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APROXIMATIVE METHODS FOR SOLVING SOME
NONLINEAR DIFFERENTIAL EQUATIONS

M. Kujumdzieva — Nikoloska V), D. Dimitrovski 2)

Abstract

In this paper we give approximative solutions of some differ-
ential equations whose solutions are squares or square roots of the
solutions of other differential equations.

For the differential equation
y' = a(z)y (1)

where a(z) is analytical function or continuous for || < a with initial
conditions y(0) = Cy, y'(0) = C1, the solution can be obtained ([1], [2], [3],
[4]) as a limit of the sequence {yx}, (k € N) where

Yk+1 = Co+C'1$+ZZ a(z)yk(z) dz? = Co+C’1:1:+Z(j)E a(v) ye(v) dvdt (2)
vers = Cot Caz + ] (x = 1) a(t) (Dus(t) dt (3)

or
Ye+1 = T yx

where 1y = Cp+ C1z  and respectively

Keywords: approximative methods, differential equations, initial conditions, sub-
stitution, trandformation. 34A50.
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Ye41 =
k Tz T2 |— th—
=Coll+)_J [ a(z2) / fa(z4) a(t)d:cl dzy ... dze dt| +
=1 00 (4)
k T T3 To T3 T2i~2 T2i—1
+Cile+) [ [a(@) [ [a(ea)... [ [ ta(t)dzide,...dvseqdy] .
i=1 00 00 ; 0 [ ’

I. Let be given the nonlinear differential equation;
222" — 2% —4a(z)2* =0 (5)
with the initial conditions 2(0) = A > 0, 2/(0)= B
The theorem holds:

Theorem 1. The differential equation (5) has unique solution for
lz] < a.

Proof With the substitution z = y? (5) can be transformed in (1)
with the initial conditions

/ - _ B
y0)=Co=vi, ~ VO=O= m
(or y(0)=Co=—VA,  oy_c. — ‘
y'(0) =C1 \/_ ).

T
Because yx+1 = Yo+ [(z —t)a(t)yx dt where yo = Cp+Ciz, we have that
0

z 2
ZE41 :yz_*_l = (yo + £(IIJ - l)a(t)yk(t) dt) =

=8 + 2 (e~ ape e+ (Ja - Oatmde)  (6)

Zre1 =U8 + 290 f(x —~ t)a(t)yx(t) dt+

+ 2 [ [(z — t)(t = v)a(t)yi(t)a(v)yr(v) dt dv+

+2

/
Z(m B t)2a(t)yk(t)a(v)yk(v) dvdt =

Oy Oty

=y2 4 2yo (j)'(a: = t)a(t) yx(t) dt+

+ QZ(jf(:c —t)(z — v)a(t) yr(t) a(v) yx(v) dv dt (7)
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and yy is given with (3) or (4). From the construction of {z;}, it converges
to solution of (5), because {y,} converges to solution of (1).

In that way, finding the approximate solution of (1), we find also the
approximate solution of (5).

Remark 1: The nonlinear differential equation
nzz" + (1 - n)z"” — na(z)2® = 0 (8)
with the initial conditions: z(0) = A(> 0), z/(0) = B, with the substition
z=1y", (n € N) can be transformed in the equation (1): y"” = a(z)y, with

Co = AV, C; = EA(-1)/n_ So the solution of the equation (8) can be
obtained as a limit of the sequence {zx+1} defined with:

n

Zkp1 = (yo + Zg a(v)yx dv dt) " = (yo + Z(:z: — t)a(t)yr dt) =

=Yy + (711) . ({T(x —t)a(t)ye dt + (g) yo? (z(z — t)a(t)yx dt) :.
44 (Z> (Cf(:v — t)a(t)ys dt) ' : (9)

The sequence {z; } converges to the solution of (8) because the sequence
{yr} converges to the solution of (1).

II. Let the nonlinear differential equation be given:
222" 4 22% ~ a(z)z* = 0 (10)

with the initial conditions z(Og =C, Z(0)=D.
With the substition y = 2% we have that y" = a(z)y with the initial
conditions

y(0)=Co=C*, 4'(0)=Cr1=2CD.
The Theorem holds:

Theorern 2. For y" = a(z)y with y(0) = Cp > 0, y'(0) = C; there
exists sequence {yx41} defined with
T i
Ye+1 = Co + C1z + ({é’a(v) yr(v) dvdt (k€ N)

where yo = Co + Cyz for z € I; C I = {z||lz|] < h < a}, such, that
Ye+1 > 0 and y > 0, where

lim yep1 =y
k—o0
is the unique solution of (1).

