MaTeMaTHuUKH BuareH ISSN 0351-336X
17 (XLIII)
1993 (5-20)

Ckonje, MakepmonHja
POLYNOMIAL SOLUTIONS OF ALGEBRAIC ORDINARY
DIFFERENTIAL EQUATIONS. I

V.N. Gorbuzov

Abstract. Polynomial solutions with singular and non-singu-
lar degrees of algebraic differential equations are considered.

INTRODUCTION

Consider algebraic differential equation
s

N 1 (R;) v

Ip (z) M {w 1K, (1)
i=0 k=1

where all coefficients B, (2) are complex polynomials of z and
b
B,(z) = 8,2 ' +..., B,#0, 1=0,N. (2)
Suppose that complex polynomials
} -

w = umzm + am_1zm +ooot g, um#O, (3)

are the solutions of the differential equation (1l).

For the first time the putting of such problem for nonlinear
differential equations and its solution were realized by E.D.Ra-
inville in the 30-th years [1] when polynomial solutions (3) we-
re found for canonical Riccati’s differential equation and for
equation w’=A,(z)+A, (z)w+w® with polynomial coefficients A, (z)
and A, (z).

In these years A.Mambriani [2] and, early, W.C.Brenke [3]
considered polynomial solutions of linear differential equations.

Further investigations of nonlinear differential equations
date from the 50-th years and belong to J.G.Campbell and M.Golomb
[4,5] who also found polynomial solutions of Riccati’s equation.

If E.D.Rainville found polynomial solutions of Riccati’s
equation on the whole by its coefficients A,(z) and A, (z) (see
§6), and J.G.Campbell and M.Golomb found possible degrees m of
polynomial solutions (3) in the dependence of the degrees of
the coefficients Ai(z) of Riccati’s equation (see §1).
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In the 60-th years polynomial solutions were studied by
I.A.Shapkarev [6], E.L.Ortiz and P.Liorente [7,8), A.Hautot [9,
10,101] for linear differential equations and were studied by
M.Bhargava and H.Kaufman [11-13] for algebraic differential equ-~
ations of Riccati’s-Abel’s type.

After 1960 the investigations were enriched by new ideas the
greater part of which gave fruitful results later in the 80-th
years. In the papers by M.Bhargava and H.Kaufman new approaches
to the investigation of polynomial solutions were projected, that
was served to the increasing of the guantity of the investigations
in the 70-th and 80-th years. Here special role belongs to the
investigations of D.S.Dimitrovski and P.R.Lazov. In this period
the class of algebraic differential equations is considerably
extended from which polynomial solutions are founded. More diver-
se problems about properties of polynomial solutions are lay down.
At the same time with the continuation of the investigations of
the finding of the degrees of polynomial solutions and of the
building of polynomial solutions on the whole by means of poly-
nomials-coefficients the questions about the quantity of polyno-
mial solutions of different degrees are solved (see §5), neces~
sary and sufficient conditions of the existence of maximal num-
ber of polynomial solutions of definite structure are determined
(see §7). B.Bhargava and H.Kaufman even tried to transfer the
methods using for the finding of polynomial solutions for the
case of rational solutions of the equations of Riccati’s type
[14]. However all investigators considered only such ordinary
differential equations for which that of either method was used
directly. There were not the works on a comprehension of known
methods of the studing of polynomial solutions except P.R.Lazov’s
paper [18]. At the same time an absence at that time of corres-
ponding apparatus (as a notion of the degree’s functions, the
coefficient’s functions etc.) compeled him to make cumbersome
entries and many theses to give in literatural description or
to illustrate them on the examples. By this period of the prob-
lem’s state entire series of the works first of all of D.S.Di-
mitrovski and P.R.Lazov [15-32], A.Z.Samujlov [33,34], L.G.Ore-
shehenko [35-37], and also the works of K.E.Latysheva [38],




R.S.Huffstuler, L.D.Smith and Ya Yin Liu [39], Ju.T.Sikorski [401],
R.M.Garde [41], I.A.Shapkarev [42-44], E.G.Prolisko [45], B.A.
Bondarenko, K.V.Lena, D.Mongerone and M.N.H’ogustorelli [46], E.s.
Bubeska [47], D.Zeitlin [48), Z.Hansel and F.Bierski [49], B.A.
Shcherbakov and V.V.Karachik {53}, L.Lesky [54] are conserned.

Beginning from 1982 inlkhe University of Grodno the group

of the mathematicians by di&éction of the author of this survey-
paper was engaged in the studying of polynomial solutions of al-
gebraic differential equations both special and general type (1).
The first information on this problem was made in the paper [55]

of the school of the operator’s theory in functional spaces (Minsk,
1982). The results of the investigations are published in the
papers [55-81,96,100]1 of the author and his pupils of V.S.Nemec,
A.A.Krushel’ nickij, Ju.Ju.Gnezdovskij, S.I.Kishkel, A.A.Deniskovec.'

