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0. Abstract. In [5] constructions of free objects in some

classes of (n,m)-semigroups are given. In this paper we give a
description of a free object with a given nonempty basis in a
class of commutative (n,m)-semigroups defined by a system of
identities of the form

(xB1 = [y,
where p,q > m and (x,,... X )=(y,seceryg) ..

1. Preliminaries. Notations we use in this paper are the
same as in [5]. Namely, if A™ is the m-th Cartesian power of A,
A#g@, then an element (a,,...,am)eAm will be denoted by a,...a.,
or aT; ai will denote the element (ai,...,ar)eAr-i if 1 £ r, and

the empty sequence if i > r; (xj)r denotes the sequence xj...xj.
o r
let Q#¢, and m,k be positive integers. A mapping

[]:a1+k - [aT+k] from Qm+k into Q®, such that

1, i+m+k o m+ak - +k ,_m+ak
O X34y ]x?+m+k+1] (O Iera 1

for each xv€Q, 1 €1 <k, is said to be an associat;ve (m+k,m) -
operation, and the pair (Q;[]) an (m+k,m)-semigroup ([2]). By
GAL (the general associative law for vector valued semigroups
([2])), for every s 2 1, [] induces a unique (m+sk,m)-operation
[]s:Qm+8k -+ g™ We say that the (m+sk,m)-semigroup (Q:01%) is
derived by the (m+k,m)-semigroup (Q;[]). These facts suggest to

use the notation [a?+8k] instead of [aT+8k]s.

If, moreover,

m+k
DAY = 1%y (1) - %o ek ]

for every permutation ¢ on (1,2,...,m+k), then we say that (Q,[])
is a commutative (mtk,m)-semigroup. Every derived semigroup of a
commutative (m+k,m)-semigroup is commutative as well (GACL [4]).

Let (Q,[]) be a commutative (m+k,m)-semigroup, such that
the identities
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[+3

a B B
[x) "eea(x) 1= [k .ea(xp) 71, (1.1)

are valid for “v'Bv > 0, Ia, = m(mod k), st = m(mod k), where

o
(x.) ¥ denotes the sequence X_...X . Denote by ( the class of
v v v k,m

[+
v

all commutative (m+k,m)-semigroups which satisfy (1.1).
Let us denote by ( the class of commutative (m+k,m)-semi-
groups that satisfy the identity

+
[ ) K™K o [y (1.17)
It is easy to prove that

1.1°. The class Cx . is the class of commutative (mtk,m)-
’
semigroups that satisfy (1.17).

1.2°. Let (Q,[])€C1 me and [[]] be an (m+k,m)-operation on
r
Q defined by:

(1a™%13 = (2™ (1.2)
Then (Q,[[ 11)€( ..
 conversly, let (Q,[[ JDEQ, o+ and let [] be an (m+l,m)-
operation defined by
' [aa™] = [[(a)*a™1] (1.3)

Then (Q’[])€C1'm, and [[a’:H'k]] = [a’:""k].

Proof. By the general associative and commutative law (GACL)
we obtain that [[]] is a well defined associative and commutative
operation on Q, and the identity (1.1’) holds.

To prove the converse of the statement it suffices to prove
only that [] does not depend on the choice of a, i.e. that

i-1_m

(aal] = [a;a}”'a], al, (1.4)

for every i€(1,2,...,m).
Namely,

m, _ k_m — k_i-1_m _ i=-1 m
[aal) = [[(a)"ay]]} = [[(aj)™ay "a;, . al] = [a;a) 'a; ,a] o
We note that using the GACL for commutative vector valued
semigroups, it is clear that to any (m+l,m)-semigroup an (m+k,m)-

semigroup can be associated, thus we can concider the (m+l,m)-
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semigroup (Q,[])€C1 m’ 28 2 commutative (m+k,m)-semigroup satisfy-
14
ing (1.17).

