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DISTRIBUTIONS GENERATED WITH BOUNDARY
VALUES OF FUNCTIONS OF THE SPACE H?,1<p<

Vesna Manova Erakovié

Abstrakt.

In this work are given necessary and sufficient conditions for a regula- dis-
tribution in D' to be distribution generated with a boundary function of some
function from the space H?, 1 < p < o0.

0. Introductibn
0.1: Denotations which will be used in the paper

Let U denote the open unit disc in Cie. U = {z]|2| < 1}, T = oU
and II* denote the upper half plane i.e. [I'* = {z € C| Imz > 0}.

For a given function f which is analytic on some region © we will write
fe H(Q). '

For a function f, f:Q — C", Q CR"™ we define differential operator
D* = D% 2z €R" a=(v,...,0n), o € NU{o} by D°f =
D2 f(z) = D{*D3? ... D%~ f(z), where

a .
Dj—a—x.; ]—-1,2,...,17,
So
olel f

:ail'i\'lax?az...axgn’ |a|=a1+a2+-..+an.

D*f
LP(9) is the Lebesque space of measurable functions f on €2 for which
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1/p
1 llzotey = 11l = ((f) If(:v)l’”dw) <00, 0<p<oo,

and

1 fllz= () = Il flleo =supess |F(2)].

L7, .(Q)is the space of locally integrable functlons on ,i.e. f(a:) € L? (Q)
if f(x) € LP(Q'), for every bounded subregion ' of Q.

0.2. The spaces H? defined on U and
II* and some of their properties

For 0 < p < o0, the space H? is defined to consist of all f(z) € H{U)
for which

1 2 i0\1p »
sup o [ 1 f(re®)|Pd8 = || fllfy» < 00.
0<r<1 2%

In the case p = oo, H*®(U) is the space of all bounded analytic functions
f(z) on U, for which the norm is defined by

| fllge =sup |f(2)].
zeU

We will give the definition of those spaces in the case of the upper half
plane ITt.
Let f(z) € H(II*) and let 0 < p < co. We say that f € H”(H"‘) iff

sup | |f(a+iy)|Pds = I f s < 0.
0<y<oo =00

In the case p = o0, H °°(II"‘) is the space of all bounded analytic functions
on IT*, for which the norm is defined by

| fll e = sup |f(2)].
zeM+

It is known [5] that every function f(z) € HP(II*), 0 < p < oo, for almost
every t € R, has nontangential limit f*, f*(t) € LP(R) satisfyng
f |/~ @1Pdt = 17115 = 11 £l

and

Jim, ||f(t+iy) ~ £ () = 0
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0.3 Some notions of distributions

C*(R") denote the space of all complex valued infinitely differentable
functions on R™ and C§°(R™) denote the subspace of C§°(R") that consist
of those functions of C (R™) which have compact support Support of a
function f, denoted by supp(f) is the closure of {z | f(z) # 0} in R".
D = D(R") denote the space of C§°(R™) functions in which convergense
is defined in the following way: a sequence {y,} of functions ¢ € D
converges to ¢ € D in D as A — g if and only if there is a compact set
KCR™ such that supp(yy) C K for each A, supp(¢) C K and for every
n-tuple « of nonnegative integers the sequence {D¢\(t)} converges to

2(t) uniformly on K as A — Aq.

D' = D'(R") is the space of all continuons linear functionals on D,
where continuity means that o) — ¢ in D as A — Ag 1mphes (T,02) —
( ,go)a,s)\—>)\o,T€D'

Note: (T,¢) denotes the value of the functional T, when it acts on
the function ¢.
D’ is called the space of distributions. .
S = S(R™) will denote the space of all infinetly differentiable complex
valued functions ¢ on R" satisfying
sup [tPD*p(t)] < o0
teR" ' '
for all n-tuples o and 3 of nonnegative integers. Convergence in 5 is defined
in the folowing way: a sequence {¢,} of function ) € § converges top € §
in S as A — Ag if and only if
lim sup [t7D¢lpa(t) - p(t)] =
_ A=do scR®
for all n-tuples @ and 8 of nonegative integers.
Again, S’ is the space of all continous, linear functionals on §.