We’ll find polynomial solutions (3) of differential equation
(1) in the dependence of the parameters Bi’bi'lki and Vii? ente-
ring the definition of the equation (1). For this purpose we in-
troduce next conditional notations in according with [60,82]:

s -]
i i
X, = k§1vki is dimension, mi = k§1£ki“ki is the weight,

Ly = max{zki: k=1,si} is the order, Si(m) = x;m + bi - my,

vm 2 L, meN,, N,=Nu{o}, is the degree’s function,
x. %i om Vei
Ky(moa) = 80, b W LG Noe )13 %, vm 21, meN,,
k=1 ki
is the coefficient’s function of the i-th term of the differen-
tial equation

-X. - .

K. (m) = o lxi(m,um), Kf(m,a ) = 8y K, (ma ), (1)
‘* -— -1.‘ - = - -— -1 - -1 i -
Ki(m) = Bi Ki(m)' Mij {(bi m,) (bj mj)}(xj xi) , if xiij,
Up = min{ij: j=0,p-1}, Bps = max{ij: j=p+s+1,N};

4 = max{xi: i=0,N} is the maximal dimension, [ = min{xi: i=0,N}

is the minimal dimension of the termes of differential equation
(1). Then L = max{Li: i=0,N} is the order of differential equa-
tion (1).




wWe’ll call differential equation’s (1) terms with maximal
dimension d as dominant terms [83], and the terms with minimal
dimension ) will be called minorant terms.

Trivial solution w(z)=0 is mot considered as seen from (3).

If ¢ = min{L;: i=0,N}, then for £ > 0 any polynomial of

the degree m < £ is the solution of the equation (1). Such poly-
nomials will be called trivial polynomial solutions of differen-

tial equation (1).

§1. POLYNOMIAL SOLUTIONS WITH SINGULAR AND
NON-SINGULAR DEGREES

In this section the investigations (in general) are based
on quite obvious

Lemma 1.1. The number m may be the degree of polynomial so-
lution (3) of the differential equation (1) if the values of de-
gree’s functions at the point m for two terms of (1) at least
are equal and these values must be most among the values of all
degree’s functions of differential equation (1) at the same
point m.

P.R.Lazov [18] gave the notion of singular degrees of poly-
nomial solutions. He defined non-singular degrees of polymomial
solutions too. It should be noted that the division of the de-
grees m of polyromial édlutions (3) was projected in the inve-
stigations of J.G.Campbell and M.Golomb [4,5] but they didn’t
introduce the notions of singular and non-singular degrees.
Using introduced by us the concepts of the dimension and of the
weight of the terms of the equation (1) and also the concepts
of the degree’s functions and the coefficient’s functions all
polynomial solutions we’ll separate into two classes: polynomial
solutions with singular degrees and polynomial solutions with
rmon-singular degrees [59,64,68,73,74]. Further we’ll show how
to find these and others polynomial solution (3) of differen-~
tial equation (1).

Definition 1l.1. Polynomial solution (3) of algebraic dif-
ferential equation (1) we’ll call polymomial solution with sin-
gular degree m, if




= . > ,
S_ (m) Sp (m) Sp (m) S_ (m)

P :
1 r n (1.1)
X = X =,..= %X, 0<r =N, n=r+],N.
1 r

Then polynomial solutions with non-singular degree m are cha-
racterized with this that even though two terms of the equation
(1) have non-equal dimensions just as the meanings of their de-
gree’s functions at the point m are equal among themselfs and mot
less then the meanings of the degree’s functions of all remaining
terms at the same point m.

As following from the concept of polynomial solution with
on-singular degree and from Lemma 1.1 we establish that Theorem
1.1 have a place.

Theorem 1.1, Non-singular degrees of polyromial solutions (3)
of algebraic differential equation (1) are contained in the tuple

My 5 i=0,N, j=0,N, i#j} (1.2)

moreover there are in the tuple only those integer non-negative
numbers that satisfy to unsbrict inequality

Mij 2 max{Li,Lj}

and that tuple is constructed on the base of all terms of the
equation (1) that have pairwise inecqual dimensions xi#xj.

Taking into consideration that the meanings of the degree’s
functions even though of two terms of the equation (1) with
inequal dimensions must not only coincide but and to be largest
we conclude that Theorem 1.2 is justly.

Theorem 1.2. In order to the number m from the tuple (1.2)
is non-singular degree of polynomial solution (3) of algebraic
differential equation (1) it is necessary the existence of f+1,
0 <f =N, terms of this equation with a property

S, (m) = 8
o

r (m) =...= ST (m) > ST (m), e=f+1,N, (1.3)

Tﬁ £ €
moreover there must exist even though two terms in equation (1)
with the numbers TorTareserTey the dimensions of which are ine-

qual.
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Thus for the finding of non-singular degrees of polynomial
solutions it is necessary to execute in succession next operations:

1) to form the tuple of numbers (1.2), describing by Theo-
rem 1.1;

2) to choose from the tuple (1.2) the numbers which satisfy
to cordition (1.3) definite in Theorem 1.2.

The presence of polynomial solutions (3) with singular de-
gree’s m is established on the base of next two theorems [72,74].

