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A CLASS OF UNIVALENT FUNCTION WITH
FIXED FINITELY MANY COEFFICIENTS

A. Tehranchi*, S. R. Kulkarni ** and N. Tuneski ***

Abstract

In this paper a subclass of the class of univalent function is
introduced by use of the Ruscheweuh derivative. Functions of this
class have negative coefficients and have fixed finitely many coef-
ficients. Necessary and sufficient conditions and extreme points
for this class are provided. Also, it is shown that this classe is
closed under convex linear combination and convolution and radius
of starlikeness and convexity is found.

1. Introduction
Let A denote the family of functions

o0

f@)=2z-)_ ans", 1)

n=2

where a,, > 0 that are analytic in the unit disc A = {z € C: |z| < 1} and
let the subclass € consists of functions, f in A which are univalent in A.
For0<f8<1,0<a<land A=0,1,2,..., welet Q(a, 3, ) consist of
functions f in (2 satisfying the condition
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The operator D*f is the Ruscheweyh derivative [4] of f defined by

Do = 21O

= iz )A+1 * f(z2)=2— ZBn()\)anz

n=2

_ A+D0+2 A4+n-—1
By = () 71) < QDA O eny

Here the operation * stands for the convolution of two power senes f(z) =
z— E an?" and g(2) = z— 2 bn,2" denoted by (f*g)(z) = z— Z anbp2™.

n=2 n=2
Definition 1.1. [2]: A convez function i3 one which maps the unit
disk A conformally onto a convez domain, also a function f(z) € A is said
to be convez of order (0 < B < 1) if and only if

Re{1+ zf:;i;)} >B, z€A

we use k(B) for the class of convex function of order B and k for the class
of convez function k(0) =

Definition 1.2. We can say that a function is starlike if it is a con-
formal mapping of the unit disk onto a domain starlike with respect to
the origin, and also a function f(z) € A is said to be starlike of order
B(0 < B < 1) if and only if

Re{z}czg)} >B, zeA.

We use notation S*(0) for the class of starlike functions of order 8 and S*
for the class of starlike function, S*(0) = S*. Note that k C S* C A and
Koebe function [2] is starlike but not convex.

Definition 1.3. The class Q, (a, 3, A) C Qa, B, A) consists of func-
tions of the form

—_ (1 ﬁ 1 a))c‘l i — n
fz) = z_z(aﬂ(1+z—z2)+z—ﬂ)3(/\)z B ; ", (2)

where k = 2,3,...,an 20 forn =k+1,k+2,...,0< ¢ <1 for

K
i=23,...,k,and0< Y ¢ <1.
i=2
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K. K. Dixit and 1. B. Misra [1] have studied the special classes and
was named UCT(a, cx).

The class (e, 3, M) is of special interest because it contains many well
known classes of univalent functions. In particular, fora =0and 0 < A <1
it provides a transition from starlike function to convex function. More
precisely (0, 3, 0) is the class of starlike function of order 3 and ©(0, 5,1)
is the class of convex function of order 8. S. Shams and S. R. Kulkarni
introduced and studied the class Q(e, 8, A) in [3].

2. Main Results

We will need the following lemma whose details can be found in [5].

Lemma 2.1. Let f(2) € A be of form (1). Then f(2) € Q(a, 8, A) if
and only if

o0

apf(l+n-n?)+n-p
2 1Al

B,(A)a, <1

where 0 <a<1l, 0<B<1andA>-1.

The following theorem gives a necessary and sufficient condition for a
function to be in Q,, (a, B, A).

Theorem 2.1. Let f(z) € A be defined by (2). Then f is in the class
Q, (o, B, A) if and only if

o0 2 _ k
S e B e <12 e

=2

n=k+1

Proof. Letting
_ [1 - B —a)]e
P [eBQ+i- i) +i-[1Bi(N)

we say that f € Q, (o, 5, A) C Q(e, B, A) if and only if

a

5 af(1+i— %) +i~B © af(l+n—n?)+n—pF
; 1-8(1-a) a,B1(A)+n;k+1 - B =) anBn()) < 1
or

oo 2 _ k
> aﬁ(lffﬂ(f_):)n ﬂaan(A)<1—ZC.'

