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TWO THEOREMS FROM DIFFERENTIAL CALCULUS*)

Jovan V. MaleSevid&

The paper presents two theorems from differential calculus,
in some sense the analogons of Cauchy’s theorem, as the genera-
lizations of the corresponding theorems from paper [1].

Theorem 1. Let the function f(x) and ¢ (x) be continuous on
the segment [a,b], have the corresponding unilateral derivati-
ves at the points a and b, and let be

f(b)-f(a) f(b)-f(a)
f’'(a) - — ¢’(a)J[f’(b) - — ¢'(b)] >0
[ ¢ (b) =% (a) ¢ (b)=9 (a) (1)
(¢ (b) # ¢(a))
Then the equation
. - - _f(b)-f(a) - =
G (x) = £(0)-£(x) - pytarle 0 -0(n)) =0 (2)
r=a or r=b, has at least one zero in the “interval (a,b) at which
function G.(x) alters the sign. '

Proof. From condition (1) either

£ (a) > HRI=EAL 4 (a) A £ > e ), o

or . 2
£ @ < SRty a) A £y < e m
follows.
In case (3), writting
0 = £00~f(a) -LRIEA) [ ()4 (a)] )
(=£(x)=£(b) ~HRIEAL Ly 2y 4 (1) ])
we get
°i(a) = £/(a) ~£lI=Ela)y, (o) 4 “
e’ (b) = £'(b) -fﬁ%gwm >0,

*
) Presented on January 22, 1982 at the Institute of Mathe-
matics in Belgrade, Yugoslavia.
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and so there exist mmbers n, and n, swck et
ad<n, < u, <b A @((m,,)u > @y ®ln,k < O

secause of contimuity of the functifom #{x] om the segmemt [a.lb} -
there exists n€ln,,n, ) (a,b) such that &in)-@, i.e.

. ) —FF (an)) N
G_(7) = £(n)~£(r) —f&;”)_wg;; @) = & (r= or —hj.

In a similar way, the same conclusiom is obtaimed im case
(4) . Thus the theorem is entively prowed.

For ${x) = x from the above theorem, theorem I from paper
[1] follows.

Yor
¢(r) = £lr} (r—= amd r=h), (73

from the above theorem it follows that, under the given ocomdi-
tion, the graphs of the fumctions y=f(x) and y—¢(x) imtersect
above the interval (a,b) at least at ome poimt Cim,Ef(md=pimi].
n€(a,b). Then conditiom (1) redwes to the form

[£(a) - " @[ @) — ¢"om] > 0 ). sy

Definition. Let (f,¢} be a pair of contimwos fumc-tions om
a,b}] bhaving the unilateral derivatives at the points a amd b
[a.b]

. £7 (a} £* (v}
and the guotiens g (a)‘ :ﬂqt";ﬁbﬁ limf:::;—:::;ing
f{x)-fla - ;
He S ¥ 3wy ®)
+ —

respectively. If

=n-[ fr(a) £7(b) £b)-Fla) _ Eb)-Fla) \
Of { 7@ B smIsal ~ $lbi—a(a) GOMEED, (9

max. t

then we say the pair (f,¢) is regular. If, in additiom, both

£’ {a) £'(b) . f(b}—Efal fon
7 (a)” () are different from TRl ola)” we say the pair (£,46)
is strictly reqular.

Note that if

8 < ¢ la)-¢"(b} < =, €10}
then Theorem ! is wvalid for a strictly regular pair (f,4). This
*} In case of the eguation x}~Elrt~-folxi~¢0r) =0, under

f(b)-fl{ai=¢{bi~-dia} # &, the abowe comdition of existence aof a
zero in the interwval {a,b} is zalsc sufficient.
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implies that the condition 37) in the Theorem 4 from [2], under
g'(abg'%))@,hmthmﬁmwmsetmisw.