A subset P= of an (m+k,m)-semigroup (Q;[[1]) is a subsemigroup
iff [[bT+k]]€Pm, for every b €P.

Let (Q,[[1D), (Q’,[[]]')Eck'm. A mapping ¢:Q »+ Q' is a
homomorphism iff :
T I { (YO T W B b
We note that in [2] it is shown that a nonempty intersection
of subsemigroups of an (m+k,m)-semigroup is a subsemigroup, that
a homomorphic image of an (m+k,m)-semigroup is an (m+k,m)-semi-
group, and thus a notion of subsemigroup generated by a nonempty

set A can be introduced in a natural way.

A free object with a nonempty basis B in a class [) of
(m+k,m) -semigroups is introduced in the usual algebraic way, i.e.

(Q; [1)€] is a free object with a basis B iff the following
conditions are satisfied:

(1) B generates (Q;[1);

(i1) if (Q';[1’)€D, and 2:Q ~» Q' is an arbitrary mapping,
then there exists a homomorphism ¢:Q - Q’ which is an extension of a.

Next we note some connections between an (m+1,m)-semigroup

;L eC
Namely,

,.m and the associated (m+k,m)-semigroup (Q;[[]])ECk .
’ ’m

0 1.3°% et (Q;[D,(';[1)€C, , and (@;[[1D), (@’'5#{[11") be
the associated (m+k,m)-semigroups belonging to Ck m’ reilspectively.
Then

(1) P is a subsemigroup of (Q;{]) iff P is a subsemigroup
of (Q;[(1]).

(ii) ¢:Q = Q' is a homomorphism from (Q;{1) into (Q’;[1’)
iff ¢ is a homomorphism from (Q;[[1)) into (Q’;([[1]1").

(1ii) A nonempty subset ASQ generales (Q;[]) iff A generétes
(Q; [[1)).

(iv) (Q;[1) is a free object with a basis B iff (Q;[[1])
is a free object with a basis B. o
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2. m-dimensional semilattices. Let Q be a nonempty set, F(Q)
the family of all finite nonepmty subsets of Q, m be a positive
integer, and Fm(Q) the family of all nonempty subsets of Q with
not more then m elements. Denote by n the canonical mapping from
Q™ into Fm(Q), i.e. n(aT)=(a1,...,am}. (In other words w(aT) is
the content of aT.)

We say that (Q;f) is an m-dimensional groﬁpoid if £ is a
mapping from F(Q) into Qm. If, in addition, the following equation

f(n£(X)VY) = £(XUY) (2.1)

holds for every X,Y€F(Q), then we -say that (Q;f) is an m-dimen-
sional semigroup.

The class of m-dimensional semigroups is (in a corresponding
sence) equivalent to a class of (m+k,m)-semigroups.

We are now ready to establish some connections between m-
dimensional semigroups and vector valued semigroups. The proofs
of these statements are quite clear.

2.1°. Let (Q;f) be an m-dimensional semigroup, and let a
mapping []:Qm+k -+ Q™ be defined by:
m+k

1

(a ]l = f.({a1"."am+k}) (2.2)

Then, (Q;[1) is an (m+k,m)-semigroup, such that for every r,s 2 1,

aT+rk€Qm+rk,bT+Sk€Qm+sk' the following implication holds:
w(@™TR) o g k) o [Tk sk (2.3)

i.e. (Q;[]) Ck’m.

Conversely, let (Q;[])ECk me L-e. (Q; [1) satisfies the im-
r
plications (2.3). Let X={a,a1,...,ap}€F(Q), where a,a €0, p 2 1,

and let g be a positive integer such that p+g=mt+sk, for some
s 2 1. Then, if we define

£(x) = [a%®], (2.4)

a well defined m-dimensional semigroup (Q;f) is obtained, such
that the identity (2.2) holds. (In this case we say that (Q;[1])
is an (mtk,m)-semigroup associated to the m-dimensional semigroup
(Q;f), and vice versa). O )
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A nonempty subset ASQ is a subsemigroup of (Q;f) iff
f(x)EAP, for every X€F(A). Let (Q;f) and (Q’;f’) be two m-dimen-
" sional semigroups and $:Q +Q’ a mapping. ¢ is a homomorphism iff

¢(£(X))=£f’ (¢ (X)), for every XEF(Q).