=2

n=k+1

and the proof is complete. o
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Corollary 2.1. If the function defined by (2) is in Qe (a, B, ) then
for anyn > k+ 1 we have

1-81-a))(1- Z c)
= aBAFn—nd) tn= ﬂ]Bn(A)
This result is sharp due to the function f(z) defined by

o [1-8(1 - o)
flz) =2 iz[aﬂ(1+z—z2)+z—ﬁ]B()‘)

(1-81-a)(1- Z ¢

§==2 2",

[aﬂ(l +n-—n2)+n-— ﬂ]B,,()\)

We now give some special cases of Theorem 2.1.
Corollary 2.2. The function

f(z)~—z—z(1 ﬂ)z ¢ Zanz

=2 n=k-+1

is in Q, (0,08,0), i.e., f(2) € S*(B), if and only if

o0
an<1 Ec,

n=k+1 =2

Corollary 2.3. The function

fz)=2~ fk‘_, il i an2"
= 16— B) n=k+1

isin Q. (0,8,1), i.e., f(z)€ K(B), if and only if

z n(ln <1—ZC,

n=k+1 =2
We claim that all these results are entirely new.

Remark 2.1. Since 0 < Ay < \; implies B,()\2) C B (A1), we note
that Q., (o, B, A1) C Q, (apha B, A2).
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Theorem 2.2. Let for j =1,2,---,m the functions

k 00
3 -p-ade X,
5@ =2-2 Gaati-mti-HBEM -~ 2 a0

n=k+1

m
be in Qg (o, B,X). Then the function g(2)= Y d;f;j(z) where
=

'[‘13

k
1 g ¢ £1,0< ¢ <1isin Qg (o, B, N).

J

Proof. For every j € {1,2,---,m} by making use of Theorem 2.1 we
have
3 k
of(l+n—n?)+n—pB
n=2k;+-1 1- ,3(1 - a) Bﬂ(A)a’n,g <1 z ci.

n=2

But

k

(-Bl-ahe & &
90 =5 G- B ri- AR~ 2 Qb

n=k+1 j=1

Consequently we obtain

> @l - ;(?2—) :)n LB djong) =

=1

0 _ 2 _
SS S (et Y, <

n=k+1

and the proof is complete. a
Remark 2.2.1 If f1(2), fa(2) are in Q, (o, B, X) then the function g(2)
defined by 9(2) = 5 (f1(2) + f2(2)) is also in Qc, (o, B, N).

Corollary 2.4. The class Q, (e, 8, ) is closed under convez linear
combination, i.e., this class is a convez set.
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Theorem 2.3. Let the function f;(z) defined by (2.3) be in Q,, (a, 8, )
for each j =1,2,---,m, then the function

k 0o
—o Y (1-BA-a)e . "
M) = s (@Bl +i— ) +i—B)Bi(N) n;m bnz", (bn 2 0)

: : 1
is also in Q. (a, B, \), where b, = - zzlan,j.
J:
Proof. We must show that

oo 2 _ k
> et Tfﬂ(?z :)n ﬂB"(’\)b" <1l- Zc'

=2

n=k+1

But we have

oo

ap(l+n—-n?);n-p
n=¥+1 1-8(1-a)

-y ol I g(;‘z_) : )” ~ZB. (% > a,,,,-) =

n=k+1 j=1

B (A\)b, =

1 K| XN afl+n—n)+n—
=EZ[Z A -1|_—,B(1—):) ’BB,,(,\)an,,]<

i=1 Ln=k+1

j=1 =2
k
=1~ Z Ci,
=
and the proof is complete. O

In order to determine the extreme points of the class Q., (a, 3, A) first
we will prove the following theorem.

Theorem 2.4. A function f(2) is in Qc, (o, B, A) if and only if it can
be expressed in the form

1 =3 bnfn(2)
n=k
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oo
where ppn, 2 0("’2 k)7 2 M =1,

n=Fk

k .
_ [1-B(1-0a)le i
P& = 2= X Gap i ) 4~ AV ®

=2

and
k
_ 1-8(1-a)le i
fa(2) =2 — ; [aB(1+i—142) +i— B]Bi(/\)z B

k
(- B -a)(t- 3 a)
=
[@B(1 +n —n?)+n— B]B.(N)’
forn=k+1,k+2,....
Proof. Suppose that f(2) can be expressed in the form
(e

f(2) = Y. pnfn(2). Then we have
n=k

F&) = mfel) + 3 pimfale) =

n=k+1

_ - (1-B(1-a)e i\
—HRET “"; CBI+ =Py Ti- BB T 2 P

n=k+1
[es) k
_ (1-801-a))a i) _
$ e (S e )
. (1-pa-a)i- 3 )

Lo P B+ n—n2) +n—B]Ba(Y)