Coroliary 1. If the fuctions f(x) and ¢ {x) on the segment
[a.b] Ffolfill the conditiomns of theorem 1, have the derivatives
im the interval (aJb) amd “

#T0x) # 0, WeE(ab) ); (11)
then there are at leest teo mwbers £ ,%_€(a,b) such thal

4D :
E(b)~Fla) _ i .
A@Iwta) BT T2 (12)
— mpecification of Cascly®s theorem for the given hypotheses.

Indesd, by Thoorem 1, the sygnation

®(x) = [o@)%@0] [F-FG@)])-[F@)-£1a)] [+ (x)-s(a)]=0 (13)
s at least ome zero wEia,b) ard From

sfa) = #(®) = ®{n) = O,
the stabememt Follows.

Lett ws vemark that the statement of corcllary also bolds
for the peirs of strictly regular functions {(£,4) which have the
derivatives im the ivnterwl (a,b), and for which conditions (10)
anmdl {11) hold.

Wote that for ${x)=x vorpllary 1 vontaims corollary 1 from
paper f1}.

Corollary 2. If the fonctions f{x) and ${x) on the segment
§Ia,,b§ Falfill the com@itioms ©f Theorem 1, hawe the derivatives
in the interval (a.b) and

Ak
P # 0, EEla,d) s (14)
then there exist at lesst two wwombers gl,za'lstla,.h) such that
£r1g,) B, H~Fla) FrHz,) Fle ) -£{b)

IE,T  FIE, -#a) e &7 | el BTy

where €.,€1n,,b)., T, B0a,n,%» 7w, -~ being a zerc of the equation

(15)

k)

) The conditiom g {blieia) sow is the result of condition {i1}.
ek N

) It Toilows: DYési@’ A »ix)#Fpir), ¥x€{a,b), {(r=a and r=b}.
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Ga(x) = 0 on the interval (a,b), n, - a zero of the equation
Gb(x) 0 on the same interval. The functions Ga(x) and Gb(x)
are given by

f(x)-f{a) _ £(b)-f(a)

F0=e @) - s BI=e(a)’ *€tasbl,
G_(x)=% (16)
a £'(a) _ £(b)-£(a) w=as

$7(a) " s(b)-e(a)’ i

f(x)-f(b) _ f(b)-f(a)
SI=e(BY ~ $(b)=e(a)’ X€[a:p),

Gb(x)=‘ (17)
£/ (b) _ £(b)-£(a)
[$7(B) ~ $(b)-e(a)’

Indeed, for x€(a,b), by Theorem 1 and (16)

x=b.

Ga(“1) = Ga(b) = 0, n,€(a,b)
follows; for xe[a,b), by Theorem 1 and (17)
Gb(“z) = Gb(a) = 0, n,€(a,b)
follows. Now applying the Rolle’s theorem we obtain
Gé(i,) =0, g,€(n,,b) Gé(i,) =0, £,€8(a,n,),

respectively, and hence the corresponding conclusions in (15)
follow.

Let us remark that the statement of corollary 2 also holds
for the pairs of strictly regular functions (f,¢) which have the
derivatives in the interval (a,b) and for which conditions (10)
and (14) hold.

For ¢(x)=x corollary 2 contains corollary 4 from paper [1].

Theorem 2. Let the functions f£f(x) and ¢(x) be continuons
on the segment [a,b], have the corresponding unilateral deriva-
tives at the points a and'b and quotients %}%%%,%;%%% are defi-
ned") and at least one of the relations

£'(r) , £(b)-f(a) _ ~
7T 7 $(b)=s(a)’ Y-a or r=b, (18)

holds where it is supposed that

¢(b) # ¢(a) A ¢(x) # ¢(r), ¥x€(a,b) (19)

(r=a or r=b). If the value c is between

*) The relations (8).
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£f'(r) f(b)-f(a)

a7 (0 2™ F15) =4 (@) (20)
(r=a or r=b), then corresponding equation
F (x) = i(zg g(ig -¢c =0, r=a or r=b, (21)

has at least one zero n€(a,b) in which the function F (x) alters
the sign.