Let (,o be an ellement of one of the above function spaces D or S. Let.
f(z) € L} .(R"™). Then the functional Ty from D (or §) to C, defined by:

(Tr9)= [ S0, oD (p€S)
is distribution on D (or §), called regular distribution generated with f.

1. Main results

The idea for the theorem 1 and theorem 2 comes from the following
theorem, that is given in [6].

Theorem. Necessary and sufficient condition for a measurable func-
tion (e*?), defined on T, to coincide almost everywhere on E with bound-
ary value f*(e) of some function f(z) from the space HP, p > 1, is the
existance of a sequence of polynomials {P,(z)} such that:
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1) {P. (e“’)} converges to ¢(e*) almost everywhere on E.
2) 11m f | Pa(e*)|Pdo < 0.

‘Theorem 1. Let Ty- be the distribution in D' generated with a bound-
ary value f*(x) of some function f(z) from the space H?, p > 1. Then there
exist sequence of polynomials {P,(z)}, z € It and respectwelly sequence
of distributions {T,,}, T, € D' generated wzth the boundary values Py(x)
of P,(z), satisfyng

i) Tn —-rTf* n — oo in D'

ii) hm f |Py(x |”|<,9(7:)lda:<oo Vo e D.

Proof. Let the conditions of T.1. be satisfied. Since f(z) € HP, it
follows that there exists a constant C' > 0, such that

0o 1/p
( / |f(:t+iy)|”(lx) <C, forall z+iyell*. (1)

Since f*(z) is the boundary value of f(2) € H? it follows that f*(z) belongs
to the space LP(R™) and

f(z +iy) — f*(z) in LP, as y— 0%, z+iyellt. (2)

Theorem in [3] claims that f(z +iy) — f*(¢)in §',as y — 0+, z +iy € I+
i.e.

ylim+ _ofo flz+iy)p(z)dx = _7’0 F(z)e(x)de, ¢+iy ell*, ¢es§.(3)

Let {y,} be a sequence of positive real numbers such that lim y, = 0.
n—oo

We consider the sequence of functions {F,(z)}, defined with
Fa(2) = f(z 4 iygn). Then Fu(z) are analytic functions on I+ uUR. Us-
ing the theorem.of Mergelyan we get that for a compact subset K of
II*.U R and for the function F,(z) there exist a polynomial P,(z), such
that |Fy(2) — Po(2)| < &, for z € K, where e, > 0 and ¢, — 0 as n — co.
Now we will prove (i) and (ii).
(i) Let ¢ € D and suppp = K CR

(Tos) = (T = | T Pi@dotalde = T 1 (@hpleie| =

1.—;? [Pr(z) - f*(mr)]go(x’_)dm. <

‘<IIP*(w)— F7(2)] ()] dz “’EDCS; Sy

<M[|P*(x)—f (:c)|dz<M€ m(Ix)-—->0 ﬁ-—+oo,>
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where m(K) 1s the Lebesque measure of the set K, M is positive real
number and ¢!, = ¢, + |f*(z) = Fu(z)|. Clearly, e}, — 0 as n — oc.

From the above computations we conclude that (Tn, ) = (Tp=, ) as
n — o0, for every ¢ € D.

(ii)

(7 IP,:(x)r'w(x)ldx)”p <

1/p

I
00 1/p 00
< (T 1mr- m@itetotis)  + (T 1@ Ploos) - <
1/ 1/
< ([ 1Pi(e) - Futalrie) g (j1PuGaiPas) "<
' 1/p
< Ml/penml/”(K) + Ml/p (1{' |f($ + ifl/n)lpdw) <

< MYPeum!P(K) + MVPC — MMPC, n— oco.

