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ON OPERATOR VALUED WEIGHTED SHIFTS COMMUTING WITH U+

Marija Orov&anec

Abstract. In this paper we consider some properties of the

operators Ko+ and of the operators on K, where A€K .. Also we

shall give some information about the operators that commutes with

U, . The computations show that operator X€B(12(#)) which commutes

with U, is the formal power series

*___ jo——
U,Aa, + UJA A, K., .
e T o i B4 Ty

-

At the end we shall prove that if (||Ai||)i=°€1* then the

formal power series is a bounded operator and is the limit in
uniform operator topology of a sequence of polinomials in u,.

Let # be a complex Hilbert space and z’(n)=:oﬂn, B =H for
all n is the Hilbert space with scalar product defined by
(x,y) = z(xn,yn). Let B(H) be the algebra of all (bound linear)

operators from # to X, and let with B we denote the set of all

inv
invertible operators on #.

One of the most interesting continous linear operators is
~the unilateral shift, the operator S defined on t? by

_S(x°,x1,...) = (O,xo,x1,...)

Coresponding to each sequence {wn};_o in t” there is the

weighted unilateral shift W, defined on 12 by
W(xo,x1,...) = (0,w°x°,w1x1,...) s

Coresponding to each'ﬁnifornly bounded sequence (An);=° of
bounded and linear operators on H, there is the unilateral
operator valued weighted shift A defined on t?(#) by
A(X X ,...) = (0,A x ,A X ,...) and we shall denote it by
A - (Ai)1=o' .

If Ah=1 for all n, then with U+ we shall denote the operator
valued weighted shift (OVWS) U, - (1). With S we shall denote the
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set of all unilateral operator valued weighted shifts with
invertible weights and Ky = {BES, AB=BAl}, A€S.

Throught this paper we consider some properties of the
operators on Ku+ and of the operators on KA when AEKu+.

Proposition 1. If B ~ (Bi)€KA where A ~ (Ai), then Ai # Bi
for all i.

Proof. Suppose that there exists an io > 0 such that A; =B,

and A, # B, for all k < i,. Since (A;,_ ,=B;,_,)HKerd,, = {o},
this implies LI - T So A, = By for all 1 = i,.

On the other hand A10+1 jo = Bio+1 jo = BiO+1Bio’ we have
that (Alo+1 -Bj,+.)Bio H = {0} and so Ajo4q = By ot because

B, # = H. We get that A; = B, for all i€N, i.e. A=B. ¢
Note that AEKu+ and A # u, then Ai # 1 for all i.

Proposition 2. A€Ku+ iff Ai = Ai-1 for all i.

Proof. Let A€Ku+; than Ail =1a,_, for all i. Suppose now
that A, = A for all i and A -~ (A). Then AU_ = UA i.e. A€k .. 0

Throught this paper A ~ (A} will be used to denote the
operators on Ku+'

The question that arises is the connection between Ku+ and
Binv' We shall prove that there exists an isometric isomorphism

of K u+ ODtO Bi ave Ve shall need the following result:

Lemma 3. Let A ~ (A ) is the unilateral operator valued
weighted shift. Then A is bounded iff sup]|A || < » and then we
have ||A}] = supl]A

Proof. Let £=(f,,f,,...)€2%(H) and M = sup||A1|| < =,
i

Af = (0,A,f,,Af,,...) and so

lag) |2 = =z Hagg 12 s o (1A l1211Eg 1% < M| | £]]2.
=0 i=o

It is then obvious that
[1a]l = suplléfll < M.
RE4)
Suppose now that fieﬁ is such that [Ifill = 1. Let

%k = (0,0,...,f .0,0,.,.) where fi is a vector on i position. Then
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we have Ilfkll =1, Af, = (0,0,...,Aifi,0,...) and
Hall = [lag || = [la; flll
So IlAi|| = sup l!Ai kll < ||all for all i and then
I

M = sup||a || < [[a]ll. o
1

Proposition 4. Ku+ is isometrically isomorphic to Binv'

Proof. Let A e Blnv We shall define the operator valued

weighted shift A -~ (A), then XGK - Let i: B, =~ =~ K _ be defined
by i(A) = A. It is easy to verify that i is linear; by Proposition

2 i is surjective.

