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Abstract

In thus work we found which the distributions which analytic
representation are the functions I'(z) and {(z).

The objective of this work is to give examples for the determining of
the distribution T with a given complex function.

As it has commonly been accepted, by D(R) = D, we mark the space
of test functions in R. D’ is the dual space, i.e. the Schwartz distributions.

It is known ([1}, p.76), that for every distribution T' € D’ there is
a complex function f(z) which is analytic in the plane C, except to the
support "suppT” from the distribution 7', and in that, it is true that:

(e o)

Jim [ (fa+ie)-fa-iDlple)d=T(p), peD. (1)

The function f(z) is called an analytic representation for the distribution
T, and it is solely determined up to an entire function. This means that,
if f(2) is an analytic representation, then f(z) + g(z), where g(z) is an
entire function, also satisfies the condition (1). Every entire function is an
analytic representation for the zero distribution 0 € D’.

According to this, the analytic representation f(z) for a given distri-
bution T is analytic to C except to the closed set supp T from R. However,
it does not function the other way round. There are functions which are
analytic to C, except to a certain set from R, but they are not analytic
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representation to a certain distribution T' € D’. One such example is the
function e~ %, Imz # 0 ([1] p.104).

In this work we give examples for the determining of a distribution
when there is a given analytic function.

1. To determine the distribution whose analytic representation is the

gama function -~

I(z) = / e~t=1dt, Rez>0. )

0
It is known that the function (2) is analytic for Rez > 0.

On the other hand, although (2) defines I'(z) only in the right half
plane, the function can be extended to the whole plane with the exception
of isolated poles. This extension can be carried out in several ways.

One way of making the extension is with the known relation

I'(z4+1)=2I(z) for Rez>0.
In this work, the following method of extension catches our attention. We
put

where ['(z) = T'1(2) + T2(2),

1 o
Ii(2) = /e_ttz"l dt, Ta(z) = /e"tt"_1 dt, Rez>0.
0 1 :

Since [t*~!] = tRe2~1 T'4(z) represents an entire function. Thus, to extend
T', we need only to extend I'y(2). But for Rez > 0

1
1 1 1 1
l—t L -)tz‘ldtz—— d —..
/ + z z+1 + 2 z+2
0 -
The above series define an analytic extension of I'; to the whole plane
except for the isolated poles at 0,—1,—2,.... Note that

Rez([; ~k) = Rez(T'1: —k) = ﬁ:kl'—)k

Now, we determine the distribution T" whose analytic representation is the
function I". Because I'a(2) represents an entire function, it is a representa-
tion for the zero distribution. Thus, it would be sufficient to have a look
just at

1 1 1 1
r === —
1(2) z z+1 2 242
1 1
T'i(z +ie) —Ti(z —ie) = (x—!-is —x——ze)~
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(b ) e )
z+ie+l x—ie+1 U\ +ie+2 z—1e+2
2ie 2ie _i 2ie

Tz 42 + (x+1)2+¢2 Ty 2l(z + 2)2 + &2

% / [C1(z + ie) — T'1(z — ie)|p(z)dx =

o0 (o0} o0

¢(z) / ©(z) £ ¢(z)

- _ de— = | — 27 ...

€/m2+52dx+6 (x+1)2+¢2 Y (m+2)2+e2+
-0 —o0 —00

A given function ¢ € D has a compact support, that is why we can put

M
§l_z' / [T1(z + ie) ~ I'y(z — ie))p(z)dz =
“M

M M
_ ¢(z) £ ¢(z) £ o(z)
‘"E/xuezd‘”ﬁ/ (z+1)2+62“54(x+2)2+52+""

-M -M

M > 0.
Further on, we have

+¢'(0)z+ho(z) x>

M M
-2%/[1"1(:1:+i6)fP1(w—ie)]<p(m)dx=—6r/ #(0) p dz+
-M -M

M
L E o(=1) + ' (=1)(z + 1) + h1(z)(z + 1)?
1! (z +1)2 4 ¢2
-M
ho, h1, ..., are continous functions according to the Taylor’s formula.

]
™

22 12 dz =—p(0)arctg . I_M =—p(0) (arctg . arctg —E-) (i)
‘M

(i)

1
dr = —6(,0,(0)5 log(z? 4 €2)
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When ¢ 50 (i) = —p(0)r
(ii) is 0

M ho(:z:):z:
-M z? +

(iii) l—-s 7 dz ‘<——e/|ho )|dz — 0.

By analogy, we get

M

£ p(-1) p(-1) m+1‘M

= dr = t

1!/(:1;+1)2-{-62 * TP FY
-M

o ‘
£ (;():1:(:——11))(2{—2_—6_15)_ = %(’0 (2—1) log((z +1)% + ez)th, etc.
We get
g%% /[F1 T+ ZE) Fz(m — 'L(_—:)](p( )
— —(p(O) + ‘P(l_!l) _ 90('2_"2) b= —50(@) i 5_:1l$(p) 5_22$(p) g

From here it follows that the required distribution 7 is
n+1 5—n

= 2mi Z d-n(p) = p(-1).

2. To determine the distribution whose. analytic representation is the
Riemann ((z) function

=Z—1-z- Rez > 1. (3)
n:ln

The function (3) is analytic forRez > 1, and it is known that it can be
analytically extended.

In this work, the following method of extension catches-our attention:

o oo r
n? n*
0 ) 0

By summing from n = 1 and further on, we get

oo 1 o0 0 o0 tz_l
P(z)zﬁzz/tz“l<26”t)dt=/et_ldt
0

n=1 n=]1 0

or
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1 oo
1 tz—-l tz—l
¢(2) = T(z) (/ goTdtt / et — 1dt)' (4)
0 1
Since —— and g() = J - dt are both entire functions, it would b
() glz) = ) 1 are both entire functions, it wou e

tz—l
dt.
-1

1
sufficient for us to take a look at the function / n
e

0

The Laurent expansion for dt around 0 is

et —
1 —1+ + at +
et—1 ¢ % T a1
z—1
By integration of 1 o we get
t*—1 1 ap ai
dt = —— + 22
/et——l z—1+z+z+1+ (5)

0
The relation (5) enables analytic extension except in the poles: 1,0,—1,...
According to (4)

1 1 ap ai
D=l et o)
1
Taking into consideration the zeros of ‘I—‘@ in 0,-1,-2,..., we get that
¢(z) has a unique pole z = 1 with Re 2({(2),1) = 1.
Thus ‘
1 1
((z) = ) 71 + h(z) + g(z), h(z) and g(z)
are entire functions. From the fact ——— =1 we get

I'(1)

, . _ 2ie
(otie)=Clz—ie)~ T "ol @1t e
and from there that {(z) is an analytic representation for the distribution
T = —midy, &1(p) = (1),
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IOBA ITPUMEPH HA AHAJINTUYKA
PEIIPE3EHTAIINJA HA JVUCTPUBYIIVIN
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PeszumMme

Bo oBaa pafra onpenenenu ce AMCTPUOYyUMHUTE UMM MITO aHAJM-
TUYHM penpeseHTammu ce dpyrkmuure I'(2) n ((2).
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