2.2°% (1) a nonempty intersection of m-dimensional subsemi-
groups is an m-dimensional subsemigroup. o

(1i1) Homomorphic image of an m-dimensional semigroup is an
m-dimensional semigroup.

This last proposition gives us an opportunity to define a
subsemigroup of an m-dimensional semigroup (Q;f) generated by a
nonempty subset AgQ in a natural way.

A free object with a basis B#§ in the class of m-dimehsional
semigroups is introduced in the usual way. Namely, let ( be a
class of m-dimensional semigroups. We say that (Q;f)€( is a free
object with a basis B in the class ( iff the following conditions
are satisfied: ’

(1) B generates (Q;f);

(1i) For any m-dimensional semigroup (Q’;£’)€(, and any map-
ping A:B -+ Q’, there exists a homomorphism ¢:Q - Q’ that extends ).

The next proposition will explain the motivation of intro-
ducing the notion of m-dimensional semilattices.

2.3% Let (11, (Q"3[1')€C, 1/ and (Qif), (Q'3£') be the
associated m~dimensional semigroups, respectively. Then

(a) P is a subsemigroup of (Q;[]) iff P is a subsemigroup
of (Q;f); .

(b) ¢:Q » Q' is a homomorphism from (Q;[]) into (Q’;[]’)
iff it is a homomorphism from (Q;f) into (Q’;f’);

(c) A#$ generates (Q;[]) iff A generates (Q;f);

(d) (Q;[)) is a free object with a basis A in the class
Ck n iff (Q;f) is a free object with a basis A in the class of
’ ! P
all m~dimensional semigroups. o
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This proposition, together with proposition 1.3 and 1.4
allow us to deal only with m-dimensional semigroups and giving a
construction of a free m-dimensional semigroup with a given basis,
we will obtain a free object with the same basis in Ck m and in

’
C1’m, as well.

3. Construction of a free m-dimensional semigroup. To give
a construction of a free m-dimensional semigroup with a basis B,
we will recall some definitions and results given in [9]. Namely,
let £:F(Q) - Fm(Q) be a mapping. Then we say that (Q;f) is an
m-dimensional object. If, further more,

£(£(X)VY) = f(XuUY), (3.1)

for any X,YEF(Q), then we say that (Q;f) is an associative
m~dimensional object.

Let B#@, BAN=# and let a sequence of sets (c, la 2 0) be
defined by:

Co =B, Cpy, = cpu(meF(cp)), (3.2)

where Nm={1,2,...,m}, and m is a given positive integer, and put
sB=u{cpl p 2 0}. 4

Let y€SB. If p is the least nonnegative integer such that
y€Cp, then we write X(y)=p and say that p is the hierarchy of y.
The hierarchy, X(Y) of a set YEF(Sy) is the number max{x(y)| y€Y}.

We will next define a relation «, in F(SB).

(a) If x,YEF(SB), then: XaY e Xay, for each ye€Y.
Thus, it remains to define the meaning of Xay, for XGF(SB),

and yesB, and we will define this relation by induction on the
hierarchy of y. (Here we use the notation u for the set {u}.)

First:
(b) x(y) = 0 = (Xay & y€X).

Assume u=(i,Y)€$B, X{u) = t 2 1, and that we have a procedu-
re to determine wether Xay, for every XEF(SB), yESB such that
X(y) < t. Then Xou, iff at least one of the following conditions
is satisfied: )
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(c,) u€x,
(c,;) Xay, for every y€Y.

