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Abstract

In this paper we establish an extension theorem for a complex
linear n-functional dominated by a semi-n~norm.

1. Introduction

Gihler’s studies on 2-metric and 2-normed spaces [2-4] led to serious
and interesting studies of these spaces. Continuing these studies several
authors [1, 5, 6-9, 10, 11-12, 13-14] have recently obtained results on the
stucture of higher dimensional normed spaces and have established Hahn-
Banach type extension theorems.

If M and N are two linear subspaces of a real linear space E then it
was shown by Géhler [4] that a linear 2-functional with domain M x N does
not necessarily admit a linear extension to E x E. However in 1969, White
[13] showed that a 2-normed linear space E, a bounded linear 2-functional
with domain Mz [z] where [z] is the linear space generated by = € F has
an extension to Ex [z]. This result was generalised by Lal et al. The main
result embodied in Theorem 2.2 is an extension of a linear n-functional
dominated by a semi-n-norm.

2. Let E be a linear space over the field K(K = R. or C)
Definition 2.1 A mapping ||.,...,.||: E® — R is called an n-norm on
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E,ifforall z;,y; € E,i=1,2,...,nand c € K.

|z1,.-.,2zn|| =0, and |zi1,...,24|| =0 if and only if the set

{‘T,l’ ...yZn} is linearly dependent; (2.1)
Z1, ..., znl] = ||7(z1), ..., 7(zs)|| for every bijection

m{zT1,...,Tn} = {Z1,.. ., Tn}; (2.2)
ez, ...,z = la} ||z1,- - - Znll; (2.3)
|lz1+ ¥1, 2y - -y 20| < ||Z1, %2 - -y Tnl| + Y1, T2y - - -, Zaa| - (2.4)

The pair (E™, ||.,...,.||) is caled an n-normed linear space over K.
Definition 2.2. A mapping p: E™ — R is called a semi-n-norm on
E if
PEr, .. Tty T SPE@L, -y Ty THDE L, - Uiy - -, T (2.5)
P(A1Z1, .. oy AnZn) = |A1] -« Anlp(21, - -, ZTn) (2.6)
forall \; e Kand z;,y;, € E,i=1,2,...,n.

Remark 2.1. If the semi-n-norm p be such that p(z1,...,z;,...,Z,) =0
if and only in the set {z,...,Z,} is linearly depedent then p is an n-norm.
To see this, we first prove that, for i < 7,

p(a:l, ooy Li—19Tiy Tiglyeeny :Bj_l,.'l?j, $j+1, .. .,a:,,)
= P(T1y -+« ) Tim1y Tjy Tid s+ + o Tjm1y Tiy Tjt 1y -+ » Em) -

For,

P(T1y -+ oy Bim1y iy Tig1y -+ oy Tjo1, Tjy Tjgedy + + +y Tn)

S P(Z1y- -y Ticty Ti + Tjy Tik1y - - oy Tjm1, Ty Tjgdy - - > Tn)

+p($1, co oy Li—1y — Ty Tigly e ooy Tj—1,Tjy Tj41,-- -,xn)
=p(x1,...,Ti—1,T; + Tjy Titly oy Tj—1, Tj + Ti — Tiy Tjg1, .-, Tn)
SP(®1y- -y Ti1y Bi + Tjy Ti1y - - 0y Tjm1, T + Tiy Tjgdy - oy Tp)
+D(T1, - oy Tim1y Bi + Tjy Tig1y e vy Tjm1y —Tiy Tt 1y - « - Tny)

< p(a:l, ooy Ti—13 L4y Tig1ye e - 1 Lj=1y —Tiy Tj41y. . .,:Bn)

+p(:1:1, ey Ti—1y Tjs Tigly e o 3 Ty —Tiy Tjfly e o oy a"ﬂ)

= P(T1y .+ oy Tie1y Tjy Ticgly -« oy Tj—1y Tiy Tjbly « o« T) -

The reverse inequality can be similarly established and we get

p(zl, ey i1y T4y Tit1y.0- ,a:,-_1, :cj, $j+1, . .,Zn)

=P(T1s -« s Tin1, Tjy Tigdy - ) Tj—1, Tiy Tiply - - -5 T
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from which it follows that

p($1’ T2, mn) = p(ﬂ'(xl)’ 77(372)’ RS W(xn))

for every bijection m: {zy,...,2n} — {z1,...,2,} and it follows that p is
an n-norm on E.

