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COHERENT CA@GORY Coh

Nikita &ekutkovski

A new coherent category of coherent inverse systems will be
defined which from the earlier known category COH defined in [6]
and [7) differs in the definition of coherent homotopy.

The obtained category of coherent inverse systems
X=(X_,p, .a rR) with this AZW definition of coherent homotopy
, n

satisfies the requirements of :ie theory announce& in [1]} and
[2]without explicitely given formulas.

For inverse systems (Xa,pa ,A), whiph are special case of

a
0 1
coherent inverse systems such a theory is developed in [4] (also

[3.

First we present the notion of a coherent inverse system.

Peavis

An ordered set (A,<) is directed if for every a,a’€A there
exists a"€A such that a">a,a">a’. Further on, (A,<) will be a
cofinite directed set i.e. each element of A has only a finite
number of predecessors.

A coherent inverse system §?(Xa,pa,A) consists of the fol-
lowing: a directed set (A,<), for every a€A a topological space

xa, for a, < a, a rap pa°a1= xa1 - xao and for n > 1 and
n=1

§=(a°,...,an), a, < ...« a, a sequence in A,a map py:l xxan-—xao
such that -

P, - (t, peeerBysaeart X)), t,=0

R TR i n=-1 i_
P, (t,x) = (1)
- P [CR S (Byyresert X)), tg=1

ag--e8y 1 i=-q’ a...a, 144’ 'tn M A )

whére t=(t1,...,th_1)EIn_1, x€X, , and 1 < i < n-1. As usually
n

ai means that a, is omitted i.e. (ao,...,éi,...,an)=
23



24

=(a°,,..,ai_1,ai+1,...,an). For n=2, pa°a1a2= Ixxaz - Xao is a
homotopy connecting maps paoaz and pa°a1pa1a= and for n=3 the

map p, a '’ I’xxa - X satisfies the boundary conditions
0°**"%s

3 0
showed in the figure 1 (where for simplicity of the notation
P =p ).
o...n "a ...a,
A
t, p°12(t1,p23(x))

Pg,,(tarx) Poyas(tartarX) Po4Pyaalt +%)
p°13(t1,x) £y
Fig. 1

For a given integer n > 0 and a sequence of integers
j?(jo,...,jk), 0=j, < ... < jk=n, we define a subset Id of the
n-dimensional cube I"=[0,1]" by

Ii = = oo : s 2t cee 2 b, 2

{e=(ty,...,t)) 121;J1 tjzz tjk 0} (2)

By this definition I°'=I, and 1°"=10,

If B is a directed set and ¢: B~ A a strictly increéasing
function we put ¢(b°,...,bn)=(¢(bo),...,¢(bn)) for any sequence
(bgseverby), by < ... < b in B.

A coherent map f: X - g?(Yb,qb,B) consists of the following

i) A strictly increasing function ¢: B - A

ii) For n=0, and boeB of a map fb : x“b ) - Yb .
o ° °

For n > 1, and Ef(bo,...,bn), by < «v0 < bn a sequence in B, and
3=WGgreerdp)s 0=3, < ... < jp=n, a sequence of integers, of a

map f%: Iixx¢(bv) - Yb satisfying the following boundary con-
-— n [

ditions
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f%(t“...,tn,x) = (2)
j1'j1---jk‘j1 -

qb ...b. (t1l..-rtj1_1lfbj "‘bn (tj1+1,...,tn,x)), tj1_

. “1 . 1

Jo...ﬁi...Jk

f2 (t1,...,tji_1,1 t]i+1,..., £ X), tji=tji+1, 0<i<k

Joreedimr

fbo... J (t1"‘°'tjk_1-1'rk(b- ...b )(t +1""'t -1X)), £ =0

K-1 . k-

f] "'JiJi+1 ...]i—1 R ! - s <s

by j"'bn (t1,-..,tj,...,tn,x), tj- . ii 3 <444
Specially, for n=1 and b, < b, the map (homotopy fb°b1:Ixx¢(b1)‘xb

satisfies fb°b1(l'x)=qb°b1fb1(x)' fb°b1(0'x)=fbop¢(b°b1)(X)'

.T02 -
b°b1b2'I xX¢(bz) Yb
and f£2'2 : I°9"2xx -+ Y, are illustrated by figure 2 (along

bob,b 4(0,) " Yb,

For n=2 the boundary conditions of the maps £
o

the dotted line these two maps coincide) /
e
9oz (1x£5) } 4
£o12
l /’ f012 9%.q5,,
£ £02 ,
o2 o012 ] , 1012
102 ,
i ’
| < |
f°P°12 f°1(1xp1a)
Fig. 2

Remark 1. This definition of a coherent map in fact is
the same as the cubical-simplicial definition of a cocherent map
in [6] and [7] where instead of the space Tl appears 1® Kxp¥,
Here instead of the simplex A —{s-(s ree s rSy Yis, 20,...,sk 20,
s +. ..+sk—1} is used the subspace of the cube v -{(t",...,tﬂ)
121:'_: 2 ... 02t 2 0.

