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INFINITESIMAL BENDING OF CURVES

Ljubica S. Velimirovié

Abstract

In this paper we consider infinitesimal bending of curves in
R3. The field of infinitesimal bending and deformed curve is given.
Infinitesimal bending of circle is investigated. Variation of the tor-
sion and curvature for a circle under infinitesimal bending is consid-
ered. Infinitesimal bending that plane curve remains in the plane
is given. Infinitesimal bending is studied not only analytically, but
also by drawing curves.

0. Introduction

Curve C; is infinitesimal deformation of a curve C if it is included in
continuous family of curves

Cs:Fg:Fg(u)3 UGR, E6[07]')’ 5_)0’
7R x [0,1) — R3.

We get curve C for e = 0. Giving different conditions, we get different types
of deformations of curves. We will here consider infinitesimal bending of
curves. : ,

More information about infinitesimal bending of curves and surfaces
one can get from (1], [2], [6], [4], [5]. |

Definition 0.1. Let us consider a continuous regular curve .
C:F=7(w), (0.1)
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included in a family of the curves
CeTe=T(u)+eZ(u), (20, e—0, £€R) (0.2)

where u 13 a real parameter, and we get C for e = 0, C = Cy. Family of
curves C; is infinitesimal bending of the curve C if.

ds? — ds? = ole), (0.3)

where z = Z(u) is infinitesimal bending field of the curve C.

Definition 0.2. Let C, be an infinitesimal bending of a curve C. Let
A(u) be some e geometric magnitude of a curve C, and A (u) corresponding
magnitude of a curve C. and let

CAA= A, ~ A=A+ %A+ -+ AL - (0.4)

‘Coeﬁ‘icients 6A,824,...,6™A,... are the first, the second, n-th variation
of the geometric magnitude A, respectively, under infinitesimal bending of
the curve C.

We will further on consider the first variation and we will simply call
it variation. According to (0.4) we have

5A= lim DA _ i A=A
e—0 ¢ £e—0 £

or a_A
6.A = -_— |5=0 . (0.5)
de )

Theorem 0.1. [2] Necessary aﬁd' sufficient condition for Z(u) to be
an infinitesimal bending field of a curve C is to be

&Fdz=0. O (0.6)

1. Infinitesimal bending of a curve in R*

The next theorem is related to determination of the infinitesimal bend-
ing field of a curve C. ~

Theorem 1.1. Infinitesimal bending field for curve C (0.1) is

) = o) ) + alw) Bl i, (1)



INFINITESIMAL BENDUBG OF CURVES 27

where p(u), q(u), are arbitrary integrable functions, and vectors 7(u), b(u)
are unit principal normal and binormal vector field of a curve C.

Proof. Since
dr = 'F(u) du, dz= 'z_(u) du,
according to (0.6) for infinitesimal bending field of a curve C' we have

FE=0

, ie. ZLF. (1.2)

Based on that we conclude that % lies in the normal plane of the curve C,
ie.

zZ(u) = p(u) 7(u) + q(u) b(u), (1.3)
where p(u), g(u) are arbitrary integrable functions. Integrating (1.3) we
have (1.1). Since

- X
b= =

el
el

2 G- GOBF
F T T RExE (1.4)

SI
]

infinitesimal bending field can be written in the form

ﬂwzi/b@)ﬁnﬂ%—ﬁxﬂ%+QW)?xf

I7] 7 x 71 |7 > 7|

]du
where p(u), ¢(u) are arbitrary functions, or in the form
zZ(u) = /[P1 (w)7 + Po(u)F + Q(u)(F x 7)]du (1.1)

where P;(u), i =1,2, Q(u) are arbitary integrable functions, too. O

From (1.3) and Definition 0.1 we have .
Corollary 1.1. A curve C. being infinitesimal bending of a curve C
18
o= 7u) + e [ p(u) () + a0 B,
or
Fo = F(u) +e / [Py(u)F + Pa(u)f + Qu)(F x F)]du

where P;(u), i = 1,2, Q(u) are arbitrary functions, (¢ > 0, & — 0,
e€ER). O
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2. Infinitesimal bending of a circle
Let us investigate infinitesimal bending of a circle
7=rcosu, sinu,0) (or 2 +y2=1). (2.1)

Here is R = 1 and v = s. i.e. curve can be parametrized by arc length and
we have

F=7=%, r=7 =Kn,
|_7:J|:1> |7_',X?”‘:|7_'”|:K7 (2.2)
7!
= e — R
n= 7
From (2.1) we have
Ped =/
- T X
b= "’Ir — R(F x 7). 2.3)
7
Since
7 = (—sinu, cosu,0), 7 = (—cosu, —sinu,0),
7 x 7 = sin? uk + cos® uk = k,
we obtain
7=1-7 = (—cosu, —sinu,0) = —F(u).