Proof: Tt is known ([3]) that the equation y” = a(z)y with y(0) = Co,
¥'(0) = Cq, and
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h la(e)] < M
lz|<a
2) B+|Co+Ciz| <Y
lz] < a
3) | h < min (a, Ai_ﬂY>

has unique solution y in I = {z | |z| < h}, which is a limit of the sequence
{Yk+1}, where

Tt
yrs1 = Co + Crz + ({({a(v)yk(v) dvdt
and so we have the following cases:

a)If Cq1 >0, a(z) > 0,then yo = Co+Cy > 0 for z > —%—‘11 > —h, (or

T > —h> -%‘j, and Y > 8+ 2Cy) 0 =yo+ZZa(v)yodvdf >0, y12>
Yo, and if y, > 0 and yrp1 —yx > 0, then ypyy = yo+Z({ta(”)?/k dvdt >0
and  Yryo — Ykl = Zga(v)(yk+l_yk) dvdt >0 (see Fig. 1).

b)IfC; <0, a(z) > 0,then yo = Co+C1z2 >0 for z < —%‘11 < h, (or
r<h< —-—g‘ll and Y > 8+ 2Cy), 0 :y0+(jf(jfa(v)y0dtd'u2 0,11 > o
and if yx > 0, and yry1 — yx > 0, then yp4p1 = yo + Z({ta(v)yk dvdt > 0,
Ykt2 — Ykt1 = bea(v)(ykﬂ —yk)dvdt >0 (see Fig. 2).

¢)If C; >0, a(z) = —b(z) < 0, respectively b(z) > 0, then
1o =Co+Ciz >0, for z2> —%‘112 ~h,(orz > h > —%‘11) and

z T T T
¥1 =1%o + ({ ({ a(2)yo dzo dz1 = Yo — ({ b[ b(z2)yo dzg dz1 < Yo

but
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Ty F A AT
Y1 =Y — ({ (f; b(z2)yo dzodzy > yo — M (J; .of Yo dza dzq >
22 23
> yo — (Co +Cr1— ) >

8 B (. B
ZC"(“?)*CI MY <1“W)

Y -3 26 - f
>
Y +G MY 3Y 20

T Ty T T
Y2 =Yo +bf b[ a(z2)yr dzg dzy = yo — (}; ({ b(zg)y dzy dzy =

Tr Ty ro T3
=% —(j). (j)’ b(zz) (yo - g ({ b((l,‘4)y0 d:1:4 d(L‘3) da:2 d.’l,'l =

T Ty T T T2 T3
=Yo — ({ f)/' b((l)2)y0 d.’L‘2 d(I?l +‘{ ({ b((EQ)bf ({ b($3)y0 d(II4 de‘g dwz d(l)l =
T &1 Ta T3
=y +({ ({ b(x2) ‘{ ({ b(z3)yo drgdrsdzydzy >0 and yo >y > y1.
Letit be o> -+ > ¥2n > Yont2 2 Y2n41 2 Yon—1 2> *+- 291 2> 0.
Then

T T Tz
Yon+3 — Yont1 =Yo— [ ({ b(z3)y2n+2 dzg dz1—1yo +({ (]; b(z3)yon dza dz1 =

z

(]]' b(x2)(yon — Yany2) dz2dzy 20,

O\,R

respectively yzn+3 2 Yont1,

T T Ty
Yon+s —Yont2 =Yo— [ ({ b(z2)Yan+3 dzy dzq — y0+bf (J; b(z3)yont1 dze dz1 =

T

(j)' b(z2)(Y2n+1 — Yony3) dzadzy <0,

O'\.a

respectively Yan+4 < Yan+2,

T T T Ty
Yon+a—Yont3 =0 "({ (J)' b(x2)yan+3 dz dz1 — Yo +b/ ({ b(z2)yons2 dza dzi =

Ol\,g [

b(z2)(Y2n+2 — Yant3) dzadzy =

b(z2) f f b(z4)(y2n — Yont1)dzg dzz dzadzy > 0 (see Fig. 3).

O'\.:! O\Sx
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d) If C1 <0, a(z) = —b(z) < 0ie. b(z)>0,

o = Co+ Ciz >0, for xg—ﬁsh,(orzghg—@
Ci Cy

T T z T
Y1 =% +(J; g a(z2)yo dza dza = yo — ({ ({ b(z2)yo dzg dzy < Yo
T T
Y1 =yo + (.)f of a(zy)yo dxo dzq =
T T 114'2 $3
=yo— [ [ b(z2)yodzadr1 > 9o —M | Co+Ci— | >
00 2! 3!

B 20 B
ZCO<1‘?)+CI W(I—S—Y)ZO

Y2 =% + a(z9)y dzgdzy =

Ot~y
O\S]

8
-

Ty T3
=Y — b((l)g) (yo — ({ ({ b(.’l:4)y0 dil‘4 d(l)3) d(l?g d.’l?l =

T T T3 T3
=%Yo — b(l’g)yo d£132 d.’l)l +bf (j; b(.’l)z) ({ g b(.’l)4)y0 d.’E4 d$3 d$2 d:c1 =

g Oty ©O%—g
t\_:i O,

8 ©

1

o T3
=1 +({ ({ b(zz) bf ({ b(z4)yo dzgdzsdradzy >0, andyo >y > y1.