Definition 2.8. Let X;, i = 1,2,...,n be n-linear subspaces of the
linear space E over the field K. A mapping f: X7 x...x X, — K is said
to be a linear n-functional if for all o; € K and z;,9; € X;,i=1,2,...,n,

f($1+y1,-’1?2+y2,---,-'1?n+?/n)= E f(zlsz""azn); (27)

z€{z,ui}
i=1,...,n

floazy, 002, . .., 0nZp) = a102. . .Qn f(Z1,Z2, ..., Tp) - (2.8)
We first establish the following

Theorem 2.1. Let E be a linear space over K, dim F > n and p be a
semi-n-norm on E. Let M be a subspace of E, z;,...,Z,—1 be (n—1) non-
zero elements of E and f be a linear n-functional on M X [z1] X ... X [Zp_1]
satisfying

|f(:v, /\1:1:1, ooy An—lzn—l)l S p(a:, A1:L‘1, ey /\n—lzn—l) (2.9)

for every (z,A121,. ..y An—1Zn—1) € M X [z1] X ... X [zn—1]. Then exists a
linear n-functional F on E X [z1] X ... X [z,—1] such that

[F(zy A1Z1y - -+ s An—1Tn—1)| < p(z, M1Z1, . - .y An—1Tn—1)
for every (z,M\1Z1,...,An—1Zn-1) € E X [21] X ... X [Tn—1] and

F(z, M1, ..., Ap=1Zn—1) = f(Z, \1Z1,. . -; An—1Tn—1)
for every

(:L', A1Z1, ...y /\n_lxn_1) eMx [.'171] X ..o X [zn—l] .

Proof. Define a functional f on M by f(a:) = f(z,%1,...,ZTn-1), for
every £ € M. Define a functional  on E by p(z) = p(z,zy,...,Zn-1),
for every € E. Then p defines a semi-norm on F, and we ha.ve a linear

functional f on M such that |f(z)| < #(z), for every = € M. Appealing to
the Hahn-Banach theorem, we get a \ linear functional g on E such that

g(z) = f(z) forall zeM and (2.10)
lg(z)| < p(z) forall z€E. (2.11)
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Define F on E X [z1] X ... X [Zp—1] by

f(a:, Al.’L'l, ceey /\n_la:,,_l) = A]_ e An_1 g(m)

for every (x,A\1%1,...,An—1Zn-1) € E X [21] X ... X [£p_1]. Then F
is a linear n-functional on E X [z1] X ... X [zn—1]. Using (2.10) for all
(T, MZ1y - - -y An—1Zn—1) € M X [z1] X ... X [Zn_1], We have
F(:c, )\1:1:1, ey /\n_lxn_l) = A1 e An_lf(.’l), L1y «oey z,,_l)
= f((b‘, A1:1:1, sy Aﬂ-—lm‘n—-l) .

for all Ay,...,An—1 € K and for every
(T, A1Z1y -y An—1Zn—1) EM X [21] X ... X [Zn—1].
Furthemore, for all
(, M1Z1, - - -y An—1Zn—1) € E X [T1] X ... X [Zn-1],
we have,

|F(z, M%1, - -y An—1Zn—1) = |A1] . - | An=1] |9(z)|
< |Aal. . [An-a|f(z) using  (2.11)
=|M|. . Anaalp(z, 21y . - Tna)
=p(z, M1Z1, .+ -y An—1Zn—1)

and this establishes the theorem.

