There exists a good (satisfactory) description of the correspond-
ing (m + k,m)-semigroup with presentation (B;A).

Proof. Since v is a good (effective) reduction for (B;A), the statement follows
from Theorem 1.1 and from the fact that ¢(u),u € F(B) can be calculated in a
finite number of steps. (See also [4], p.149-150). O

Corollary 2.1.2. There exists an explicit description of the congruence A.

Proof. Define a sequence Ag, Aq,...,Ap, ... of (m + k, m)-relations on the sets
By, Bi,..., By, ... respectively, by induction, as follows:

Ag = {(b,b)|b e B};

Ar=2 { (6, @), (4, b7 +0F)) ‘z € N, s,q > 1,a™ sk = o+ iy (B; A) } :
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Assume that A, is defined on B, and define A,; on B,i; by
Aper = A UL (g *), (o) i€ N5 > Ly Ay 1 € N}
U {((i,u?a{ugflsk_’"), (1, Ufbﬁv?I£Qk_r)) ‘z eNy,s>1,
al = bl1 in (B; A), upApvy,m € Ny g glo—r, 0 € NSHS,H}
U{(Gus Ly m ), Gt yestin) i € N,
5> 1,(j,y) € Bp,upApvy,m € Ngp, 0 < o < sk}
U{ (G usyutr), Goor
5> 1,(4,y) € Bp,upApvy,n € Ngi,,0 < o < sk }

y) .o (m,y)vikiy) i € N,

Let A, = |J Ap. Then, A is the smallest transitive extension of A,. (Easy to
p=>0

verify, being A = ker ¢ and having the standard description of A, see [4],§1). O

At the end, we consider one special case of Theorem 2.1.
Let (B;A’) be a presentation of a semigroup such that d(z),d(z) > m for all
(z,2) € A, let p be a good reduction for (B;A’) and let k = 1.
Then, the conditions (I) & (II) from Theorem 2.1 are satisfied. Consequently,
(B; A’) induces an (m + 1,m)-semigroup presentation (B;A’) and ¢ induces a
good reduction ¢ for (B;A’). The set of the corresponding (m + 1, m)—defining
relations A’ is given by Theorem 2.1, taking k = 1.
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