- o k 1—B8(1—a)e: .
z(uk+ > "")"" (’"‘+ 2 %)Z[aﬁguf(—liz) e

n=k+41 n=k+1 i=2

- (l—ﬂ(l—a))(l—;:; ¢)

n

[@B(1+n—n?) +n-BlB.(N)"

n=k+1
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k
(1-58(1 - a))e 3
T ; BT +i— @) +i-FIB(N)

o (- B-a))(1-- D)

f=2 n

B +n—n?) +n—BlB.(N)"

n=k+1

Finally we can write

© aftnonten g nl-BL-a)A- 3 e

n;ﬂ 1-8(1-a) el +¥n—n2)+n— ,3i]=123n(,\) Bn(3) =
k 0o k k

=(1—Zci) Z ﬂn=(1—zci)(1—#k)<1—2c,-.
i=2 n=k+1 i=2 i=2

Therefore f € Q,, (a, B, A).
Conversely, let f € Q,, (o, 8, A), that is

& oo
_ (1-8(1-a))g i n
f(Z)_z_g[aﬂ(1+i-i2)+i'—ﬂ]Bi()\)z B :Z -

n=k-1
We may set
—n2 -
. [@B(l+n—n?)+n ,f]B,,(/\)am (n>k+1).
(1-81-a))(1- ;201-)
Therefore pi,, > 0 and if we set ux =1 — § Un then we have
n=k+1

k
~ (1-B(1-a))e i
f(z) = Z‘g (@B(l+i—2)+i-BB;N)° ~

w  (1-Bl-a))l-3 )

1=2

(@B +n—n?) T n= BB ()" =

n=k+1
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oo k
(1-801 - a))c; i
=f(2) = Y (Z -2 @B +i-2)+i-PBMN) f"(z)) o

n=k+1 =2

=fu(@) = D (fe(2) — fa(2))pn =

n=k+1
=(1- Z Bn) fi(2) + Z Pnfn(2) = Zﬂnfn(z)'
n=k+1 n=k+1 n=k

O

Corollary 2.5. The extreme points of the class Q, (a, 5, \) are the
Junction f.(2)(n > k) given by (3) and (4).
Theorem 2.5. Let f € Q.,(a, 8, A) and

L — 1-8(1-a)g ,,;
& = |eB(1+ i —i2) + i — B|B;(A) (2<i<k). (4)

Then the function

k
~ (1-8(1 - a))ds i n
9(z) =z~ ; @B +i—@)+i- BB\ _2: e

i3 in the class Qq, (a, B, ).
Proof. It can be verified that |oB(1 + i — i2) + i — B|B;()\) > 1,
1=2,3,..., k. Therefore

—_ (l—ﬂ(l—a))q .
T |aB(1 +i—142) +i— B|B;(N) <¢<l1

0<d;

and

k k
0<) di<) <l

i=2 i=2
Now we can write
i (@Bl +i—i¥)+i-p)
k

"R (1- A1 - @) (1~ 2 d)

B,(A\)a, <

< i (aﬂ(1+i—i2)+i;ﬁ) Bo(Nay < 1

"R (1= (- @)1~ T a)
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and this completes the proof. O
Theorem 2.6. Suppose that f,g € Q. (o, 8, A). Then

_ (1- B — a))*c} = n
(f*9)(2) =2z~ ; [eB(+i—2) +i- BB (,\))2 - Z Gnbnz

n=k+41

s in Qdk (aa ,3’ A1) Zf

)

Ba(h < B0
1- Y d;

i=2
where d;, i =2,3,...,k, are given by (4).
Proof. By making use of (4) we can write

(1-B(1-a))d: - n
(fr9)(z) =2 Z [oB(+i—2) i BB 2—:11“"”"”
and by Theorem 2.1 we have
X af(l+n—-nd)+n-p
——anBn(A) <1
n=E (1= AL - (1~ 3 di)
i=2
and ( 2)
X af(l+n—n?)+n—4
p bnBn(A) < 1.
nkHL (1 B(1 - @))(1~ 3 di)
i=2
By applying the Cauchy-Schwarz inequality we have
|aB(1 +n —n?) +nk— B (anbuBa()) < 1. 5)
n=kH (1 B(1 - @))(1~ 3 di)
=2
We want to prove that
Z aﬂ(1+n—n2)+nk—ﬂ @nbaBa(M) < 1. ©)

" (1= AL 0))(1- 3 )
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Therefore, in view of (5) the inequality (6) holds if

v a,.b,.BB';(()‘;)) <1,

ie.,

Bn(Al) < w

1- E d;
i=2
a
Using Remark 2.1 and Theorem 2.6 we receive the following corollary.

