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Abstract. In [2] are considered n-Banach spaces, and in [4] are consid-
ered bounded and continuous linear n-functionals defined on n-normed
space and several theorems connected with them, are proved. Then
is proved that: Linear n-functional F' is continuous if and only if F'
is bounded (theorem 4). In this paper, a dual space X™ of space of
bounded linear n-functionals is considered and it is proved that: if X
is n-Banach space than (X, ||.||) is Banach space.

1. INTRODUCTION

Definition 1. Let X;, ¢« = 1,2,...,n be linear subspace of same vector
nnormed space. Then the mapping F : X1 X ... x X;, — R is called n-
functional with domain X1 x Xo X ... X X,,.

Definition 2. Let F' be nfunctional with domain X1 X Xo X ...x X,. Then
F is linear n— functional if the following conditions are satisfied:

1. Flx1+y1, 22+ Y2, - s T + Yp) = > F(z1,22,...,2n)
zi€{xs,yi}
i=1,...,n

2. F(ajry, age, ..., anTy) = a1y .. .anF(x1,29,. .., 1)

w€ER,i=1,2,...,n

Definition 3. Let X be n-normed space. Let F' be n-functional with domain
D(F) C X" then F is bounded if there ezists real number K > 0 such that
F(oqxy, aoxa, ..., QpXy) = ciag ...y F (21,29, . .., Ty).

Let F' be bounded n-functional, we define norm of F', denoted by ||F||,
with
||F|| = inf {K ||F(x1,x2,...,2n)| < K||z1,22,..., 24|, (x1,22,...,2,) € D
(

If F is unbounded n-functional, then we define ||F|| = +o0.
47
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In this context for bounded linear n-functionals in [4] the following prop-
erties are proved.

Lemma 1. Let F be a bounded linear n-functional and x;, 1 = 1,...,n,
are linearly dependent vectors such that (x1,xo,...,x,) € D(F). Then
F(xy,29,...,2) = 0.

Theorem 1. Let F be a bounded linear n-functional on domain D(F).
Then

||| = sup{|F(z1, 2, ..., o) [; |21, @2, - - s ][ = 1, (21, 22, .., ) € D(F)}

:SUP{M'HZEl,ZEQ,...,ZL‘nH £ 0, (x1,29,...,2,) € D(F)}

[lz1,22,..,Zn|] ?
Further on, continuity of linear n-functional is defined as following.

Definition 4. Let F' be n-functional. Then F' is continuous at the point
(z1,22,...,xy) if for all e > 0 exist § > 0 such that

|F(£E1,:I}2,...,:En)—F(yl,yg,...,yn)| <e

always when

1215, 225, - - -5 Znjl| <O
where
Zij = { :Ei_yi’,.i:‘?'
TV Yi, i F
for 7 =1,2,...,n. The n-functional F is continuous if F' is continuous

at every point from its domain.
In [4], for continuous n-functionals are proved the following properties.

Theorem 2. If the linear n-functional F' is continuous at the point (0,0,...,0),
then F' is continuous at every point from its domain D(F).

Theorem 3. Linear n-functional F is continuous if and only if F is
bounded.

Definition 5. The sequence {x} from the vector n-normed space L is
Cauchy sequence if there exists linear independent vectors y1, yo, ..., Yn Such
that

lim ||$k — Tm» Y2, "'ayn—lvynH =0

k,m—o0

lim ||$k — Tm, Y15 -5 Yi—1, Yi+1, ayn” = 07 1= 27 sy — 1

k,m—o0

lim ||y — Zm, Y1, o Yn—1l| = 0.
k,m—o0
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Definition 6. The sequence { xy, } from n-normed space L is convergent if
there exist x € L such that

kli{{olo ||:Ek - T, Y1, "'ayn—IH = Oa fOT’ all Y1, Y255 Yn—1 € L.

For = we shall say that is limit for the sequence {xy } and we’ll write
T — x, k— oo.

Definition 7. For n-normed space L, well say that is n-Banach space if
every Cauchy sequence is convergent.

In [4] the following property is proved.