Let it be yo > -*+ 2 ¥2n 2 Y2n42 2 Y2nt1 2 Yon-1 2 - 2 Y1 2 0,
then as in the case c), we can prove:

Yont+2 2 Yontd 2 Y2nt+3 2 Yantl (see Fig 4).

f)If 0120,(1(:17)20, yO:C0>O,

T Ty T T
Y1 =% +({ c{ a(z)yo dzy dzy = Cp (1 + ({ g a(z) dxy dwl) >0,
and ¥1 > yo.
Ifye 20, yx — yk-1 > 0, then

T Ty
Ye+1 =Yo + ({ ({ a(z)yr dzodzy >0,

T T
Yret+1 — Yk =({ 6{ a(z2)(Yx — Yr-1)dzadzy > 0 (see Fig. 5).



g) It Cl = 0’ a(a:) = —b(.’l)) < 0’ than Yo = Cl)a

Tz T x3
Y1 =Yo +({ (J)’ a(z)yo dza dzy = yo — { ({ b(z)yo dzy dzy =

Tz 2
=Cy (1 - f f b(xz)yo dz, dil)l) > Cy (1 - Mz ) >
00 :

2!
283 Y-8
ZC()(]—MEJ—M—Y)=CO Y ZO a*ndylg,y07

T Ty
Yo =!/o+({ ({ a(x2)y dzy dz =

T T T Ty T2 T3

=Co(1~- I ({ b(z2)yo dzo dzy + I ({ b(z») ({ I'b(z4)yo dzs dos day dar) =

=Co(1- [{ ({ b(z2)yo dz2 dz1)+Co I ({ b(z2) ({ é’ab(a:,;)yo dzy des dey deg=
T X2 T3

= + Co‘{ b[ b(x2) ({ ({ b(z4)yo dzy dzzdzadzy >0, and 31 < y3 < w0 .

Let it be  yo 2 -+ > ¥an 2 Y2nt2 2 Y2nt1 2 Yan-1 2 -+ 2% 20,
then as in the case c), we can prove:

Yont+2 2 Yantds > Yont3 > Yant1(see Fig. 6).
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Theorem 3. The differential equation (10) has unique solution z where
z= klgléo Zk+1 and Zk4+1 = VY41 -

The proof can be made using the construction of the sequences {y}
and {2z} where yx41 > 0 and 2i4; is obtained in the folowing way: -

.t
zk+1 ——\/yk+l \/yo + (Ye41 — P0) = \/yo + bf’(])‘a(v)yk dv dt =

Tt ) Do .
+ 5 [[a(v)yedvdit (11)

( ) ( ) (ff“(”)ykdvdt)2+...
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Remark 2. If C' < 0, there exist unique solution z* of (10) where
Z* = klim Zhal s and Zhi1 = —V/Uk41
—00

Remark 3. Let the nonlinear differential equation be given:
nzz" +n(n - 1)z — a(z)z* = 0 (12)
with the initial condition z(0) = C, 2/(0) = D. With the substituon y = 27,
(n € N) the equation (12) is transformed to (1) y" = a(z)y, with initial
conditions
C():Cn, Clan”_lD.

The solution of (12) can be obtained as a limit of the sequence {zx41},

where

zt
Zkt1 =Tt = VYo + (Yks1 — Yo) = ﬁ—i-({({a(v)yk(v)dvdt =
1zt
=y + ;({({a(v)ykdvdH— (13)
111 xt 2
+(1//p0) 5+ (ffa(v)ykdvdt) 4o
n n 00

and /gy exists, because the equation (1) is selfadjoint.

Remark 4. In this way there can be solved any nonlinear differential
equation, whose solutions are squares and square roots of the solutions of
any linear selfadjoint equation.
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ATIPOKCUMATHUBHU METOM 3A PEIIIABAIBE
HA HEKOM HEJIMHEAPHUW JTN®EPEHIINJAJIHN
PABEHKMA

M. Kyjymuuesa — Hukonocka V), II. Jumurposckn 2)

PezmamMme

Bo 0Boj TPy ce KOHCTPYHPaEM alPOKCMMATUBHM MeTOAM 3a pella-
Bambe Ha HEKOW HeJMHeapHM DUdepeHNUjalH! PaBeHKH MTO ce KoGHeHn
Co CTeIeHyBame U KOpeHyBambhe Ha UTepamuu. Taka, (6) (omsocHo (7),
e pemenre Ha Kommeuor mpo6reM (5), mTo e KBampaT oI pelIeHH-
ero (2) Ha Kommesuor npobiaem (1). Pemermero (9) ma Kommeuot
npo6GiaeM (8) e n—1a cTeneH oxn pemerneTo (2) Ha paBeskaTa (1). (11)
nak e pemerue Ha (10), mTO e KBaApaTeH KOPeH oX pemenrero (2) Ha
paBeHKaTa (1), o6e3beneHo co Teopemara 2 u (13) e pewenne va (12),
INTO € N—TH KOPeH ol pemeHueTo (2) Ha paBeHKaTa (1).
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