Also i is an isometry: lIi(A)I|=||K|l=suplfAi||=|IA!l. o

Proposition 5. Let Xex +¢ then B - (B, )€Kz if and only if
there exists B, €B v such that the sequence (AnB A n) is uniformly
bounded and B = AnB a™nR,

Proof. Let A€K u+? PY Proposition 2 A - (A) if B - (B )EK—
then B, A = ABi 1 for all i, i.e. Bi = ! i -i

AaB,_ A" =a'Ba” and the
sequence (at BOA ) is uniformly bounded.

Conversly, let B 0€By, Pe such that the sequence (A"B oA n)n
is uniformly bounded, and let B = alp A . Then for the OVWS
B ~ (B ) we have BA = AB j.e. BEKK [

Examples:
1. If B, =1, thenB=1uy

]
>l

2. If B, = A, then B

3. Let A be quasinormal (A commutates with A*A) and A = UP be
the polar decomposition of A, then for B o=Ps B—PEK +Kz; and for

A
By = U, B = TeK, Nk,

4. If B, commutes with A then B = BOEKu+nKK.

Proposition 6. Let XEKU+ and A = UP be the polar decomposition
of A, then & is unitarily equivalent to an unilateral operator
valued weighted shift with positive weights Q€K=.
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Proof. Let XEKu+ and A=UP be the polar decomposition of A.
Then U is unitary operator and P is positive. Let W = diag(Un):=o
be the diagonal operator with the diagonal elements (Un):=°, then
WU W* = U, i.e. the operator valued weighted shift U~ (U) is
unitarily equivalent to U,. Also A = Udiag(P) is the polar
decomposition of A.

Then A = WU W*diag(P) = WU, W*diag(P)WW* = WQW*. Q is the

operator valued weighted shift U W*diag(P)W - (UnPU—n);=° with

positive weights. By Proposition 5, Q€Ka. <

Corollary 7. If A is quasinormal, then A is quasinormal and
unitarily equivalent to P,

Proof. A is quasinormal iff PU = UP. Then Q = B. ¢

We can see now that if A and B are unitary operators on &,
then K= is isometrically isomorphic to KE'

A

Proposition 8. Let A be an unitary operator then KK is
isometrically isomorphic to Binv'

Proof. Let B.EB, .. We shall define the operator

— A n -n, ® _
B = diag(A"™B A ) _, and B = U.B,.
: n, ,=n :
B is bounded: ||B|| = sup||A"B,A""|| s||B,|| < =. So B is

an operator valued weighted shift and Be€Kx.
. . K . = . S
Let i: By o —~ Ki be defined by 1i(B,) B (A"B,A )€KA’ It
is easy to verify that i is linear.

Let CEKK. By Proposition 5, there exists C°€Binv such that

c - (AnCOA—n);=° i.e. i(C,) = C. So, i is surjective. It remains

to show that i is an isometry.

[1i(Bo) || = |IB]] = sup||a"™BA™"[| = [[B,I| (for n=0). ¢
n

Corollary 9. If A is an unitary operator, then there exists a

map which is isometric isomorfism of Ku+ onto KK’
Corollary 10. If A and B are unitary operators then KK and Kﬁ

are isometrically isomorphic.
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Proof. Let i: KK - KE be defined by i: C - C, where

c -~ (AnCOA"n)n and C, - (BnCOB-n)n. Of course, i is isomorfism.
tia@ ] = [e, bl = Jlcgdl = Jlell, so i is an isometry. ¢
Proposition 11. The operators A and B€B(¥) are commuting

iff ReKg. )

Proof. Let AB = BA and X ~ (A). Then A = A.1 = AB"B™™ ang
so KEKE. Suppose now that KEKE. Then for some AOeBinvx ~(BnA;B-n)

i.e. A = BnAoB—n Tor all n. For n=0 we get that A, = A and for
n=1, A=BAB"" j.e. AB = BA. ¢

n'

Next we should like to give some information about the opera-
tors that commutates with U+.

Let (Ai)I=° be a sequence of bounded linear invertible opera-

tors on # and Ai -(Ai)EKu+.
A polynomial in U+,
n-1
= yg*% 1 x *
P.(U) = U} + i£°U+Ai+1, AiEKU+ (*)

has the following matrix representation:

A, 0 0 .
A, A, O .
An n-1 Ah—z'
0 An An—1 .
0 0 An .J
L. . . .

Note that the matrix is lower triangular and the non-zero en
entries lie in a diagonal sﬁrip of width n+l. From (*) it is
obvious that IIPn(U+)l| s I IIAiII. So every polinomial of type

i=o

(*) is bounded and commutes with U+.