Theorem 4. Fvery real n-normed vector space with dimension n is n-
Banach space.

2. DUAL SPACE OF THE SPACE OF BOUNDED LINEAR
n-FUCTIONALS

Definition 8. Let X be n—Banach space, X* is a set of bounded linear
n-functionals on domain X™ and let F,G € X*. We define

a) =G if F(x1,x9,...,2y) = G(x1,29,...,2), for all (x1,22,...,2,) €
Xn,

b) (F+G)($17$27 - 'axn) = F($17$27 - 'axn) +G($17$27 - 'axn)’ fOT’ all
(z1,22,...,2,) € X",

c) (aF)(z1,z2,...,2,) = aF(z1,22,...,2,), for all a and all
(z1,22,...,2,) € X™.

Theorem 5. Let X be n-Banach space. Then (X*||.||) is Banach space.

Proof. Let (x1,22,...,2yn), (Y1,Y2, -, yn) € X" and o; € R,i =1,2,...,n.
Then according to Definition 2. we have

(F+G)($1+y17$2+y27"-;xn+yn) =
=F(z1+y, 224+ Y2, s 2n+yn) +G@1+y1, 22+ Y2, ., T+ Yn) =
= >  F(z,2z2,..0z)+ >, Glz1,22,...,2) =

2 €{i,yi} zi€{wi,yi}

i=1,2,....n i=1,2,....n
= >  (F+G)(z1,22,...,%n)

zi€{x;,y;i}

i=1,2,...n

(F+G)(aqz1, aga, . .., apy) =

= F(Oéliﬂl, Q2x2, . . -van$n) + G(Oéliﬂl, Q2x2, . . -van$n)
=ajay...onF(x1,29,. .., 1) + 1 ..., G(x1, To, . . ., Ty)
=a1ay...on[F(x1,29,. .., 20) + G(x1, 29, . .., Tp)]

=a1ay...0n(F 4+ G)(x1, 22, ..., 24).
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Further on, because of Definition 3 we have

|(F+G)($17$27"'axn)| = |F($1,£B2,...,£L‘n) +G($1,$2,...,!L‘n)|
|F(x1, 29, ..., 20)| + |G(x1, T2, . . ., 24)|

[N - [l w2, - | |+ |G| - (|1, 2, - - - 2n|
= (IF[I+ IGIDlw1, 22, - - - ]l

which means that F' + G € X* and clearly ||F + G|| < ||F|| + ||G|].

Analogously we can prove that for every o and every F' € X* aF € X*
and ||aF|| = |af - || F|| holds.

From the other hand, according to Definition 3 we have
|F(z1, 2, ...y xn)| < ||F|| - ||z1, z2, - - ., xp]|, for all (z1,x2,...,2,) € X7,
so ||F|| = 0 if and only if F' = 0, which means that X™* is vector space with
norm defined by (1).

Let {Fy} be Cauchy sequence on X, i.e. let

Jim || F — Fll =0 (2)
k—o0

Then for all (zq, x2,...,x,) € X™ is true that

<
<

|Fk($1,$2,...,l‘n) —Fm($1,$2,...,l‘n)| < ||Fk—Fm|| ' ||$17$27---;xn||

which means that for every (z1,z2,...,z,) € X" the real sequence
{Fk(z1,z2,...,2,)} is a Cauchy sequence. On X" let define functional F'
with

F(xi,29,...,2y) = klg{.lo Fy(xzy, 20, ..., 2p), (X1,29,...,2,) € X™.

Then, for all (x1,22,...,2n), (Y1,Y2,--.,yn) € X™ and o € R,i =
1,2,...,n we have

F($1+y17$2+y27---a$n+yn):kh_{goFk($1 +y1, T2+ Y2,y Ty + Yn)

:klim oo Fr(21,22,--520) = >, klim Fi(z1,22, ..., 2n) =
T zie{ziyi} zi€{wsyy P
i=1,..., n i=1,...,n
= Z F(z17z27"'azn)
Zze{mivyz}
i=1,...,n
and
F(Oéliﬂl, Q2x2, . . -aan$n) = klim Fk(alfﬂla Q2x2, . . -aan$n)
— 00
= lim ajay...onFi(z1, 22, .., 2y)
k—o00
=ay...an lim Fg(x1,29,...,2,)
k—o0

=ay...anF(z1, 29, ..., 2,),
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i.e. F' is nlinear functional. On the other hand, for the sequence {F}},
||| = [[Eml] | < |[Fk — Fip|| holds.