According to (1.1) and previous relations we get infinitesimal bending field
for the circle (2.1)

) = / [p(w) R + g(u) R(u) (7' () x 7(x))] du

or

zZ(u) = /[p(u)(— cosui — sinuj) + q(u)ﬂdu +C, (2.4)

where p(u), g(u) are arbitrary functions.

We will not study infinitesimal bending only analytically but will do
this by drawing curves. Computer program Mathematica [7], {3] permits us
to reproduce any infinitesimal bending of a curve.



INFINITESIMAL BENDUBG OF CURVES 29

Let us consider some characteristic cases.
1) For p(u) = C =0, g¢(u)=1, infinitesimal bending field is
Z(u) = uk. (2.5)
Infinitesimal bending of circle C (2.1) is
Ceo:7e = Fu) + eZ(u) = 7(u) + euk, (2.6)
i.e. the circle is by infinitesimal bending included in a family of helices
7e = (cosu, sinu,eu) 2.7

(see Fig. 1).

ep(0] _,

Fig. 1. Infinitesimal bending of circle 1)

Let us examine if the relation (1.4) is in force i.e. if a field (2.5) is a
field of infinitesimal bending. Calculating

dr-dz = (—sinudui+cosuduj)- (duk) =0
we confirm this. Also according to
ds? = dz? + dy? = (— sinudu)? + (cos u du)? = du?

and
dsg = ds? + &2 du?

we have ‘
ds? — ds? = 2 du? = o(e),
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i.e. we have (0.3).
1

For the circle (2.1) curvature is K = BT 1, and torsion r = 0 (plane
curve). For deformed circle (2.7) is
1 €
K. = = .
& 1 + 52 4 Te 1 + 52

Variation of curvature of a circle under infinitesimal bending is

80K, —2e

de |€—0 (1+62)2 |£—-0 )

and variation of torsion

. a'rs 1+€2—2€2

01 = —lec0y, ———F5—le=0=1,
T aa |€—0 (1+52)2 IE 0

i.e. the circle does not remain plane curve.

2) For p(u) = C =0, gq(u) = 2r — u according to (2.4) we get
infinitesimal bending field.

Z(u) = u(27 — u)k . (2.8)

The curve we get under infinitesimal bending of a circle with this
infinitesimal bending field is

C.: 7. = cosui + sinuj + eu(27 — u)k

This curve is on cylinder 22 + y2? = 1, but as z.(u = 0) = z.(u = 27) = 0,
the curve is closed. Thus curve is not a helix (Fig.2). As

&F-dz=0,

and also
ds? — ds? = e2u?(2r — u)?2 du’® = o(e)

a field (2.8) is a field of infinitesimal bending of the circle (2.1).
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ep[0]

-1
-0-50

Fig. 2. Infinitesimal bending of circle 2)

Let us calculate variation of curvature and. torsion. From

. 2e(sin2u + 7 —u)
1 +4e2(1+7)2 +u? +2(r —u)sin2u —7u’

Te

VIt + a2+

K. =
€7 (1 + 4An2e2 — 8we2u + 4e2u2)3/2”

variation of curvature and torsion is

oTe

le=o =2sin2u+ 7 —u)#0, 6K=0,
e

6t =

i.e. a circle deforms to a curve that is not plane.

3) For p(u)=g¢(u)=1 Iinfinitesimal bending field is

Z(u) = — sinui + cosuj) + uk .
Deformed curves C, are

C.:7: = (cosu — esinu, sinu + & cosu, eu).
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Curves C, are not on cylinder z2 4+ y2 = 1. Variation of the torsion and
curvature are non-zero.

3. Infinitesimal bending of plane closed curve
remaining plane curve under infinitesimal
bending of this curve

We vill consider closed plane curve in polar coordinates
K:ip=p(0), 0€]0,2x]. ‘ (3.1)
Under infinitesimal bending this curve is included in ‘vfamily of curves
Keipe=p:(0), 0€[0,2r], (>0, £—0). (3.2)
Equations of these curves are in vector form:
K:7=7(0), 0¢€][0,2x], (3.3)
K. 7. =7(0) +€z(0), 60 ¢€][0,2x], (3.4)
where z(0) is a field of infinitesimal bending. We shall consider piecewise

smooth curve. At the points where the curve is not regular we choose
infinitesimal bending field continuous along a curve, i.e.

zZ(0—0)=2z(6+0). (3.5)
Theorem 3.1. Infinitesimal bending field t’hat plane curve
K:p=p(0)
under infinitesimal bending includes in a family of plane curves
Keipe=pe(0), (€20, e—0),

N Z(0) = p(6) sinbi — p(@) cosbj . (3.6)

Proof. Necessary and sufficient condition for a field () to be in-
finitesimal bending field of a curve z(0) is

dr-dz=0 } (3.7)
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ie.