Definition 2.4. Let Ly, Ly,...,L,—1 be (n — 1) finite dimensional
subspaces of E and let

Ly = [e%, .. .,e,lcl], Ly = [ef, .. .,eﬁz], veiyLp1 = [e’l“ ,e’,::ll],

where ki, ka,...,kn—1 are dimensions of Lj,Ls,...,L,-1 respectively.
Then p is said to possess property Pg along Ly, La, . . ., Ly if for A} €K,
li= 1,2,...,’6,’,; 1= 1,2,...,n—1

k!. k2 kn—-l
1.1 2 2 -1 _n—
D (x, Z )\llell, Z Alaelz, ey Z A;:—l ;:._];)
=1 la=1 lp-1=1
! 2 ! (2.12)

2 kn—l

k1
- Z Z Z p(m, Alleh’)‘lzelz’ ;:.__.11 2:1 .

ll—l lz =1 ln_l—l
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Similarly p is said to possess property P;, along L;, Ls, ..., Ly if

k1 kn—l
E : 1.1 E : n—1_n-1
Allell,---, Al"_lel”_l,x
l3=1 lp-1=1

(2.13)

kn—l

n-1 n—1
= Z Z p(’\llell’ ln 1eln—-1’w)

l1=1 lp-1=1

fora.ll)\’ eK,l;=1,2,...,k;i=12,...,n—1.
We a.lso note the follovmg

Proposition 2.1. Let L, Ly,...,Lp—1 be (n — 1) finite dimensional
linear subspaces of F and let p be a semi-n-norm on E having property
Pg along Ly,...,L,_; independent of the choice of the generating ele-
ments of any of the subspaces Li,...,L,—; having dimension > 1. Then
p(z,21,...,Tn-1) =0, for every (z,z1,...,Zn-1) €E EX Ly X ... X Ly_.

Proof. Without loss of generality, we assume that p is a semi-n-
norm on E, having property Pgr along Li,Ls,...,Ly,_;, independent of
the choice of generatmg elements of L1 Let dimL; = k;, k; > 1 and

=[el,..., e} ]. Weshow that p(z,e}, %3, ...,Zn-1) = 0 for every z € E,
a:,eL,,z—Z N — landforeveryl—l , k1.

Fora.nyl—l 2,...,k, choosem#la.ndlﬁkl. Then as

1 1 1 1 1 1
{el, .o .,em_]_,em +el ,em+1, .o .,Ckl}

is linearly independent and it also generates Ly, by our assumptlon p sat-
isfies the property along Ly, ..., Ly_y with Ly = [e},.. ,ek ] and also with

Ly =[e},...,el_q, €k + e,l,e}n_,_l, .y€,]. Hence, for any z € E, z; € L;,
i=2,...,n—1, we have
p(T, ey T3, . . s Tno1) = p((z, (€}, + €}) + (=€), T2, - . ., Tp1)
= p(z, e, + €, x3,...,2n_1) +p(z, —€}, T2, .. ., Tn_1)
(as p satisfies properti Pg with L, in second form)
= (T, €, T2y - + -, Tn-1) + P(T, €], T2y - - ., Tn1) + P(T, €], T3y . . ., Tre1)

(as p satisfies property Pg with L; in first form and
as p is a semi-n-norm).

and this proves that p(z, e{, Z2,...,Tn—1) = 0. The proposition now follows
immedately.

Now we state and prove the following
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Theorem 2.2. Let E be a linear space over K, dim F > n and let
M,L,,...,L,_; be n linear subspaces of E with

Ly =[el,.. .,eil], Ly =[é?,.. .,eiz], veeyDpy =771, ,e},‘:ll]

Let f be a linear n-functional on M X L; X ... X L,_;. If there exist a
semi-n-norm p on FE satisfying property P along Ly, Ls,...,L,—; and

|f(z,z1y. .., Zn-1)| < D(z,21,...,Zn-1) (2.14)

for all (z,%1,...,Zpn—1) € M X Ly X ... X Ly_1, then there exists a linear
n~functional F on F X Ly X ... X Ly_; such that

IF((B, Z1,-. . -rxn—l)l S p(mv Ty,.. "wn—l)
for all (z,z1,...,Zn—1) € EX Ly X ... X Ly_1, and
F(.’D, T1y.. .,:L'ﬂ_l) = f(a:, T1y-.- .,:L‘n_1)

forall(a:,a:l,...,x,,_l) EMXLy x...xLn1.

