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ON SOME QUADRATURES IN CERTAIN SPECIAL CLASSES
OF THE VEKUA EQUATIONS

Borko Ilievski

Abstract. In the paper, two equations with constant coeffi-
cients (1) and (17) are being considered with the method of
areolar series. The solutions found are cases where an arbitrary
analytic functions ¢=¢ (z) plays the role of an integrated con-
stant. So, we get quadratures formulas for the equations of that
kind. Notice that the equations (1) and (17) are special cases
of the known Vekua equation, that help us to define different
classes of generalised analytic functions studied by Vekua in
the sense of iteration [1].

Let

W =T, (A€ ‘ (1)

2z
be a given Vekua equation with unknown function w=u(x,y)+iv(x,y).

There z=x+iy and

3y
is so called operational derivative on Z=x-iy of the function
w [2].

3w , 1ll3u _ 3v 3v . 3u
;i f[ax tilgx t ay)] (2)

We look for the solution of (1) in the form of areolar
series

w= £ c_zFzd (3)
p,g=o P9

where Cpq are constants that will be determinated. The substi-
tution of the function w, defined by (3), in the equation (1)
we get the identity

b3 qcpquiq" = 1 AT_zP29 (4)
p=0,9=1 P.g9=°

If we equalize the coefficients in front of equal orders of zpzq,

and collect the members C by the low p+g=n (n=0,1,2,...), we

get an infinity system of equations
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Fi

Coo

Cyy = AC,,

2Co; = ACyp

Caq = ATy,

2C,, = AT,

3Coa = ACao

Cn1 = ACOE‘ 5
2Cn-1 2= AS1 -1
3Cn_2 3= AC, n-a (n=0,1,2,...)

(n+1)C°n+1 AEn o

The infinity system of equations provides the coefficients Cpq
(g#0) that are dependent of Cpo (p=0,1,2,...). The computation
is given by the following schema

Coo = Cor = c11 e c12 - c21 e czz - Cag - Csa e
Cio = Coz = Cyy =Cyy = Cy, = Cy, = Cua = Cas = «..
Cao = Co3 = C3y =Cy, = C,, ~ Cas = Cs3 = Chq = ..
Cao = Coy = Cyy = Cug = Cy, ~ Cae * Cga = Cy, = -..
Cyo = Cos = Cyy = Cog = Cea = C,, — Cis = Cag = ---
Then for n=1,2,... the formulas are obtained as
= 1l.=
Con= 7Cn-1 o
_Le  _1p,a
<, T2Co o = nlxl Chot o
(6)
c = 1.,¢ L AT '
1 n+1 n+1 " n1 n(n+1) n-1 o
- 1.= _ 1 o
Cata2 = 2C4 ney = TEEHFY M *Con,



wW(z,Z)=C
+C

vt A8 A & &

1
Ca n+a = n+2ACn+1

= L,
Cata 3 = 32Ca p4,

1
Cs n4s = n+3XEn+z

Cn+3 . = TAC

, 1 .=
Ca nea = n¥d Cnss

If the coefficients
arbitrary coefficients C
the solution to the equation (1)
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1 ™
= In(n+l) (n+2) 2y oo

1 L
2~3-nln+Il!n+2)lx| cn-1 [} (6)

_ 1 [’
e Py 3 DT AR T ) R AR

1

2+3+4-n(n+l) (n+2) (n+3)

8
Ixl®e,_,

- 1 . s
- i-?-l-nln#lﬂrﬁ?iln+3Hn+U|)‘| AC-n-1 °

Cpq (q#0) in (3) expressed with the
(p=0,1,2,...), by formulas (6), then

In simillar manner, the classification of the members
of w as in (7), produces

=p+1

- 5 p - z
W= IC_ z +>‘fop°-—p—+—1-+

p=o o p=

+

p=0

+

3”
+ |r|%= = C

o

A% 1 c oo
po p+l

p+3

p+3

+ [rx|%2xz2 £ C

p=o

{53 * ¥4
P31 oo e ¢ 1

‘p=o

z
po (p+1) (p+2) (p+3)

—p+2
zP

po ip+1;ip+§$ + (8)

z2
21 L CooTor 1) (5+2) (5¥9)

3
+ |al% &=

3

=p+3
d +

©

‘p=o

[

F

po (p+l) (p+2) (p+3) (pH4)
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The coefficients Cp° (p=0,1,2,...) are arbitrary, but such
that the series

o«
t c_ 2P
p=o po
converges.In the disc of converges

D = {z: |z| < R, R#0}

the serieS'défineg arbitrary analytic function ¢{z):

I C 2P = z z€D.
. pro po ¢{(2),
For z€D, the formula (8) could be writen in as

W

¢ (2) + xj?(z)di +
lezifa(z)dz + |A|’X2JJ?(z)(dE)’ +

2
+ af® ;;JJ¢(z)(dz)’ + |x|“x§TJJJ$(z)(dE)3 +

+ e %;JIJ¢(z)(dz)° + le'xg}JJjJE(z)(ai)“ +
+

+

or in brief

o E B o e

n=o
+ xanJ---II$(z)(di)n+'].

Since ¢=¢ (z) is an analytic function,each of the integrals

j[---[¢(z5(dz)“ and JJ—--JJ¢(2)(GZ)"+1

is an analytic function in D, and therefore it is bounded in
each closed disc

(9)

D, = {z: |z| Sp < R}

IJI---Jo(z)(dz)“l <M, Ijja--lj¢(z)(dz)“+‘| < N.
The use of the estimates

an . an .