From the definition of a coherent map in this paper to the
earlier definition we can pass as in [8] by permutation of

n-k
coordinates t-(to,---,tn) - (t',s), t'—(t,,...,tn_k)el where
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ta_i = tjl ji < j < ji+1
$; = tji, 1< i<k
and Vk and Ak are naturally homeomorphic by the mapping given by

8, = tM-tl,...,s, _ =th_ -t!, s =tp

To define the composition of coherent maps we decompose 1l
into subpolyhedra defined by

j 1
KL= {(t,,...,t): t, s 3<¢t. }, i=0,1,...,k (3)
iA 47 A Ji 3 Ji+1’ rl, ’
For n=2 the decomposition of I°?® and 1°'? is shown on figure 3.

Let f: X - ¥ and g: ¥ ~ §=(Zc,rc,c) be coherent maps. Let

g be given by the function ¥ and maps gi: I4x¥ - Z_ . Then
) biey,) Co
the composition h=gf: = 2% is given by the function x=¢¢ and

j—. - = =
maps hg: Il"XW(cn) e defined for n=0 with h, =g £, (

and for n > 0 and (t1,...,tnreK% with

X
z

hé(t“...,tn,x)=gi:.“1;'i(t;,...,tgi, ;%c;i.:.z:)n(tgi“"“'t""x” (4)
where
t:’]. =ty 3, <3< 344,
tél = 2tjz-1, 1s2 514 (5)
tﬂz = thz, 141 S ¢ Sk

In~order to give the definition of coherent homotopy bet-
ween two coherent maps, first for any strictly increasing segquen-
ce of %ntegers_j?(jo,...,jkz, 0=j,.< ... < jk=n we define two
maps ul, vi: Il - I® with ul(t1,...,tn)=(t:,...,t;) where

tll

ji+1 = 1-t

5 !
141 (6)

", = -t.
tj+1 tj(l tji+1)' ji <3< ji+1

and with vi(t1,...,tn)=(t2,...,t;) where
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S
i+ i+ (7

th = t.t, .
3 39444

33 €3 < 344

Now, let K?(Xa,Pa,A) and gé(Yb,qb,B) be coherent inverse
systems. If ¢: B~ A is a strictly increasing function, then
the set ¢(B)C A is a directed set. Let ¢: B - A be a strictly
increasing function such that if ¢(b)=¢(b')'for b,b’€B, then
also ¢(b)=¢(b’). Then by mapping ¢(b) to ¢(b) it is defined a
strictly increasing function ¢ (B) - A, o

We define a cohergﬁt map p(¢,%): X = (x¢(g3’p¢lb°...bn)’°(B))
I xx¢(bn) - X¢(b°) defined by

: Jouesdy
Py (Bor e &0 @By (o b Je (b, ...b )V (Eareeesty,
3y 3y n’ .

4 .
given by maps P¢(E).

)
(8)

33734 edd
IRERRERLES i(tsi“,...,t;l),x)

where t;,...,tﬁ are defined as in the definition of the composi-
tion. After the computation we obtain

i =
P () (Bareo e X)=Py(p b, ye(b, ...b ) (TareserTyrX) 8
= ey 3y e
where for 0 € £ < i-1
T, = 2¢t, -1 (9)
Jg+1 Jo+1
T, = t. (2., -1) j, < < I
3 SR P S
and for i< & <k-1
T, 2, = 1-2t.
Jo+1 J
£ 241 (10)
Te,, = t,(1-2¢t, ) j, < 3§ < 3.
I+ J Tg+1 ! 2 Jg41

For n=0, )* P

Py (b,) Fo(by) " Xaby)’ Patb,) ®) T Pybyye(m,) X
For n=1, a mép P¢(b°b1)= I*xé(b1) - X¢(b°) is given by
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o
-

v
[N

Py (b, b, )0 (b, ) (2ta~1ex),
By (byby ) (E1rX) = (.
Py (b )¢ (b by ) (17284 %)

N~
v
(o

02 -
For n=2 maps P°2 ¢ (b, b b)) I xx¢(b2) x¢(b°) and

Pk : I973xX are illustrated figure 3
¢ (bo b, b,) *% (b)) " % (b)) ustrated on figur
i ’