Proof. Let dimL; =dimL; =---=dimL,_; = 1. In this case the
theorem is true in view of Theorem 2.1.
Now, let dimL; = k1, dimLs =:--=dim L, =1, k; > 1, and
Ly =le,.. "ellcl]’ Ly=[ef],-.;Ln-1= ez~

Define fi, f2,..., fx, o0

Mx[el]xLyx...xLy_y,
Mx[eg] x LyX ...X Ln_y,...,M x [e} ] X Lg X ... X Ly,

respectively by
film, Ael, Aaed, ..., Anc1€]7Y) = f(z, M€}, Aa€d, ..., An_1e]™),
where l = 1,...,k; and
(z, Nel, Aaed, ..., Ap1el ) e M X [e}] X Lo X ... X Lyp_y.
Then each f;, [ =1,2,...,k; is a linear n-functionsal on

Mx[el] xLax...x Ln_y
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and for each
(z, \le}, Aaed, ..., An—1ef 1) € M x [e}] x [€?] x ... x [ePY],
we have
|filz, Alel, Aoed, .. ., Anc1€l )| < 0(z, A€}, Aze, .., AncrelY) .
Using Theorem 2.1, it follows that there exists F, F3, ..., Fi, on

Exlel] x Ly x...x Lyy,
Ex[eg] XLy X ... X Ln_1,...,Ex[e} | x Lz X ... X Lp_y

respectively, satisfying for 1 =1,2,...,k;
|Fi(z, Ale], Aeef, ...y An—1€] " 1)| < p(x, A€}, Aaef, .. .y An—1€]™?)
for each
(z, Mef, Aol ..., Ap—1e) ) €EE X [e}] x Ly X ... X Lp_y,
and
Fy(z,Alef, daedy .., dnc1€] ™) = f(z, M}, Agel, .. ., An—16P71)

for each (z, Ale}, Aa€?, . . .,,\,,_161"1) EMx[el]xLyx...XLp_;.
Now, define Fon Ex Ly x...x L, by

k1 k1
1,1 y .2 -1 -
F (a:, E Aver, Azef, ..., An1€] ) = E Fi(z, M€}, deel,. .., Ap—2e] 1)

=1 =1

for
k1
(w,ZAIIC}, /\2612, . .,An_1e{’—1) €EEXxLixLaX...XLp 1.
=1

Then F is a linear n-functional on E x Ly X ... X L,,_; and for

k1
(x,z)\fef, g}, . ..,/\n_le{‘—l) EMXLiXxLyX...x Loy
=1
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we have,

k1
2 -1
F (a:, ZA}e}, A2€}y ..oy An_r€] )

=1

ky
1,1 y 2 -1
=ZFI(:I:,Ale,,/\26,,...,)\,,_16? )

=1

k1
-1
= Z filz, Ale}, Az€f, . .., An—1€l™1)

ky
= Z f(zv A}ell, A23127 XY An—le[ )
=1

k1
1.1 2 n—1
=f(x’ZAlel7A2el’---v/\n—le[ )
=1

as f is a linear n-functional on M x Ly X ... X L,_;. Again, for

k1
(:B,ZAIIC}, )\26[2, .. .,/\n_le;'_l) € E x Ll X L2 X.ooo X Ln—-l,
=1

we have

ky
‘F (a:, Z e}, el ..., An_le;"l)

=1

k1
1,1 2 -1
= ZFl(m’ Alel ’ A2el ). n—le[ )

=1
k1
1.1 2 -1
< ZP(“’, Arer, Azely ..oy An—1€] ")
=1
k1
1.1 2 -1
=p a:,z}\,e,,/\w,,...,)\n_w?
=1

as p possesses property Pg satisfying (2.12) along Li,...,L,_;. This es-
tablishes the theorem in the case dimL; = k; > 1 and dimLy = -+ =
dim Ln_]_ =1.
Now, let dimL; = k; > 1, d1mL2 =ky >1and dimLz = d1mL4 =
=dim L, =1,where L = [e},...,eZ |, Ls=[e§],..., Ln-1 = [e} 1]
As in the pervious case, we define ko lmea.r n-flmctlona.ls gl, g2y -+ Gkyy OD



