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APPROXIMATION OF A FINITE BLASCHKE
PRODUCT BY INFINITE ONE

Nikola Pandeski

Abstract

Let by (z) be a finite Blaschke product in the nnit disk in the
plane. We find a sequence infinite Blaschke product which converge
to by (z) uniformly on the compact subsets of the wnit disk.

Let U be the unit disk in the plane. We call the function /{ =),z €,
an inner function if its radial boundury function /*(¢*¥) satisfy (e = 1
a.c on QU. A infinite Blaschke product in the unit disk is a function

fo'e)

M-z el & | N
b(z) = —— 1— I\ 5 l
- kI;Ill_/\k Ak A;( [Ar]) < o (1)

[t is clear that the numbers Ay, k € N, are zeros of the Blaschke product
b(z). A finite Blaschke product is a Blaschke product with finite nany

Zeros A1, Ag, ..., At
n

/\A.—: )‘L'
ba(z) = J] 2= 2EL (2)
]};I[ I '-/\k /\k

By Frostman theorem. (see for ex. [1]) if /() is an inner function.
than for almost all « € {7 the function
I[(z)—a

m:b(:). zel (3)
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is a Blaschke product.

Theorem. Let b,(z) is a finite Blaschke product. Then there exist a

sequence of infinite Blaschke products b,,(z) = b, (A _m) z), m € N which
converge to b,(z) uniformly on the compact subsets of the unit disk.

Proof. For every m € N. define
Up () = exp (—;—> , zeU. (4)

It easy to chek that u,,(z) — 1, 2 € U, uniformly on the compact subsets
of the unit disk.

Let hp(2) = bp(2)um(2), 2 € U, m € N. The functions h,,(z), m € N
are inner functions in the unit disk. We choose a sequence (a,,)_, in the
unit disk such that a,, — 0, m — oo and

hm(z)— Ay

TGz o men (

v(J‘
~—

are Blaschke products. Since the equation
hm{z) = tm, (6)

has infinite different zeros zeros, the Blaschke product in (5) is an infinitive
Blaschke product. If m — oo, then

Bm(z)_" bn(z) (

uniformly on the compact subsets of the unit disk.
To find the zeros of the equation (6) is not easy problem. Another way
to solve this problem is the folowing. For m > 2, 2 > 0, define

; k
m 1 .
7-‘k’=—1-<1————) , k=1,2,... (8)

-1
~—

m Trm

Let Ay, Aa,..., A, be the zeros of the finite Blaschke product. We may sup-
pose that |\ | < |/\ <o <|Anl Put Mgy = Ay Az = Aoy Ak =
AL, k_l,Z, .. Let

[ ]

.1 F ,
‘Am - Z [(l - l’\kl)l/k - —7;] y m 2 23 m 2> 2 (9)

m
n+1

]- m m -
——] +RU argdl™ = arghi. k=1,2,...

(m)y _ 4 _ 11 _ 1/k _
(10)
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It easy to chek that AL )\(‘m) if j # k& and A Ap, m — oo, for
‘ J k k
every k and

ST =P =S = D, i m— oo, (11)
k=1 k=1

Let Bn(z), m € N. be the Blaschke ])Joduct with zeros (/\(m)),\ =1 It is
easy to chek that '

Tim b,l(A(m )=0, lim B, (\)=0. (12)
Let ru(z) = [bn(2) — Bm(2)|, m € N. Using (12) it is easy to chek that
Tom(Ar) — 0, and rm()\(km)) —0ifm— o0, k=1,2,...1f 2 &£ )\Scm), and
z# /\(,C ), then also o

rm(z) — 0 (13)

uniformly on the compact subsets of the unit disk.
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ATIPOKCUMAIINJA HA KOHEYEH BJAIIKEOB
IIPOMN3BOA CO BECKOHEUYEH

Huxona [lapneckn

Pezuwme

Hexka b,(z) e koHeueH BiallkeoB NPOM3BOA BO €AMHUYHUOT IHCK.
KoncrpyenpaMe nu3a GeckoHeuHM DBiaxkeoBUM IPOM3BOIM KOja KOHBEP-
rupa KoH b,(z) paMHOMepHO Ha KOHTAKTHM IOJMHOMKECTBA OJI e UHUY-
HIOT IMCK,
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