Corollary 2.6. Let A\ # A2, f(2) € Q¢ (o, 5,A1) and
g(z) € Qck (a, B, A2)
i) If A2 < A1 then f * g(2) € Q, (o, B, \) where

k
Bn.()) < (Bn(X2))?/ (1 - i=22d,-) .
ii) If \1 < Ag then f x g(2) € Q, (o, B, ) where
k
Ba() < (BaO))/ (1- £ ).

3. Important Properties of Q,, (o, 8, \)

Definicija 3.1. Let f(z) and g(2) be in the class Qg (a, 8, )), then
weighted mean hj(z) of f(2) and g(z) is given by

hi(2) = 511 = )F@) + (1 +g(aL

Theorem 3.1. If f(z) and g(2) are in the class Q., (o, 5, ), then the
weighted mean of f(z) and g(z) is also in Q, (a, B, ).

Proof. By using Definition 3.1 we obtain

N Y N G N B ) R -
hJ(z)'"E [(1—1) (z_z (aﬁ(1+i—-i2)+i—ﬂ)3i(’\)z B —2:1%2 *

=2

k
i=2 n=k+1

| A=pl-ols . 5, .»
Hird) (z—z(aﬁ(1+i—i2)+i—ﬂ)3i()\)z "2 )] )
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_ 1-B81—a))es ;
- ;(aﬁ(1+z—z2)+z—ﬂ)3(/\)

o o]

= > 3@-dan+ A+

n=k+1
Since f(z) and g(z) are in the class Q,, (o, 8, A) using Theorem 2.1 we have

af(l+n—n?)+n-p 1 . o
2 T 1-pi-a) - orWplmdant 145k =

_1 & af(l+n—nH)+n-g .
"3 Topioa T )BMet

1 &~ of(l+n—n?)+n—p
+2n=zk;1 1-8(1-a)

k
(1 J)(I—ZQ)+ (1+J)( Zq>=
=2 =2
k
=1"th'1

=2
and again by Theorem 2.1, h;(z) € Q, (o, B, A). 0
Theorem 3.2. Let functions f1(2), fa(2),- - -, fm(2) defined by
k (o)
_ A-801-a))c i o
fi(z) ‘Z_Z: @B(l+i—?) +i-B)B(N)" D ange"

n=k+1

(1 +7)Bn(A)bn <

i=L12,...,m, be in the class Q. (c, B,X). Then their arithmetic mean
deﬁned by h(z) EJ —1 Ji(2) i3 also in the class Q. (c, B, N).

Proof. One can verify that

(1-B(1-a))c S n) _
h(z) = Z( Z(aﬁ(1+z #)+i—p)B; (/\) " 2 ) B

_1—1 n=k+1

n=k+1 J=1

k
(1-B(1-a))e; e
q“; (eB(1+i—?)+i~B)B;(\)" Z ( Z“"’)z
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Since f;(z) € Q, (a, B, A) for every j =1,2,- .-, m, from Theorem 2.1, we
obtain

—~ af(l+n—n?)+n-p 1
Z Bn(A) oy Z an)j S
n=k+1 1-B(1~-a) mia
1 & ( —~ af(l+n-n2)+n-p
<= Y Ba(Man; | <
m =\ S 1-8(1-a)
1 m k k
< —Z(I—Zq) =1-) a,
m j=1 =2 §==2
which in view of Theorem 2.1 gives the conclusion of this theorem. O
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KJIACA HA ETHOJIMCHH &Y HKIIN
CO KOHEYHO MHOI'Y PMKCHNPAHHN
KOESVITNEHTHA

A. Tehranchi*, S. R. Kulkarni **, N. Tuneski ***

Pezuwme

Bo 0B0j TpyZ co momom Ha m3BonOT Ha Pymesaj (Ruscheweuh) me-
¢uEupara e mOTKIACA Ha KIacaTa Ha eqHOMCHA ¢ymkmm. Pymxumre
OZ OBaa KJIaCa MMAAT HETATUBHM KOSQMIMEHTH U MMaaT (UKCHDaHU
koHedeR Opoj on koedmmmerTmre. IlaneEm ce morpeGHM M OBOJEHM
yCIOBM, KaKO M €KCTPEMAaJIH TOYKM 33 OBaa Kiaca. VcTo Taka, mo-
KaXKaHO € JEeKa OBaa KIaca € 3aTBOPEHa BO OJHOC HA KOHBEKCHATA
mmHEeapHa KOMOMHamuja M BO OmHOC Ha KOHBOJXymmjaTa. IIpoHajxeH e
¥ PaJAyCcOT Ha SBE3JOJMKOCT X Ha KOHBEKCHOCT.
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