P e
» (By by b, )0 (b,) ,/
-------- 1 PR
P . ! s
» (b,)® (byb,by) 2

§ |

L

¢(b b, )¢(b b,)

Fig. 3
Finally, let £,f’: X - Y be coherent maps given by functions
¢$,¢’ and maps fl f’a1 respectively.
Coherent maps f and f’ are coherently homotopic if

1) There exists a strictly increasing function ¢: B = A such
that ¢ > ¢, ¢ >3’ and ¢ (b)=¢(b’) if ¢ (b)=¢ (b’) or ¢’ (b)=¢’(b’)

2) There exists a coherent map F: IxX = Y, (IXX=(IxX_,1xP_,A})

given by the function ¢ and maps Fi: Iinxx - Y such that
. b o(bn) b,

r%(o,t,x) (fopw,m%(t,x)

(12)

Pl(L e = (£0per e (e,

Remark 2. Let coherent maps £,£’: X - Y be defined by the sa-
me function ¢ and by maps fl f'l respectively. If there exists a

coherent map H: IxX = Y given by ¢ and maps Hl IxIl X ¢ (b_) - Yb
such that / n °
H%(O,t,x) = f%(t,x)
2 = (13)
H%(l,t,x) = e,

“then f and £’ are coherently homotopic, because for an arbitrary
function ¢ >'¢, the coherent map F: IxX = Y defined by
F=HoP(¢,?) satisfies the formulas (12).
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The coherent identity map IY: Y - Y consists of the identi-

= .
ty function 1, and of the maps 1%: IJ«Yb - Y - . For n=0 we have

B b
1b =1Y and for n> 0 n °
() b,
i =
15 (t x) qb(t,, ...,tJ —art +"'°"t3k-+"'l'tjk-1+"""t“"'X) (14)

The category Coh has as objects coherent inverse systems,
and the morphisms are coherent homotopy classes of coherent maps.
The .identity morphism is the coherent homotopy class of the
identity map and the composition of morphisms is defined as the
composition of homotopy ciasses.

Remark 3. If by transformation from Remark 1 coherent maps
in category COH are expressed by the definition in this paper
instead of the ealier definition then the definition of cohe-
rent homotopy of two coherent maps f{f’ in COH is: There exists
a coherent map H given by function ¢ >¢ ¢’ and maps
H%. IxleX¢(bn) b, such that

H%(O,t,x) = f%(t,p¢(bn)¢(bn)(x))

(15)

H%(l,t,x) f’%(t,p¢,(bn)¢(bn)(x))

We will show that definition of the coherent homotopy given
in this paper is stronger. The proof of this statement is as
follows:

If £,£’ are homotopic in Coh then there exists a homotopy
F given by function and maps Fl such that conditions 1) and
2) and specially formulas (12) from the definition of coherent
homotopy hold. Then for t-(t1,...,t )€K1 from definition of map

P we have
i ‘ - j ’ r
FE(0,£,%) = £R(t1,ceertliBy (1 4o (b ) (X))
= = n n (16)

F%(I'T,t,x) = 'i(t1,...,t "By (b )0 (b_ y (%))

where
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t: = 1-2t, ,
Y 3y (17)
tg = tjr Ji <3< ji+1
Now, we can define a coherent homotopy H%: IXlex¢(b ) - Yb by
putting - n °
H%(s,t,x) = F%(s,t:,...,t;,x) (18)
where
1
th = &x(1-t,
3, 7207
(19)

P . . .
tj tj, Ji < 3j < Ji+1

Then for such defined coherent homotopy 'H and teIi formulas
(15) hold.

Remark 4. The advantage of this new definition of a.coherent
homotopy is that maps which appear in formulas (12) are coherent,
while maps in formulas (15) are coherent only in special casses.
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KOXEPEHTHA KATEI'OPHJA Kox

HukHTa lleKyTKOBCKH

Pesume

KOHCTpyHpaHa € HOBa KOXEpPeHTHa KaTeropHja Ha KOXepPeHTHHTEe
MHBEP3HM CHCTeMH, KoOja On nopaHo jpedHHMpPaHaTa kKareropuja BO [6]
" [7] ce pasJsiHkya BO dedHHHIMIaTa Ha KOXEpPeHTHa XOMoTonuja.
Jlo6MeHaTa KaTeropHja cO OBaa IIOCHJIHA LedMHHMHNHIA Ha KOXEepeHTHa
XOMOTONHKja I'M HCMNOJIHyBa SapamaTa Ha TeopHjaTa npeTcTaBeHa Ges
eKCIUIHUMTHO Sajmamenu dopmynx so [1] u [2].