(Li=([ - [o @ @m) = B[] Jo@ @ <
2n

I RPM

<Ta
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(R L 5 @ @) - TEY i Lk =|“|”---”¢(z)mz)n+'| <

n

|l|3n+1Rn

< oy —

and the convergence of the series

L4 an
A R R
M I a v N I ————ET———N

n=o . n=o
yields the convergence of the series \

n 'A[2n+1 n

; IA 2n =n n
o z sve |8 (2) (dz)
and n=o
; [2]3" n J - =, n+1
—nT— 2 ceo]1¢(2) (dz)
n=o

Therefore, the series in (9) converges for all z€D as a sum of
two convergent series.

Theorem 1. The special equation of Vekua with constant coef-
ficients (1) has a general solution (9), where ¢=¢(z) is an ana-
lytic function and plays the role of an integrated constant.

Let as write the solution of (9) in condensed form.

If in the general solution (9) one writes $(z) as a
separate addend and preserves it in the form

o [A|3n+3 —n+1JJ I n+1
W=¢(z) + £ z «so |0 (2) (dz) +
n=o in+i’i . (10)
® 2™ nJ ”-— —. 41
+ I e ) (dz)
R ] e
by using the formula \

def
[[--fs @y @n® = Aol a-o* s wac, [s@az = [sa
we get

«© an+a
W=9¢(z) + I %%%ITTTETI;n+1(z-C)n¢(C)dc +

n=o

P Y e
n

n=o

If in (11) the signums and integers change their places and it

(11)

Jz‘"(‘i-‘c’)"?(c)d‘f .

we put
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I u

wmn=z = S, u=|1{%z(z-7) (12)

b n
1
n=o
we can write the solution of (1) in condesate form
W= 0(z) + P% ¢ (z)dr + Ajch)dE (13)
9z
We notice that the function S=S(u), defined by (12), is a
solution of the ordinary differential equation
us"(u) + S’ (u) - s(u) = 0, (14)
which according to Kamke [3, page 401], has a solution

§ = s(u) = s(Ix[22(z-T)) = 2, (24/|{2]?z(z~7)).

1o is so called cylindrical function of order zero.

Hence, the function (13) coned be written in the form

W= ¢(z) + J—’_’_;o(21/|A|’z(z-r))¢(c)dc +
3z (15)

+ g, 2Pz EnF (06T

Theorem 2. The general solution (9) of the equation (1)
can be expressed by one sided integrals of zero order cylindri-
cal function (15).

Remark 1. The forms (9), (13)- and (15) for the general
solution of the equation (1), show that the unknown function W does
not depend linearly on the integrated constant - the analytical '
function ¢(z), which is property of every linear differential
equation. That means that the equation (1) is transcedental. This
is a result of the complex-conjugate operation on unknown function W.

Remark 2. If we put W=u+iv, A=a+ib, the equation (1) be-
comes a complex form of the system of partial equations

3u v

— = — = 2(au-bv

X 3y ( ) (16)
du _ 3v _

3; =3 2 (bu+av)

X
Therefore, the syvstem of equations (16) has a solution

u = ReW
v = ImW,

where w is given by one of (9), (13) or (15).
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Theorem 3. The non homogenaes Vekua equation
iﬂ
3z

with change of the variable

= Af+u, (x,ue() (17)

W+ W = (18)

is transformed in an equation of form (1) with new unknown
function w=w(z).

Proof. The transformation (18) implies
W13

— - - = (19)
9z A 32z

Since the equation (17) can be write in the form
9z

the transformation (18) and the equation (19) gives
CLENS i (20)
9z

Consequence. The equation (20) is of the form (1). It
coned be solved by either one of the quadratures (9), (13) or
(15), where w dand A are replamd by w and X respectivety. Since,
the transformation (18) implies

W= %m -
we get quadratures formulas for the equation (17).

For example, if we used the quadrature formula of the
form (9) for solution of the equation (20), then we get the
following quadrature formula

o« lezn 'z—n n
W= z T [—_JJ"'[¢ (z) (dz) +
n=o ¢ X J

+ z"jj"'JJ$(z)(dE)n+1] - &

for the equation (17).
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3A HEKOHM KBAJIIPATYPH BO [BE
CIEUHJAJIHA KJIACH PABEHKH BEKVA

BopkO HnHeBCKH

Pesume

Bo osaa pa6oTa, CO MeTOOma Ha apeoJylapHH penoBH, ce pa3rie-
OYBAaHK OBe apeoslapHH paBe€HKH CO KOHCTAHTHH KoedHumeHTH (1) U (17).
HajpmeHM ce HUBHH peuwleHHja BO KOH WITO e ofnesieHa NPOXU3BOJIHA aHa-
NHUTHYHA ¢YHKUMIa ¢=¢ (2z) BO yJlora Ha HHTerpalHoHa KOHCTaHTa. Crno-
pen Toa, ¥UMaMe eleH BHO KBaIPaTYypPHH OGOpPMyJIM 3a CIIOMEHATHUTE DpaBEeH-
ku. Jla saBenexume pgekKa paBeHkHTe (1) m (17) ce crneunjanHu ciydyau
Ha Nno3HaTraTa papeHka H.H.Bekya, €O uHja wTO noMoum ce peduHHpaar
pPa3NIMYHN KJIACH OGONUTEeHHM AaHAJIMTHUYHU GYHKUHM, TpeTUpaHa Of, CaMUOT
BeKya BO CMHC/la Ha MTepaldM BO TPYymOT [1].
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