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Abstract. In [2] are considered n-Banach spaces, and in [4] are consid-
ered bounded and continuous linear n-functionals defined on n-normed
space and several theorems connected with them, are proved. Then
is proved that: Linear n-functional F is continuous if and only if F

is bounded (theorem 4). In this paper, a dual space X∗ of space of
bounded linear n-functionals is considered and it is proved that: if X

is n-Banach space than (X∗, ||.||) is Banach space.

1. Introduction

Definition 1. Let Xi, i = 1, 2, . . . , n be linear subspace of same vector
nnormed space. Then the mapping F : X1 × . . . × Xn → R is called n-
functional with domain X1 × X2 × . . .× Xn.

Definition 2. Let F be nfunctional with domain X1×X2× . . .×Xn. Then
F is linear n− functional if the following conditions are satisfied:

1. F (x1 + y1, x2 + y2, . . . , xn + yn) =
∑

zi∈{xi,yi}
i=1,...,n

F (z1, z2, . . . , zn)

2. F (α1x1, α2x2, . . . , αnxn) = α1α2 . . .αnF (x1, x2, . . . , xn)
αi ∈ R, i = 1, 2, . . . , n

Definition 3. Let X be n-normed space. Let F be n-functional with domain
D(F ) ⊆ Xn then F is bounded if there exists real number K > 0 such that

F (α1x1, α2x2, . . . , αnxn) = α1α2 . . .αnF (x1, x2, . . . , xn).

Let F be bounded n-functional, we define norm of F , denoted by ||F ||,
with

||F || = inf {K ||F (x1, x2, . . . , xn)| 6 K||x1, x2, . . . , xn||, (x1, x2, . . . , xn) ∈ D(F )}
(1)

If F is unbounded n-functional, then we define ||F || = +∞.
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In this context for bounded linear n-functionals in [4] the following prop-
erties are proved.

Lemma 1. Let F be a bounded linear n-functional and xi, i = 1, . . . , n,
are linearly dependent vectors such that (x1, x2, . . . , xn) ∈ D(F ). Then
F (x1, x2, . . . , xn) = 0.

Theorem 1. Let F be a bounded linear n-functional on domain D(F ).
Then

||F || = sup{|F (x1, x2, . . . , xn)|; ||x1, x2, . . . , xn|| = 1, (x1, x2, . . . , xn) ∈ D(F )}

= sup
{

|F (x1,x2,...,xn)|
||x1,x2,...,xn||

; ||x1, x2, . . . , xn|| 6= 0, (x1, x2, . . . , xn) ∈ D(F )
}

.

Further on, continuity of linear n-functional is defined as following.

Definition 4. Let F be n-functional. Then F is continuous at the point
(x1, x2, . . . , xn) if for all ε > 0 exist δ > 0 such that

|F (x1, x2, . . . , xn) − F (y1, y2, . . . , yn)| < ε

always when

||z1j, z2j, . . . , znj|| < δ

where

zij =

{

xi − yi, i = j

xi ∨ yi, i 6= j

for j = 1, 2, . . . , n. The n-functional F is continuous if F is continuous
at every point from its domain.

In [4], for continuous n-functionals are proved the following properties.

Theorem 2. If the linear n-functional F is continuous at the point (0, 0, . . . , 0),
then F is continuous at every point from its domain D(F ).

Theorem 3. Linear n-functional F is continuous if and only if F is
bounded.

Definition 5. The sequence {xk} from the vector n-normed space L is
Cauchy sequence if there exists linear independent vectors y1, y2, ..., yn such
that

lim
k,m→∞

||xk − xm, y2, ..., yn−1, yn|| = 0

lim
k,m→∞

||xk − xm, y1, ..., yi−1, yi+1, ..., yn|| = 0, i = 2, ..., n− 1

lim
k,m→∞

||xk − xm, y1, ..., yn−1|| = 0.



DUAL SPACE OF THE SPACE OF BOUNDED LINEAR n-FUNCTIONALS 49

Definition 6. The sequence { xk } from n-normed space L is convergent if
there exist x ∈ L such that

lim
k→∞

‖xk − x, y1, ..., yn−1‖ = 0, for all y1, y2, ..., yn−1 ∈ L.

For x we shall say that is limit for the sequence { xk } and we’ll write
xk → x, k → ∞.

Definition 7. For n-normed space L, well say that is n-Banach space if
every Cauchy sequence is convergent.

In [4] the following property is proved.