Now from (2) we get that {||Fj||} is real Cauchy sequence, which means
that there exist K € R such that ||Fg|| < K, for all k£ € N, from where we
get

|F (21,29, ...,2,)| = |limsup Fy(x1, 22, ..., Ty)]

) k—o0

= limsup |F(z1, 22, . . ., Tp)|
.k—>oo

< limsup || Fg|| - ||z1, z2, . . ., 24|
k—o0

< K||$1,$2,...,£L‘n||,

ie. Fe Xx.

We'll prove that {Fj} converges to F. Let ||z1,z2,...,z,]] # 0. If
e > 0 is chosen, then from (2) we have that there exist ng € N such that
|| Fim — Fi|| < € when m, k > ng, so by Definition 3 we have

|Fm($1,$2,...,l‘n) —Fk($1,$2,...,l‘n)| < ||Fm_Fk|| : ||$17$27---;xn||
§€||$17$27---;xn||7

for all m, k > ng. On the other hand, because of

F(xi,29,...,2y) = klg{.lo Fy(xy,20,...,2p)

there exist M = M (x1, xo, ..., x,) > ng such that

|FM($17$27"'axn) _F($17$27"'axn)| < €||$17$27---;5L‘n||-
So we have
|Fi(z1, 22, .. .y xn) — F(21, T2, ..., x0)| <
< |Fk($1,$2,...,l‘n) _FM($17$27"'5:EH)|+
+|Fy (1, 22, ..oy xn) — F(21, T2, ..., 24|
<el|lxr, e, ..y xn|| ||z, o, .- x| =2 €]z, 22, - - -, Ty
for k > ng. If ||z1,22,...,2,]] = 0, then the vectors z1,z9,...,z, are
linearly dependent, and according to Lema 1 it follows that
Fy(xy,20,...,2n) = 0= F(x1,29,...,2p)
which means |Fy(z1, z2,...,x,) — F(x1,29,...,2)| < 2-¢l|z1, 22, . . ., yl],
for all & > ngy. Hence, for all (21, x2,...,z,) € X" the following holds
|Fi(z1, o, . . .y xn)—F(x1, 29, ..., 2p)| < 2-€l|z1, @2, ..., x|, for all k > nyg.

i.e. accordingly to Definition 3 we get ||F}, — F|| < 2¢, for k > ng, i.e. {Fi}
converge to F'.
Finally from the arbitrarily of the Cauchy sequence {F}} we have that
(X*,1].]]) is Banach space.
U
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JYAJIEH ITPOCTOP HA ITPOCTOPOT OI'PAHUYEHUN
JIMHEAPHU n- ®YHKIIMOHAJIN

Pucro Manuecku, 3apasko lIlBeTkoBCKM

Pezuwme

Bo [2] ce pasruenanu n-6amaxoBuTe mpocTopu, a Bo [4] ce pasriemanu
OrPDAHUYECHUTE U HENPEKUHATUTE JIMHEAPHU N-(yHKIUOHAIU Ae(OUHUPAHU HA
N-HOPMUPAH IPOCTOP U C€ JOKAKAHU HEKOJKY TBPIEHAa BO BPCKA CO MCTUTE.
Ipuroa, e nokaskano neka: Jlumeapruor n-dysrnuonas F' e menpexunar
aKo U caMo ako e orpanumded (teopema 4). Bo oBaa pabGora e pasrienan
IyasanoT npocTtop X ¥ Ha HPOCTOPOT OTPAHWYEHU JIMHEADHU M- ()yHKIMOHAIN
U e IoKaskaHo neka ako X e n—6araxos nmpoctop, Toram (X *, ||-||) e Banaxos
IpOCTOP.
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