Proof. Let, for example,

£’ (a) f(b)-f(a)
@) 7 ° > s la)” (22)

Then for function
[ £(x)-f(a)

; s (x)=¢(a) c, a<x<b,
Fa(x) = } (23)
[ £'(a) = a.
L@y o X =
holds
F(a+0)=§—;—§%)y-c>0.

Therefore, there exists a number a€(a,b) such that F (e¢) > 0.
Since

_ £(b)-f(a)
Fal®) = sBy=star

and the function F,(x) is continuous on the segment [a,b], there
exists a number ne(a b) & (a,b) such that F (n) = 0, that is

£(n)-f(a) _ -
F(m=é(ay ~ = 0.

In the other cases, one proceeds similarly.

- c <0,

For ¢(x) = x the above theorem contains Theorem 2 from pa-
per [1].

Corollary 3. Let the functions f(x) and ¢ (x) be continuous
on the segment [a,b], have the corresponding unilateral derivati-

ves at the points a and b, and derivatives in the interval (a,b),
and

$'{x) # 0, VUx€(a,b). (24)
T e £) L £ m) ")

() T 3T(bY (25)
and the value c is between f,g:g and g fg;, then there exists a

number Z€(a,b) such that

*
) This supposes the existence of the quotients T

AA
o

and
I(b
hy*

©-irh
~
¢



d(2) .y (2%)
W'((g')(&x‘) Fr(¢h
L £ L 4 ) .
,ff'(aa;mmﬁfé%;mmr«w) # Waﬁﬂ tilre mumiber @« iis ettweem
¢a 'z aa ; M'ZE),' itam

F7(6n) __ b))
)] -- e (DA )., «2zm

ait 1besdt ffor come 11, s @y n=th. Wor sswdh o, e muser © iis letw—

£ £ (0 )5 6a)) )
W) T m e O T W)

IIn tHse former auss, hy Mreoren 2, tiene is rrh_ﬂta,,}b)) sucth
thlaat My ibs aa zzexo off empadtiton
%_(6) = )~ ) ~ adfEd(@)]] = ©.. (28)

oegEm

Ngow £f0om
% (@) = 0 M @ () =@®

mmmwmmn%mmm%m

—~ TR ) )

W EE)) =00, i.ee. D _ o,

W”(- ) ..
MQW&)E(W)‘E’(&)) e aessilditoorore aiif thee ymoili
fEdlbows yy tttee Cawdhy''s Hisaoren.
Pax &) = x titre adlvoree conellllyy coamittrdiines tHise welll-Sauwmn
Dnider asssumyitivon whet neelbtdom (E27) Hedlifs ot Tsesit For o
G, rFea cor rdh, condllbany B giivess,, S iin someee seewsn, G asttnsiicon anf

ttee s formila oo e wailteco=== wgmmm“"
) L BE) k)
W) =nta) W,(w)w:mxmr:rbi -
TEf 7 _
Frix) | Boy-fla) Hnesh, 28

G W) -’
e cabove wexiension does mot exist and only e Canchy s Foommala
reamains.

J[pecially, for a sbukotly wegular pair, we. have
Frip) ,, Fitb)<f@)

zwd Hsen ithe mentionsd extension holds for all waloes © betwesn
——g—

) IIm ‘this wese a more jprecise wresult than wsually stated
s obtdined: £ is ‘hetwean r and n - nl;Efia,,rbﬂ‘) .

o)
TFoY ‘o (xR yex tire Derboux theoren —an be :considered as an
exierssion «of the Lagrange s FTormula.
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Rezine

U radu sw, ko Dowi rezwitzti dztd stawewd @ i 2, anaslegad
teoremi. Caunchy—-a iz matemettithke amlize, i posledice shawoum I
i 2. Stavovi 1 i 2, sa posledicons, wopiStaweis staeowe L i 2 i
meke mjihove msﬂdmmumﬂly.