Theorem 4. Every real n-normed vector space with dimension n is n-
Banach space.

2. DUAL SPACE OF THE SPACE OF BOUNDED LINEAR

n-FUCTIONALS

Definition 8. Let X be n−Banach space, X∗ is a set of bounded linear
n-functionals on domain Xn and let F, G ∈ X∗. We define

a) F = G if F (x1, x2, . . . , xn) = G(x1, x2, . . . , xn), for all (x1, x2, . . . , xn) ∈
Xn,

b) (F +G)(x1, x2, . . . , xn) = F (x1, x2, . . . , xn)+G(x1, x2, . . . , xn), for all
(x1, x2, . . . , xn) ∈ Xn,

c) (αF )(x1, x2, . . . , xn) = αF (x1, x2, . . . , xn), for all α and all
(x1, x2, . . . , xn) ∈ Xn.

Theorem 5. Let X be n-Banach space. Then (X∗, ||.||) is Banach space.

Proof. Let (x1, x2, . . . , xn), (y1, y2, . . . , yn) ∈ Xn and αi ∈ R, i = 1, 2, . . . , n.
Then according to Definition 2. we have

(F + G)(x1 + y1, x2 + y2, . . . , xn + yn) =
= F (x1 + y1, x2 + y2, . . . , xn + yn) + G(x1 + y1, x2 + y2, . . . , xn + yn) =
=

∑

zi∈{xi,yi}
i=1,2,...,n

F (z1, z2, . . . , zn) +
∑

zi∈{xi,yi}
i=1,2,...,n

G(z1, z2, . . . , zn) =

=
∑

zi∈{xi,yi}
i=1,2,...,n

(F + G)(z1, z2, . . . , zn)

(F + G)(α1x1, α2x2, . . . , αnxn) =
= F (α1x1, α2x2, . . . , αnxn) + G(α1x1, α2x2, . . . , αnxn)
= α1α2 . . .αnF (x1, x2, . . . , xn) + α1α2 . . . αnG(x1, x2, . . . , xn)
= α1α2 . . .αn[F (x1, x2, . . . , xn) + G(x1, x2, . . . , xn)]
= α1α2 . . .αn(F + G)(x1, x2, . . . , xn).
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Further on, because of Definition 3 we have

|(F + G)(x1, x2, . . . , xn)| = |F (x1, x2, . . . , xn) + G(x1, x2, . . . , xn)|
≤ |F (x1, x2, . . . , xn)| + |G(x1, x2, . . . , xn)|
≤ ||F || · ||x1, x2, . . . , xn||+ ||G|| · ||x1, x2, . . . , xn||
= (||F ||+ ||G||)||x1, x2, . . . , xn||,

which means that F + G ∈ X∗ and clearly ||F + G|| ≤ ||F ||+ ||G||.
Analogously we can prove that for every α and every F ∈ X∗, αF ∈ X∗

and ||αF || = |α| · ||F || holds.
From the other hand, according to Definition 3 we have

|F (x1, x2, . . . , xn)| ≤ ||F || · ||x1, x2, . . . , xn||, for all (x1, x2, . . . , xn) ∈ Xn,
so ||F || = 0 if and only if F = 0, which means that X∗ is vector space with
norm defined by (1).

Let {Fk} be Cauchy sequence on X∗, i.e. let

lim
m→∞
k→∞

||Fk − Fm|| = 0 (2)

Then for all (x1, x2, . . . , xn) ∈ Xn is true that

|Fk(x1, x2, . . . , xn) − Fm(x1, x2, . . . , xn)| ≤ ||Fk − Fm|| · ||x1, x2, . . . , xn||

which means that for every (x1, x2, . . . , xn) ∈ Xn the real sequence
{Fk(x1, x2, . . . , xn)} is a Cauchy sequence. On Xn let define functional F

with
F (x1, x2, . . . , xn) = lim

k→∞
Fk(x1, x2, . . . , xn), (x1, x2, . . . , xn) ∈ Xn.