By induction on hierarchy, it can be easily seen that a is a
well defined relation in F(SB). (If XaY, we say that "X absorbs

Y".)
Now we will define a subset RB of SB (we will say that RB
is the set of irreducible elements of SB) as follows:

1) BSRy

2) u=(i,Y)€R, iff the following conditions are satisfied:

2.1) YEF(RB),

2.2)'there does not exigtm? 2z€Y, such that (Y~z)az,

2.3) Y does not contain a subset of the form {(1,2),(2,2),.
ceeg(m,z)}.

An XEF(RB) is said to be reducible iff it satisfies the
following conditions:

2.2') there exists a z€X such that (X~z)az, or

2.3’) there exists a subset of X of the form {(1,2),(2,2),.
eep(m,2z)}.

XERB is irreducible iff it is not reducible.

The next step is to define an associative object on RB. For
that purpose we need a definition of norm, |IXI!, XEF(RB). It is
defined by induction on hierarchy, in the following way:

3.1) HXIl = 0 & X=B;
3.2) 114, X)11 = 1+11X11;
3.3) If x={x1,...,xn}, IX|=n, then
HXI = l|x1||+1lxa||+'°'+'|xnll
Now we will define an associative object (Rgsg) as follows:
(1) If XEF(RB) is irreducible, then g(X)=X.

Assume now that X€F(Rp) is reducible and for every YEF(Ry),
such that |lY!| < |1Xl|, an irreducible set g(Y)EF(RB) is well
defined and the following relation holds:
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g(Y) #Y e |llg(Y) ] < II¥II (3.3!
Consider, first, the case when 2.2’) is satisfied, and let

X=X U...VU -4
P X (3.4)

1 pk'
where P, < oeo < Pyr and xexpv

Let s be the greatest number such that

® X(x) = P,

X’ = X_ U...UX
P, Py

does not satisfy 2.2°). Then 1 S 8 < k. Denote by Z the set of
all z€X~X’, such that X’az, and let Y=X~Z. Then we have Zy§,
ZnY=§ and |1Y1{ < |IXI|. Therefore g(Y)€F(R;) is a well defined
irreducible set, and now we define g(X) by:

(1) g(X) = g(Y).
We have ||g(X)II=]l1g(Y)I]l < I1¥ll < ||XI|]l, i.e. (2.3) holds.

Finally, assume that X does not satisfy 2.2’). Then 2.3’)
holds, and therefore X has the form

X = x'u((1,z,),...,(m,zm),...,(1,zk),...,(m,zk)},

where X’=@ or X’ is irréducible and v A= z“#zl. Now we have
IIX'UZ}U...UZRII < 11Xll, and thus g(X) can be defined by:

(111) g(X) = g(x'uz,u...uzk).
In this case, we also have
llq(x)|l=l|g(x'uz,u...uzk)|| < |lx'uz,u...uzkll < Hixll

Therefore g:F(RB) - F(RB) is a well defined mapping, such
that (1.5) holds for every YEF(RB).

3.1°, (Rg3g) is an associative m-object. o

Now we are ready to give a construction of a free m-dimen-
sional semigroup with a basis B.

3.2°. Let B be a nonempty set, and let kB and g be define
as above. Define a mapping f:F(RB) - (RB)m by

£f(X) = (1,9(X))...(m,g(X)) (3.5)

- Then we have:

(1) (Rp;f) is a free m-dimensional semigroup with a basis B.’
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(ii) The identity automorphism of (RB;f) is the unique
automorphism of (RB;f), which is an extension of the embedding
mapping from B into Rp-.

(1ii) If (Q;f’) is a free m-dimensional semigroup with a
basis B, then there is a unique isomorphism<0:(RB;f) - (Q:f")
which is anextension of the embedding from B into Q.

Proof. It is clear that (RB,f) is an m-dimensional groupoid.
Let X, YEF(RB). Then

E(rE(X)UY)=£({ (1,9(X)),..., (m,g(X)})UY) =
=((i,g({(l,g(x)),...,'(m,g(x))}UY)))iENm =
=((i,g((q}x))pY)))1€Nm =
={(1,g(XU¥)),...,(m,g({XuY))} =
= £(XUY)

Thus, (RB,f) is an m-dimensional semigroup.

