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GENERALIZED METRICS - (n,m,p)-METRICS

Don&¢o Dimovski

Abstract. In this paper we -introduce the notion of genera-
lized, i.e. (n,m,p)-metrics, which is a generalization of the
usual notion for metrics, and which coincide with it for n=2,
m=1 and p the identity relation. In the case m=1, we use the
notation (n,p)-metric. With this notions, the area of triangles
in the plane is a (3,p)-metric, and the volume of tetrahedra in
the space is a (4,p)-metric.

The notion of partitons of type n, introduced by J. Hart-
manis, have been connected with the notion of generalized equi-
valence relation by H.E. Pickett in [1]. Several generalization
of equivalence relation have been given in [2], [3] and [4]. A
generalization metric, i.e. a (n+l)-metric in <Nm,E> nets has
been introduced by J. USan in [5]. In our joint paper with A,
Mandak we have examined a generalized metric, its induced (n,m)-
balls and topologies on incidence.structures. All of this led me
to the introduction of the notions of (n,m)-equivalences and
(n,m,p)-metrics, given in this paper. These generalized metrics
induce certain topologies on unions of symmetric products of M.
More about the properties of these generalized metrics and in-
duced topologies will appear in a subsequent paper. At the end
of this short introduction, I would like to thank the referee,
for the helpful remarks about the results in this area.

For the rest of the paper, let n,m be two positive inte-
gers, such that n-m=k21, and let M be a nonempty set.

Let M" denote the nth

Cartesian power of M. We will use
the notation x=a,a,...a or just x=a? instead of x=(a,,a,,...,ay,)
for elements xeM®. For XEM, we denote the element (X,%,...,x)EMD

by <™.
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nt ——————

eguivalence relation defined on M" by

? ='y? <=> KyreoosXy is permutation of YyreeorYpe (1)

(n)

X

n

We will use the same notation x=a, for elements in M

keeping in mind that a?:b? in M(n), for ai,b €M, if and only

i
if (iff) b,,bz,...,bn is a permutation of a,,a,,-.-,a, . Let

L o" - oM pe the natural projection. Note that nn(a?)=wn(b?)
iff b,,b,,...,bn is a permutation of 08, 000008), i.e. a? = b?

in Q(n).

n-relation on M if for each aeM, a"=a...a is in p. A symmetric

n-relation on M is called transitive (n,m)-relation on M, i.e.

(ub€p for each ueM(k) with uv=x) implies x€p. (2)

A reflexive n-relation on M which is (n,m)-transitive is called

(n,m)~equivalence on M. Instead of saying transitive (n,1)-rela-
tion and (n,l)-equivalence, we say only transitive n-relation on
M, and n-equivalence on M.

Example 1. (1) The set A={x" |xeM} is an (n,m)-equivalence
on M for each 1 sm<n.

(2) The set Col={(a,B,C) |A,B,C are colinear points in E*}
is a (3,t)-equivalence on E?, for t=1,2, where E? is the eucli-
dean plane.

(3) The set Com={(A,B,C,D) |A,B,C,D are complanar in E3}
is a (4,t)-equivalence on E®, for t=1,2,3, where E® is the euc-
lidean 3-dimensional space.

(4) Let M be a finite dimensional, real or complex, vector
space. Then the set Liz={x? |x1-xz,x?-x3,...,x1-xn are linearly
dependent vectors} is an (n-m) ~equivalence on M for every lsm<n. ¢

Definition 3. A map d: n(m ¢R:, which satisfies the fol~-
lowing axioms:
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(i) d(x) = 0 iff x€p; and

(11) For each aeM™, a(x) = 2 d(ua);

+ . .
where Ro is the set of non-negative real numbers, and p is an

in (ii) 4s over all ueM{™™) guych that there is a veM ™ yien
x=uv, i.e. the sum is over all parts ueM(n_m) of x. In the case
m=1, instead of saying (n,1l,p)-metric we say only (n,p)-metric.
When there is no ambiguity about the (n,m)-equivalence o, we
omit it and write only (n,m)-metric instead of (n,m,pe)-metric

and n-metric instead (n,p)-metric.

With the above notions, the notion of a (2,A)-metric is the
same with the usual notion of metric.

Example 2. Let A be the (n,m)-equivalence defined in Examp-
le 1, (1), and let a: (™ = R* pe defined by a(x)=0 iff xea.
Then it is easy to check that d is an (n,m,A)-metric, and so,
(M,d) is an (n,m,4)-metric. space. We call this (n,m,A)-metric

Example 3. Let P: (%) ®) - R: and v: (%) (%) - R: be defined
P(A,B,C)=the area of the triangle determined by the three
points A,B and C; and

Vv(Aa,B,C,D)=the volume of the tetrahedron determined by the
four points A,B,C and D.

In the case when A,B,C are colinear, P(A,B,C)=0, and when
A,B,C,D are complanar, V(a,B,C,: =0.

-
Then, it can be checked that P is a (3,Col)-metric on EZ
and V is a (4,Com)-metric on E®, i.e. (E?,P) is a (3,Col)-metric
space, and (E®,vV) is a (4,Com)-metric space. ¢

by
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OBOMUTEHU METPUKH - (n,m,p)-METPHKH

JoHuyo IIUMOBCKH
Pe3zumMe

Bo oBaa pabora € BOBEOeH NOHMMOT 3a O6OoImITeHH, T.e. (n,m,p)-

METPHMKH, KOJ] e o6omuTyBame Ha IOHMOT 3a OBHYHA MEeTpHKa, H Koj ce
coBnarfa cO Hero aa n=2, m=1 M p HAEeHTHUYHATa penauuja. Bo cnyua-
jor m=1, ro ynorpe6ysame IOHMOT (n,p)-MeTpuka. CO OBOJ MNOHM,
IUIOWTHHA Ha TPHaroNTHMIM BO DPaMHHMHa e (3,p)-MeTpHKa, a BOJYMEH Ha
TeTpaenpH BO NPOCTop € (4,p)-MeTpHKa.