7(0) - 7(6) = 0. (3.8)

Hence we conclude that z L 7 i.e. that Z is in a normal plane of a curve
ie.

z(0) = p(6)7 + q(0)?, (3.9)

where p(6) and ¢(#) are arbitrary functions. In order to stay in the plane
of the curve we choose

q(6) = 0. (3.10)
So, we have )
z(0) = p(0) 7(6)

2(0) = /p(o)ﬁ(e) e e

We will take g1 = 0.
As the equation of a curve K in vector form is

K:7(0) = p(6) cos(8)i + p(8) sin6j (3.12)

we calculate infinitesimal bending field of this curve according to (3.11).
Substituting 7 with respect to (1.4) at (3.11), we have

_ (pp— p% —2p%)[(p cos b + p sin8)i + (p sin@ — p cos 6)7]
z= p(g) P D) . 2 D) da
VP +p? |pp— p* — 257
Since '

p(8) cos6 + p(8) sind = (p(6) sinb); p(0)sin6 — p(0) cos § = —(p(6) cos 6);

we choose
p(0) = Irl = +/p(6)% + 5(6)2,

that gives

#(8) _—_‘/[(p(e) sine);f— (p(6) cos e)ﬂde - (3.13)

= p(0) sin 67 — p(6) cos b5 .

So we have determined infinitesimal bending field that plane curve includes
in a family of plane curves under infinitesimal bending, O

Corollary 3.1. If the plane curve

K:p=p(6), 6¢€[0,2n],
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under infinitesimal bending stays at original plane, the equation of deformed

curve will be
Ke:pe(0) = p(6)\/1+€2. (3.14)

Proof. According to previous theorem we have
Te =7 +€Z = p(0) (cos @ + ¢ sin8)i + p(#)(sinb — & cosh)j

ie.

pe(0) = p(0)V/1+e2, O (3.15)

Example 3.1. Infinitesimal bending field of the circle p(8) = a,
6 € [0,2n] i.e.
K:7(08) = a cos i + a sin 6y,

is
z(8) = p(8) sin i — p(6) cos B = a(sin 67 — cos 7).
A family of curves that is infinitesimal bending of the circle K is

K. :7.(0) = 7(0) + €Z(8) = a(cos8 + ¢ sin )i + a(sin@ —  cos 0)5 .

The curves K. are concentric, homothetic circles, because

pe=pV1+e?, 6€l[02q].

Fig. 3. Infinitesimal bending of cardioid
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Example 3.2. For cardioid
p(0) =1+sing, 6¢€[0,2q],
ie _
K:7= (1 +sin@)cos i + (1 + sin#) sin 65

infinitesimal bending field is
7(0) = (1 + sin @) sin 67 — (1 + sin@) cos 45 .
Curves that are infinitesimal bending of the cardioid K are (Fig. 3.)

Ke:7= (14 sinf)(cos 6 + ¢ sinb)i + (1 + sin@)(sinf — £ cos )7,
i.e. we have

pe = (1 +sin8)v/1+e2, 6€[0,2n].
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NMHPVHUTE3VIMAJIHA NTE®OPMAIINJA
HA KPBUA

" JbyGuna Benumuposuk .

PeszumMme

Bo oBaa pabora ce pasrienysa MEQHEMTE3NMANHA IedopMalyja
Ha KpMBH BO R3. Ilanero e mosero Ha MHPUENTe3NMAaHa AedopMa-
mja u aepopmupanara kpusa. Mcrpaxypana e nHQUHNTE3MANHA le-
dopManmja Ha KpywxHuIa. Pasrienypana e Bapujanyvja Ha TOp3ujaTa
M KPMBHHATa Ha KPYMKHUIATA OPU MHPUHUTeaUMaHATa Nedopmanuja.
Ilanesa e unduBEnTE3NMAaIHATA AedopManyja KOja PAMEMHCKATA KPUBA
ja medopmupa Bo pamHMHCKa kpuBa. VBEpuHMTEsMMansaTa aedopMa-
mMja e Npoy4yyBaHa He CaMO aHAJWTHUKM, TYKY ¥ CO MCIPTYBambe.
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