Let (S,f) be a subsemigroup of (RB,f), generated by B. We
shall prove, by induction on the hierarchy, that S=RB.

Let xGRE. If x(x)=0, then x€BcS. Suppose that for all yERB,
such that x(y) < r, y€S, and let x=(i,Y) is such that Xx(x)=r.
Then X(Y)=r-1; thus YcS. But then £(Y)={(1,Y),...,(m,¥)}es™
implies x€S.

Let, now, (Q,f’) be an m-dimensional semigroup, and x:B - Q
a mapping. By induction on the hierarchy, we define a sequence
of mapping E in the following way:

E, = 1. Let £, be define for all elements of RB with hie-

rarchy less then i+1, such that E is extension of 5j-1' We
define Ei4q in the following way-

if x(x) < i, then Ei+,(x) = £;(x). Let X(x) = i+l, and
X=(J':{Y,:--o.yp}) . Then

€i+,((j,Y)) = f&((si(y1),...,£i(yp)})
Define a mapping E:RB -+ Q by
£(x) = Ei(x) iff x(x) = i.

Then £ is a homomorphic extension of ).
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Thus, (RB,f) is a free m-dimensqupl semigroup with a basis B.

It should be noted here that the class of semilattices is a
proper subclass of the class of 1-dimensional semigroups. Namely,
the class of corresponding semigroups coincides with the variety
of commutative semigroups which satisfy the law:

x?y = xy

This suggests to define an m-dimensional semilattice as an
m-dimensional semigroup which satisfies the following equality:

rf(a) = a, (3.6)
for every a€qQ.

3.3°. Let B be a nonempty set and Ly be defined in the fol-
lowing way

My = B, M, = M U(N x{XEF (M) 11X] > 1}), Ly = Pgomp

If we define a mapping L:F(Lé) - (LQ)m by:
™, if xeL;
= (1,900, ..., (m,g (X)), 1f XEF(LY) L

then we obtain a free m-dimensional gemilattice with a basis B. o

There is a possibility to change the definition of the noti-
on of m~dimensional semilattices replaceing (2.8) by:

(VXEFm(Q))ﬂf(X) = X, (3.67)

but in this case, if m 2 2, free m-dimensional semilattices, such
that |B| 2 2, would not exist, as the following example shows:

Example 3.4. Let m=2, and B=(a,b), and define operation £,
and £’ from F(B) into B? by:

f({a}) = aa, f({b}) = bb, f({a,b}) = ab,
£’ ({a}) = aa, £’'({b}) =bb, £f’({a,bl) = ba.

The mapping a + a, b - b could not be extended into a ho-
momorphism from (B;f) into (B;f’), as f({a,b})#f’({a,b}).

The class of m-~dimensional semigroups is in fact a subclass
of the class of vector valued semigroups ([2,5]). In a similar way,
one could define a special kind of m-dimensional semilattices as a
special subclass of fully commutative vector valued semigroups ([4])).
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CJIOBOJJHH OBJEKTH BO EJHA MHOI'YKPATHOCT KOMYTATHBHU
BEKTOPCKO BPEJIHOCHH NOJIYI'PYIIH

B. JaHeBa
Pesume

Bo 0BOj TpyAm pasrjienysame egHa KJjlaca KOMYyTaTHBHM (n,m)-

NONyrpynH BO KOH BXAT UIOEHTHTeTRTe
a, o, 8, By
[(X,). eeex) T =[x el (x))

1,

sa “v’Bv > 0, zav = m(mod k), ZB“ % m(mod k), k=n-m > 0 u mamame
KOHCTPYKnHja Ha cinobomeH O6JjeKT Co JaneHa HernpasHa 6asa.
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