Now, let X€B(22(¥)) commutes with U+. The computations show

X is the formal power series

- i— =
U:_A°+ Z UA A

* %
jmo F it €Ku **)

i +

X has the following matrix:
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A, 0 ]
A, A, .
A, Aoy Ppa
n+1 An n-1
An+z An+1 Ay :
L. . . .
Nete that if X is bounded, then (Ai) is uniformly bounded
secuence of operators. Let f£,€#, ||f,]] =1 and £ = (£5,0,0,...).
Then ||£]1=1 and = > [|x]|? 2 [[x£]]|* = = A, f,l
i=o
2 ||a £, |12 for all i, and for all f,€H, ||f,ll
Then | |A, II‘H suf) HAifOIISIIXlI < =, for all
fol l=1
i= sup||A s %] < =

Note also that if the sequence (A ) is uniformly bounded,
then X is not neceserily bounded on L2 (H) For example, let A, be
. . — = iy—
unitary for all i and let X = U_"‘_Ao + U+Ai+1‘ Let f,€H be such

that Ille=1 and f=(£,,0,0,...). Then
112 2 |Ix£]12 = & [la£ [1%= 2 | £,11% = =.
j=o i=o
The natural question that arises from the above discusion is
the following: '
When the formal power series (**) defines a bounded operator?
We shall prove the following:

proposition 12. If {||a ||}i_ €2’, then the formal power
series (**) is a bounded operator and is the limit, in uniform
operator topology of a sequence of polinomials in U,

© 1 —T1* D im—— -
pProof. Let {||A1||}i=°ez and X=U¥A, +1i UA L, Ai (A EK .

Let € > 0, then there exists n°€N such that for n 2 n_,

L |IA1|| < Ye.
i=n+1
Let £ = (fo,f1,...)€23(H) is such that ||f]| =
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Then:

(X-P_(U))f = (0,0,An+1f°,An+2f°+An+1f1,

£f+a  f +An+1f,,...,kz a

n+3 o “n+a"1 n+m-k+1fk"")

and so:
[1(x-p (U E]|23=]|a_, £ ol 12#11a , fo+n | £,]]%+ !
A fotA £ 4R L £ |]|24... <
e ol 1261 1A, 2 124 a2 112420 A, 61| |1a, £,1] +
P sfol 1241 1A, £, 1121 Ia, £ 112020 1AL, 601 Ta, .11 +
20 12ny Lol | 1An, £al 1320186, 01 1A, €011+, . =
igo'IAn+1fi'|3 * 1§o|‘An+zfi||2+"'+ziio||An+zfi|| e By 1+
2 2 Ihg gy 11 g g 15 <lIa, 11211115 [ 12 .t
2 g IIAn+zfi,lz)1/z(.; HAn+1f1”a)1/3 *
i=o i=o
201 |la,, AICRAS L N DL
i=o i=o
< igollAn+ilI’+2llAn+,ll Hag, #2118, 11 A, 1] +... =
(; ||A1||)2<e.
i=n+,
- [x-p (U (U] = sup II(X—P (U N£l] =

HE]=1
i.e. X is the limit in uniform operator topology of a sequence of
polinomials in u,.
Now from the inequality:
HXIT = Je @) 1] s [lx=p_(u)]] < e

we get that -
Hep) i < [IxI] slIp ()] l+e < izollAill te<e

i.e. X is a bounded operator. ¢
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3A ONEPATOPCKO TEXMHCKHMTE WIWOTOBH MTO KOMYTHPAAT CO U

Mapxja OposdaHen
Pe3HME

Bo 0BOj TPYR PasrsiegysaMe HEKOH CBOJCTBa Ha OnepaTOpH OR Ku+
H OR KA Kage WTO A€lgl+. KHcTo Taxa mapame HexoH HHPOpMamuu sa
onepaTop® WTO KOMyTHpaar co U, . lipecmerysamaTa noxKaxysaaTr Aexa
onepaTopoT X€RB(L2(H)) mro KOMyTHpaA CO U+ € POPMANIHMOT CTEMNEHCKH
Pex

- §—— -
U*A + [ U A €K, .
+0 j=o i417 10,
Ha kpaj mokaxysaMe gexa ako HH3aTa (| IAil I):=°€!.' TOorau

(OPMAJIHHOT CTEeIlEeHCKH pen e OorpaHMyYeH OnepaTop H € rpaHlua, BO
paMHOME@pPHa OTmnepaTop TONMOJAIOTHIa, HA HM3& OR TIOJIMHOMHM OR U+.
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