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A STATEMENT OF DIFFERENTIAL CALCULUS IN
CONTEXT OF CODOMAIN OF THE FUNCTION

JOVAN V. MALESEVIC

Abstract. In this article we give an analogue of Statement 3 from
[1] with appropriate geometrical interpretation in sense of codomain
(image) of the function f(z).

Using theorem of Darboux, some generalizations and analogizes of the-
orems D. Trahan [2] and T. Flett [4] by Theorem 3 from [1] are given.
In this article using Lemma 2 [2] of D. Trahan and Corollary 3 from [3],
the following Statement, with the mentioned emphasis on the geometrical
interpretation, is given.

Statement. Let f : [a,b] — R be differentiable function. If there erists a
point zg € (a,b), such that f"(xo) exists and

r—Xo a r—Xo

> >0, forr=a andr=>b,
then exist at least two values & € (a,b) such that

(2) Fe) = TELIED gy g

&—xo

Proof. Let us introduce function

f(z) = f(xo)
3) Flo)={ a-20 " # @ € (a,b)
fl(xo)  : z=ux

It is true, for x # xq:

f(@)(z = x0) — (f(z) — f(x0))
(z — x0)?
27

Fl(z) =
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and
B f@)=f(xo) _ pr(, N
lim M = lim —%% f'(z0) = lim M
T—I0 xr — ,:L'O T—I0 xr — ,:L'O T—I0 2(:17 — ,:Uo)
1! 1
o @) 1),
z—xzo 2 2
. . . . . / . f”(JEo)
ie. function F(z) is differentiable over segment [a, b] and F'(z) = 5
1°. Based on the sign of the difference fO)=fla) _ f(r)=f(zo) > 0, in
b—a r—xg (<)

r = a, we obtained one upper (lower) bound for value F'(a) as follows

(4) Py L@ = 1) _ f0) = fla)

a—z9 (>) b-a
Previous inequality is equivalent with

(f(0) = f(a))(a—b+b— =) S (f(a) = f(b) + f(b) — f(20)) (b —a),

| (F0) = @) (b~ 20) < (£(8) = F(z0)) (b~ a).

meaning that

and finally

(5) Fl(a) f(a) :f(l"o) f() : f(a) f(b()) : f (o) = F(b)
a o (>) a (>) o

Therefore

(6) F(a) < F(b) <> (F(b) — F(a)) > 0.

(>) (<)

fO)-f@) _ f0)=fa) o
b—a r—=Ig (<)
r = b, we obtained one lower (upper) bound for value F'(b) as follows

(7) f(b) = fla) _ f(b) = f(zo)

b—a (<) b—2xg
Previous inequality is equivalent with

(f(0) = f(a))(b— a+a— ) 2 (f(0) = f(a) + f(a) — f(z0)) (b — a),

20, Based on the sign of the difference

= F(b),
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ie.

(f(6) = f(a))(zo — a) < (f(wo) = f(a))(b— a).

meaning that

and finally
fla) = f(xo) _ f(b) = fla) _ f(b) = f(xo)
Flay= a—x0 (<) b—a (o b-uwxo = £
Therefore
(8) F(a) > F(b) < (F(b) — F(a)) <0



30 JOVAN V. MALESEVIC

39. Based on the sign of the difference f’(r)—M (>) 0,in7=a, we
<

obtained ) Y
Pl = LEE=m) - () = fon))
_ f'(@)(a—x0) — (f(a) — f(x0))
(a — x0)?
L (@ 1)
_a—:n(](f() a — xo >(§)0’
9) F'(a) é) 0.
Analogously, in r = b, we obtained
/ . 1 / f(b) - f(iEo)
F(b) = b— xg (f (b)— ﬁ) (<)0’
(10) F'(b) (i) 0.
4°. From (6) and (9) follows
(11) F'(a)(F(b) — F(a)) <0,
and analogously, based on (8) and (10), we can conclude
(12) F'(b)(F(b) — F(a)) <O0.
Therefore, is true
(13) F'(a)(F(b)— F(a)) <0 A F'(b)(F(b) — F(a)) < 0.

Next, using Lemma 2 [2] and Corollary 3 [3] respectively, existence least
two £ € (a,b) follows such that F'(£) = 0 and therefore follows (in Fletts
denotation):

i) — €T .
(1) (36 € (@) fi(e) = L) gy

& — To

Geometrically interpretation. In this part we geometrically determined
part of codomain of the function f over segment [a, b] in case of tangents
in points A and B and their intersection (f'(a) # f'(b)), based on the
following conditions:

(15) f’(a) _ f(zo) — f(a) >0 A f/(b) _ f(b) = f(xo)

> 0.
To— a b— xg
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JFrom previous proof of the Statement we have:

flzo) = fla) _ / f(b) — f(xo)
y ;]07_&<f(a) A f(b)>ﬁ,
(16)
f(zo) <Ta: f(o) < flartf (a)(wg—a) A f(w0)>Tg: f(zo) > fOHS (b)(z0-b);

therefore we have the following Figure of function f(x) over segment [a, b]
and tangent in point A (bellow this tangent is region Dj), and tangent
in point B (above this tangent is region Ds). On this way in Figure we
have interior region D = Dj N Dy for both possibility in (14). Special
consideration in connection of codomain of the function f(z) in regions D
and Ds correspond relations (11) and (12) respectively.

Dg T,
™~

A D
f(Xo)
A \L
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ENHO TBPAEILE 3A INMPEPEHIINMJAJIHOTO CMETAILE BO
KOHTERCT HA KOIAOMEHOT HA ®YHRKIIMJATA

JoBan Manemesuk

Peszuwme

Bo oBoj Tpyn maBame aHAJOTHO TBPAEHE HA TBPAECHETO 3 OX [1] CO COO-
BETHA M€OMETPUCKA UHTEPIPETALUja BO CMUCIA HA KOZOMEHOT (CIAMKATA) HA

dynrmjara f(x).
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