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AN IMPROVEMENT OF CAUCHY-BUNIAKOWSKY-SCHWARZ'’S INEQUALITY

Sever S. Dragomir, Zefket 2. Arslanagié

Abstract. A refinement of the well-known inequality due to
Cauchy-Buniakowsky-Schwarz and some natural applications are

given.

Let a=(a1,...,an), b=(b,,...,b,) be n-tuples of real num-
bers and p=(p1,...,pn)eR2, i.e., Py 2 0 (i=1,...,n). The follo~-
wing inequality is well~known in literature as Cauchy-Buniakow~-
sky-Schwarz’s inequality '

n 2 n 2 n 2
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If p; > 0 (i=1,...,n), then the equality holds in (1) if
there exists a real number r so that ai=rbi for all i=1,...,n.

The main aim of this note is to give an improvement of (1)
as follows. For other recent results in connection with (1) we
refere to [1]-[5) where further references are given.

Theorem. Let a,beR” and p,qeRE with p 2 q, i.e., p; 2 q,
(i=1,...,n). Then one has the inequality:
n n n
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Proof. By Cauchy-Buniakowsky-Schwarz’s inequality we can
state
n , B 2 n 2
i (pi-qi)ai b (pi-qi)bi > 121(pi—qi)aibi},' (3)
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On the other hand, a simple computation shows that:
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(ig1pia;) 1/3(ig1pib;) Va (iE1qia;) 1/z(iff_l1<;ib;) 1/°] 2
(4)
2 ? p,a? - g qg.a?)( g p.b? - g q.b?).
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Since
(ig1pia;)‘/’(ig1pib;)‘/’ > (ig1qia;)‘/’(ig1qib;)‘/’
and
n n n n
li:1piaibi } ii1qiaibi| 2 |ii1piaibi| - lii1qiaibii
hence, by (3) and (4), wc can write:
‘ig,Piai’1/2‘i§,Pib§’1/z - (ig1qia;) 1/z(ifz__l1clib;) Va2,
n n
2 lii1piaibil - liE1qiaibi|

which is exactly (2). The proof is then finished.

Remark 1. If we assume that p > q > 0, i.e., Py > 9y >0
for all i=1,...,n, then the equality holds in all inequalities
in (2) simultaneously if there exists an r€R so that ai=rbi
(i=1,...,n).

Remark 2. It is easily to see, in the above assumptions

for a,b, ,qeRn, that we have:
P

n 2 n 2 n 2 n a n 2 n 2\ 2
1:1piai'iz p;by - (ii1piaibi) 2 I gaj- I qbi-C( 2 qa;b7) #20 (5)

i=1 i=1 i=1
which is obvious by Lagrange’s identity. Consequently, our re-

=1

sult from (2) gives another refinement for Cauchy-Buniakowsky-
Schwarz’s inequality than that included in (5).

Corollary 1. Let a,b be n-tuples of real numbers and deno-
te sP(1): = (xeR" {0 < x, <1, i=1,...,n}.

Then we have inequality:

n n n
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- 1/a ay1/2 _ 7
= sup [( z xia ) ( z xibi) | E1xiaibi| > 0.
xes™ (1) o
Corollary 2. Let a,b,p,q be as in the above theorem. Then
we have the following refinement of Minkowski’s result:

1/2 2 1/2 _ n 2
[( L pia ) + (1E pibi ] 1i1pi(ai+bi) 2

n
2
i:1qi(ai+bi) 2 0.
Applications 1. Suppose that a; 20 (i=1,...,n) and
r 2 s 2 0. Then we have the inequality

n n 2
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[ 1o 1 Pt i
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n

z 1 (aj""-a}™h 2 0.
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Applications 2. If a; >0 (i=l,...,n) and py 2 q; 2 0, then
one has the inequality:

n n n q
i,1/2 1/a i,1/2
(Zpap? (1 b2 L (Fqant/i s Wyva,
i=1pi i .3 i=1qi i o1 34

n
2 I (pi—qi) 2 0.

Applications 3. For all a=(u1,...,an)eRn and a,ber"®, we
have the inequality:

n / n / n
(raH*/2(zp2)"/3 - | 1 a,b,]|
i=1i i=1i i=1ii

n 2 2 1/2a n F 2 1/2 n
2 (f ajtrig?(ay)'/7( 1 bitrig*(a;) /-] ¢ a (bytrig?(ay) | 2
i=1 {=4 i=1

where trig(x) = sinx or cosx for x€R.
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JEDNO POBOLJEANJE NEJEDNAKOSTI
KO3I-BUNJAKOVSKI-ZVARCA

Sever S. Dragomir, Sefket 2. Arslanagié

Rez ime

U ovom radu dato je jedno poboljSanje &uvene nejednakosti
Ko&i-Bunjakovski-%varca kao i neke primjene te pobolj3ané ne-
jednakosti.




