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AN IMPROVEMENT OF JENSEN’S INEQUALITY

Sever S. Dragomir

Abstract. A refinement of the well-known inequality due to
Jensen and some natural applications are given.

The' main aim of this note is to point out a refinement of
the well-known discrete inequality due to Jensen:
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The following theorem holds.

Theorem. Let f,C,xi,pi be as above. Then
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Proof. Firstly, we observe that

1 - =
P 1i1pif(tx +(1 t) j£1Pj j)

1 :

= = z P f(—— 2 (tx, +(1-t)x ’py).
Pha=s 1 Pn J=1 37

Applying Jensen’s inequality, we derive that
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Since simple computation shows that
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the first inequality in (2) is obtained.

To prove the second inequality, we also use Jensen’s re-
sult. Namely, we have:
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Finally, for all i,je{1,...,n}, we have:
f(txi+(1-t)xj) < tf(xi) + (l-t)f(xj).

Multiplying this inequality with pipj 2 0 and summing after
i and j to 1 at n, we derive:
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and the proof is finished.
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Agbiications. 1. Let (X, ||+||) be a normed linear space,

p21, xiex, Py 20 (i=1,...,n) with P > 0. Then
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2. Let X40Py 2 0 (i=1,...,n) with P, > 0. Then the following
refinement of arithmetic-geometric means’ inequality holds
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The proofs of these inequalities follow from the above theo-
rem for the convex mappings:'f1: X + R, £,(x) = = “P and
£.: (0,) > R, £,(x) = -1nx. We omit the details.

For other recent refinements of Jensen’s inequality see
the papers [1] and [2] where further applications are given.
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