It follows that

I 1P (@)Ple(z)lde < MCP = Cy

which proves (ii).

Theorem 2. Let ¢o be a locally integrable function on R and T‘po
be the distribution in D' generated with ¢o. Let there ezists a sequence of
polynomials P,(z), z € It such that the following conditions are satisfied:

i) The sequence of dzstrzbutwn, generated with the boundary values
P3(z) of Pu(z) converges to T, in D' as n — oo.

ii)
Tm_ [ |Pa(e + iy)l? lo(z)ldz < 00, Y(z+iy)elt, YoeD.
~~R

Then there exists function f(z) € H(II*) such that
[|f(z +iy)|Pdz < C < 0 V(z+iy) eIt
K

for every compact subset K of R
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and S : ,
Jim | f(z+iy)e(z)ds = (Toor0), Vo €D.

Proof. From (i) i.e.
Jlim é Pr(z)p(e)ds = é vo(z)p(z)dz, €D

it follows that

there exists function f(z) € H (II“"), such that the
sequence of polynomials P,(z) converges to f(z) (4)

uniformelly on compact subsets of Ot as n— .

Note: We will give exphnatlon of (4)

Let C.(R) be the space of functions that vanish in mﬁmty, Co(R) be
the space of functions w:th compact support It is known that Co(R) is
dense in C(R). \

Let

Jim [ P (2)o(a)e = [ oo(e)p(e)is peCeR)

Taking P,(t — z) (Poisson kernel) instead of ¢(z), and using integral rep-
resentations for analytic functions, we get that

lim P(2) = (2),

where

S rf(z') = wo(z)Py.(z - 2)da.

Even more the convergence is umform on compact subsets of R.
[Similar result is given in [6]]. -
Now, using the fact that C’o(R) is denise in CC(R), it can be proven (4)
Let ¢ € D and supp(¢) = K C R. Then

hrg+ [ f(z + iy)e(z)dz & Jm, [ lim Pz + z'y)s?(wv):daf‘ =
= lim hm jP (:v + zy)cp(m)dw =

n—o0 y—0

= hm fP*(:z:)cp(m)da: _)

[ P(@)pl@)ie = (Tos @), Vo€D.
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So, we proved that
Jm, f(z +iy)p()de = (Typo,9), Vo eD.

Now, from (ii) we have that

lingo [ |Pu(z + )P [p(z)lde < C <00, Y(z+iy)e T, VoeD. (5)

n— R
Let K be a compact subset of R. Then there exists

p(z) e CP(R), o(z)=1, Vze kK.
Substiting ¢(2z), choosen in this way, in (5), we get
im [ |Pu(z+1iy))|Pde < C < 0. (6)

Now
[ f(z+iy)|Pde= [ lim IPn(:v-}—iy)]”denlim [ |Pa(z+1iy)|Pde < C <
K K oo —XK

" e,

[ |f(z+iy)lPde < C < o0,
K

for every compact subset K of R and for every z + iy € II't.

Note: Theorem 1 and Theorem 2 are valid for S, and when working
in §' by using (3) it can be given another proof. But more important
thing is that these theorems can be done when the functions considered in
the theorems, are not from the space HP, p > 1, but they belong to the
Nevanlina space.
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JVMICTPUBYIINY TEHEPUPAHU CO
TPAHUYHY BPEJHOCTU HA &YHKUUN
OI KJIACATA H?, 1< p< o

Becna Manosa EpakoBugk

PeszunmMme

Bo oBaa pabota ce mazmenm noTpeGHM M IOBOJHM YCJIOBM 3a Ja
peryiapra mucTpubymuja Bo D' 6ume muctpubymuja remepupaHa co
rpaHN'HA BpPeJHOCT Ha Hekoja QyHKIMja on kiracata HP, 1 < p < oo.
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