Then, for all (x1, x2, . . . , xn), (y1, y2, . . . , yn) ∈ Xn and αi ∈ R, i =
1, 2, . . . , n we have

F (x1 + y1, x2 + y2, . . . , xn + yn) = lim
k→∞

Fk(x1 + y1, x2 + y2, . . . , xn + yn)

= lim
k→∞

∑

zi∈{xi,yi}
i=1,...,n

Fk(z1, z2, . . . , zn) =
∑

zi∈{xi,yi}
i=1,...,n

lim
k→∞

Fk(z1, z2, . . . , zn) =

=
∑

zi∈{xi,yi}
i=1,...,n

F (z1, z2, . . . , zn)

and

F (α1x1, α2x2, . . . , αnxn) = lim
k→∞

Fk(α1x1, α2x2, . . . , αnxn)

= lim
k→∞

α1α2 . . . αnFk(x1, x2, . . . , xn)

= α1α2 . . .αn lim
k→∞

Fk(x1, x2, . . . , xn)

= α1α2 . . .αnF (x1, x2, . . . , xn),
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i.e. F is nlinear functional. On the other hand, for the sequence {Fk},
| ||Fk|| − ||Fm|| | ≤ ||Fk − Fm|| holds.

Now from (2) we get that {||Fk||} is real Cauchy sequence, which means
that there exist K ∈ R such that ||Fk|| 6 K, for all k ∈ N, from where we
get

|F (x1, x2, . . . , xn)| = | limsup
k→∞

Fk(x1, x2, . . . , xn)|

= lim sup
k→∞

|Fk(x1, x2, . . . , xn)|

≤ lim sup
k→∞

||Fk|| · ||x1, x2, . . . , xn||

≤ K||x1, x2, . . . , xn||,

i.e. F ∈ X∗.
We’ll prove that {Fk} converges to F . Let ||x1, x2, . . . , xn|| 6= 0. If

ε > 0 is chosen, then from (2) we have that there exist n0 ∈ N such that
||Fm − Fk|| < ε when m, k > n0, so by Definition 3 we have

|Fm(x1, x2, . . . , xn) − Fk(x1, x2, . . . , xn)| ≤ ||Fm − Fk|| · ||x1, x2, . . . , xn||
≤ ε||x1, x2, . . . , xn||,

for all m, k ≥ n0. On the other hand, because of

F (x1, x2, . . . , xn) = lim
k→∞

Fk(x1, x2, . . . , xn)

there exist M = M(x1, x2, . . . , xn) > n0 such that

|FM(x1, x2, . . . , xn) − F (x1, x2, . . . , xn)| < ε||x1, x2, . . . , xn||.

So we have

|Fk(x1, x2, . . . , xn) − F (x1, x2, . . . , xn)| ≤
≤ |Fk(x1, x2, . . . , xn) − FM (x1, x2, . . . , xn)|+

+ |FM (x1, x2, . . . , xn) − F (x1, x2, . . . , xn)|
≤ ε||x1, x2, . . . , xn|| + ε||x1, x2, . . . , xn|| = 2 · ε||x1, x2, . . . , xn||

for k > n0. If ||x1, x2, . . . , xn|| = 0, then the vectors x1, x2, . . . , xn are
linearly dependent, and according to Lema 1 it follows that

Fk(x1, x2, . . . , xn) = 0 = F (x1, x2, . . . , xn)

which means |Fk(x1, x2, . . . , xn)−F (x1, x2, . . . , xn)| ≤ 2 · ε||x1, x2, . . . , xn||,
for all k > n0. Hence, for all (x1, x2, . . . , xn) ∈ Xn the following holds
|Fk(x1, x2, . . . , xn)−F (x1, x2, . . . , xn)| ≤ 2·ε||x1, x2, . . . , xn||, for all k > n0.
i.e. accordingly to Definition 3 we get ||Fk −F || ≤ 2ε, for k > n0, i.e. {Fk}
converge to F .

Finally from the arbitrarily of the Cauchy sequence {Fk} we have that
(X∗, ||.||) is Banach space.

�
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DUALEN PROSTOR NA PROSTOROT OGRANIQENI

LINEARNI n- FUNKCIONALI

Risto Malqeski, Zdravko Cvetkovski

R e z i m e

Vo [2] se razgledani n-banahovite prostori, a vo [4] se razgledani

ograniqenite i neprekinatite linearni n-funkcionali definirani na

n-normiran prostor i se doka�ani nekolku tvrdeǌa vo vrska so istite.

Pritoa, e doka�ano deka: Linearniot n-funkcional F e neprekinat

ako i samo ako e ograniqen (teorema 4). Vo ovaa rabota e razgledan

dualniot prostor X∗ na prostorot ograniqeni linearni n-funkcionali

i e doka�ano deka ako X e n−banahov prostor, togax (X∗, ||·||) e Banahov

prostor.
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