EXTENSION OF LINEAR 7L-FUNCTIONALS DOMINATED BY SEMI-TI-NORM 85

MxLyx[ef] x[ef] x...x[ef], M x Ly x [e2] x [¢}] x ... x [ef1],...,
M x L; x [eﬁz] x[ef] x...x [e{"l] respectively, for [ =1,2...kz, by

a(z,y, A126121 /\3613’ ceey )\n—le?_l) = f(z,y, A12‘3121 )‘38?7 ooy An—1€] 1)
for each

z,y, Mef, Ased, ..., A1) €M X Ly x [ef] x [f] x ... x [eF71].
Then, for each 1 =1,2,...,ks, g is a linear n-functional on
MXL1 X [e%] XL3 X...XLn_.1 and

|g;(x, Y, A123121 A33‘?a ey Aﬂ—le?_l)l < p(x’ Y, A?elz, A3‘3?v ey An—lel{l_l)
for each

(z,y, Mle?, Aaed, ..., 1€l ) e M x Ly x [eF] x [ef] x ... x [e87Y].

Then from what we proved in the previous case, it follows that exists ko
linear n-functionals Gl, =1, 2 ., ko, defined on

Ex Ly x[e?] x[ef x...x[e}” ], respectlvely, satisfying
IGl(mi Y, A12612’ A36‘?7 ey A'n—lel 1)' < p(z’ Y, Al el ’ ASCI y. n—-le]_ 1)
for each

(z,y, \fef, A€} ..., Anc1€7 ) € EX Ly x [€f] x [ef] x ... x [e}™Y]
and
Gi(z,y, Mief, Aae} ..., Ancrel ™) = f(z,y, Me?, Ase}, ..., An_1€l™1)
for each
(z,y, Aef, Ase}, ..., An—1677Y) € M x Ly x [e?] x [ef] x ... x [e}7Y].
Now, define G on E x Ly X Ly X ... X L,_; by

kg
G(w,y,ZA?e?,Aae?,- A)

=1

ka
— 2, 2 3 n—1
—ZGl(myya Alel) ,A3ela-“1An—161 )
=1
for

ka2
(x’ yaZAlzehz ’ A33‘?’ .. "An—le?—l)) €E x Ly x L2 X...X Ln—l .
=1

Then G is a linear n-functional on M x Ly X Ly X ... x l,—; and for

(:v y,ZA, e;, ,A3e,, ,\,._13{"1) EMXxL; xLyx...x Ly_,4,
=1

we have
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ka2
G (z’ Y, Z’\lzelaz ’ ASC‘?’ EEY) Aﬂ,—le;_'_l>

=1

ka
2, 2 3 n—1
= Z G[(.’D, Y, Al €, A331 3. n-—lel )

=1
> 2 1
Z gl(m» Y, Alzel’ y A33?7 n—le1 )
=1
ka
= Z f(w7 Y, ’\lzebz ’ /\3e?, ceey An—le]_.—l)
=1
o 1
= f z,Y, E ’\1231,2 ’ A3e?, . An—le?_
=1

as f is a linear n-functional on M x Ly X Ly X ... X Ly_3.
Again, for

k3
(m, Y, Z/\lzeb2 s A3e?, eeey /\n_1e?_1) €EEXLy xLyxLgx...xLp_3
=1

ka
}G (z, ¥, Me,?, dsef, . A,._le;'-l)

=1

k3
= Z Gl(x’ Y, A?ebz ’ A3e?’ ceey An—le,]'_.'—l)

=1
ka
-1
S Zp(w’ Y, A12e1)2 ’ A3613) seey An—le? )
=1
k2
2 —1
=p\zv, z Al ehz ’ A3313’ . An—le;_‘
=1

as p possesses property Pg satisfying (2.12) along Ly, Ls,...L,_;. This
proves the theorem for the case dimL; = k; > 1 dimL; = K5 > 1 and

dimL3=dimL4=---=dian_1=1.
Proceeding in the same manner for the casedim Ly = k; > 1,dim Ly =
k2 >1dimL3 =k3 >1,dimLy=dimLg=---=dimL,_; =1, and so on

the theorem follows for the case, dim Ly = k1, dim Ly = k,...,dimL,_; =
kn_.l -
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