3A E[JHA NPOCTA OCOBHWHA HA U

HA HEKOW OPTOT'OHAJIHM MOJIMHOMHU
TOMUIEH 350PHUK HA ®WJI030PCKNOT ®AKYJITET
HA YHUBEP3UTETOT BO CKOIIJE, Knura 4, N°5, (1951), 1-8

1. da ro sememe IOJUHOMOT

e Re (%) = cu D" [(x— @) (x - )], D-;—;.

Kane LUTO ce a u b npouaaonuu'cbm(cupaﬂu Gpoiesu u c,
DpOM3BOAHA KOHCTAaHTA.
Co nocnepnoBaTenno nudepeHuupae Ha (1), noGusame

@ RE? (x) = e D+ [(x — a)= (x - b)7]
[Mpumenysajiu ja popmynara Ha Leibniz, nmame?) k

@ RP-en £ ("47) @hpr G- T (8

BuUMajK4 NipenBUI, AeKa
("%7) D* (x - @y D% (5~ )"~ 0

3a cexoe n < k vwnu k < r.
Oxn (3) umame

4) RY (a) = ca ("j’) nln(n-1)---(n-r+1){a~-b)"—r,

H
& (b) = (= 1)+ Ry (a)-

2. lNonvHomuTe HA Legendre ce no6GuBaat on (1) axko
ce zeme

1

a=lib=-b ¢n=gapy
1 n {2

Pn(X) = 75 D" (¥*-1).

On (4) ja. no6GuBamg KaKO NapTuKynapeH Ciiydaj ocoGuHaTa
HAa OOJUHOMOT P, (x)

6] Py -er-pit ().

Cr-DHH=1-3---(2r-1),

nanena on Grosswald!.
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Hero taka on (4) ja noGuBame ocoBuHaTa
P (- =(- D™ P (D).

3. Jo oco6unaTta (5) mOXe ma ce nojae u akKo ro UCHod-
sayBame HapasyBakheTO Ha NoJHHOMHTe P, (x¥) co nomoiura Ha
XunepreomeTpHCckuTe YyHKUUH. ‘

Oxn

Pu(0=F(-nmn+1, 1I %),

Kajge 1LuTO e

F(a, 8, f,x)=z%‘$)”n—‘(°3—:x",

(w)y=w{w+1D--(w+r—-1)((w)=1,

BMMAJKK npenBun, nexa

) | ‘:,;,F _ (0‘();;5)' F(atrB+r,y+r,x),
noGuBame ’
PP (0= (2r- 111 (") Flr-mren+1,ren, ! ==

QOueBuaHO, 00 Tyka 3a x-=1 ja umame penauumjara (3).

4. Legendre ru e neduHupan noJuHomurte P,(x) Kako
KoeduuHeHTH HA CTeleHUTe Z OJ Pa3BUBaH€TO®)

A-2xz+2)" = i P,(x)z".

n=0

Axo ja passueme noomnurTata ¢PpyHkuuja?)

(1-2xz+2%)7= $ ¢ ) zn,

n=0

BO cTeheHen pen on z, xoedpuuuenTute C), (X) Ha OBOj pen 3a
NpPOU3BOJIHO Vv, NpeTCTaByBaaT MoJIMHOMH HapeueHn Gegenbauer-
©@BH?), KOjIUTO ru ondakaaT Tue Ha Legendre kako cneumjanHu
cayyaj sa v=1/2. - e

Viapazenu cO NOMOLLUTA Ha XHIlepreOMeTpHUCKHTEe (PyHKUHM,
Te Cce .

I'{(n+2v)

Ce()= T2y

F(n+2 v,—n,w+‘/2,'l ;x)

Cnopen (6) ke umame

v (r) T(n+2v+r)C(v+r)
[Cn(x)] =2 FmTI—PA T @vrZAT M

F '(n+2v+r,r ~ 11, V4 *,‘- ) —l—:2—f) :

Opn Tyxka umame ocoO6MHa aHaJiorHa Ha (9), 3a NOJMHOMHTE
Cr (x) na Gegenbauer -

47



v 1, IT'{(n+2v+ryr(v-+r)
Len =2 Tr+1-OAC@v+2AT @)

5. lNonmHomuTe Ha Tschebyscheff 7, (x) neduHupaun ce co?)
T,(x)= (=1 V1= X2 Dn(1 - x2y-—s,
" -1 .
3a HHUB ja noGusBame ocoGuHaTa

r +r =1
TOM=n@r-2yn ("),

ON A PROPERTY OF THE DERIVATIVES
OF ORTHOGONAL POLYNOMIALS

(Summary)

The purpose of this paper is to give an alternative proof and a
generalization of the result

(r} 4 r
) P (1y=(2 r—111 (2r i
Cr--D1l=1.3...(2r—"), -

’siven by Grosswald, [1]* where Pn(x) are Legendre polynoniials. We

educe too analogical property of Gegenbauer [2] and 'l%chebyscheﬁ 31
polynomials. :

1. Let- Rn (x) be the polynomials
. » : d
Ra()=cn Dri[(x—a)(x-b)= ], D=

with a and b'arbitrary fixed number and ¢, an arbitrary constant.
By using Leibniz's formula, we obtain [4]

rz
) (X) == niry nlt —ay—k . Tt By
Rﬁ, (x) an):_:r( E ](k——-r)l (x —ayr—k (T (x—bYk—r
according to the relation
(”‘,j:‘r’) Dk (x—ayn Dntr—k (x-byn =0, n <<k, k < 1.
Then we have

@ R (@)= cn '(”“ﬁ’) n1 (ﬁ] rl (@a—bya—-r,
When the constants have particular values

. 1
a=1, b= —1, cp = —— ,
) " 2" nl
the polynomials Ra(x) are called the Legendre polynomials. We immedia-
tely find then the relation (1) obtained By Grosswald.
From (2) we obtain the following analogical property

: PL (== (D= P (D).
2. Another proof of the property (1) involves the use of the functions

hypergeometrics.
It is well known the relation

Prn(x) =F (—n,rz+l, 1, ];x],

1) Numbers in brackets refer to the bibliography at the end of the paper.
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and it follows
PIxy=@Rr—DN [T Flr—n, ren+1, r+ 1—x
T ()= (2 nn ( o ) ( n, n+1, 1, 5 )

It is obvious that for x=1.we obtain the relation (1).

3. Legendre defined the polynomials P, (x) as well as the coeffi-
cients of the powers of z in.the expansion [5]

(1—-2xz+23)—2=3 Pa(x)zn.
n
More general functions C) (z) are defined by the coefficlents of z
in the expansion of

(1-2xz+z2)—v=% Cp(x)zn:
i n

and they are known as the Gegenbauer polynomials.
Differentiating r times with respect to x and putting x=1, we get [6]

20 v+ r—Dzr -2+ = X[l o], 2~
n
We obtain in this case, equating coefficients of z»

v ) _ T (z4+2v+r) T (v+0)
@ [Cheo]Z, =27 Frril—p T Evri2ATW

With the assistance of the functions hypergeometriques

2
Ch ()= BTV (ij_”l';' r“?z o Fat2vi—mvits, (1-2),2),

we obtain too (3).
For the Tschebyscheff polynomials

Tn= S PIVIE pa e,

we find the analogical relation

T ()=n@r-2Nn ("j,’:,‘ )
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