Theorem 1.3. Singular degrees of polynomial solutions (3) of
algebraic differential equation (1) are contained in the set of
all integer non-negative roots of the equations
_S;r.-r
=T KT

i=o (m)=0, r=0,k, s =T,k , p,=0,h, Pi#pys 1#3, ish SN, (1.4)

Py
built on the base of those terms of equation (1) for which

r r r r r r r r r
= x =...= x -1 = —1 =...= -
Xto T4 rhr' bTo Mo 11 M, brhr mrhr'

— (1.5)
r=0,k, 1 < hr < N.
Theorem 1.4. Let m is integer non-negative root of one of
the equations (1.4) by the conditions (1.5). Then the number m
can be singular degree of polynomial solution (3) of algebraic
differential equation (1) if there exists such number r and it
is unique that

sfo(m)'= sf1(m) =...= sfh (m) > Si(m), ©(1.6)
r

where Sn(m) are the degree’s functions of the terms of the equa-
tion (1) differing from those terms on the base of which the
degree’s functions situated in left part of inequality (1.6) are
built,

In (1.4) each of the equations gives considerable quantity
of the roots which wittingly can not be singular degree’s of
polynomial solutions and the equations (1.4) themselfs was con-
structed by simple looking over without definite rule. Moreover
often it is more easy to check whether arv number m is the root
of an equation or not then to find all possible roots of one.
The answer on putting questions in some degree can be given if
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to introduce to the considering the order Li of ‘the terms of dif-
ferential equation (1) on the base of which we construct the equa~
lity (1.4).

Not disturbing of the community of the reasonings we’ll con-
sider that the first h+l terms of algebraic differential equation
(1) have a property

Xy = X, =u..= xh#xn, bo-mo = b1-m1 =...= bf-mf > bs-ms, ( )

1.7
n=h+1,N, 1 <f sh, é=f+1,h, 1 <h <N.
Further the first h+l terms depending on the orders L; we separate
into the classes in the following way.

Class 1. L =L °=...=L o =L,- Class 2. L 1=L 1=...=L . =L1 etc.
2ass . o >-ass 2
Po Py Pq Ps P4 Pq
o 1
Class v+1. L v=L v=e+-=L v =Ly where
P P P
° 1 g,
L0 < L1 < v < Lv’ (1.8)
v
T q, = f-v. (1.9)

Singular degree’s m of polynomial solutions (3) of algebraic
differential equation (1) on the base of h+l terms with the pro-
perty (1.7) that previously are devided into the classes 1-(v+l1)

by the conditions (1.8) and (1.9) we’ll find consistently in the
following way.

Step 1. For g, 2 1 make up the equation

(o]

K ,m =0, (1.10)
i=o pJ
and check whether the numbers mz such that
o
L, Smd <L, (1.11)

are the roots of the equation (1.10) or not.

Only those roots mg€N° of the equation (1.10) can be singu-
lar degree’s of polynomial solutions that are connected by doub-
le inequality (1.11) and in accordance with Theorem 1.4 satisfy
to the correlation
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0y o oy - ° ° -t N
s °(mt) S °(mt) eee®'S o (mt) > Sn(mt), n=h+1,N.
° 1 q, '
N For q =0 the Step 1 is dropped as the equality (1.10) doesn’t
take place.

ste2‘2. We make up the equation

90 qa,
zK°M)+ zx1m)-o, (1.12)
i=o pi i=o pi
and check whether or not natural numbers m; such that
1
L, s m, <L, (1.13)

are the roots of the equation (1.12).

Only those roots méGN of the equation (1.12) can be singular
degree’s of polynomial solutions that are connected by double
-inequality (1.13) and are satisfied to the correlation

1 1 = = 1 = 1 =
s o(mt) =S °(mt) vee= 8§ o (mt) S 1(mt)
P, P, Pq P,
(]
1 1 1 e
=S 1(mt) =,,.=2 § . (mt) > Sn(mt)' n=h+1,N.

P, Pq,

By analogous manner we continue the reasonings until v
step inclusively.

Step v+l. We make up the equation
£

b3 ii(m) =0 (1.14)
i=o0
and find its roots m: such that m:€N and
v
m, 2 Lv. (1.15)

Only those roots mZEN of the equation (1.14) can be singular
degree’s of polynomial solutions that are connected by the ine-
quality (1.15) and satisfied to the correlation

So(mg) = S (my) =...= Sg(ml) >S (m), n=h#1,N.

Thus picking out all possible tuples of the terms of equa-
tion (1) with a property analogous to the property (1.7) and
for every tuple doing consistently pointed steps we find all

possible singular degree’s of polynomial solutions (3) of al-
gebraic differential equation (1).
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In conclusion we note that considering in this paragraph
method of finding of the degree’s of polynomial solutions (3)
of algebraic differential equation (1) is quite algorithmizira-
ted permiting to use the computer.
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- [IOJIHHOMHM PEHNEHHJA HA AJICEBAPCKH OBHYHH
IMOEPEHIMJIAJHY PABEHKH. I ’

B.H. TopGysos

PesunmMme

BO OBOJj TpyA ce pasrineayBaaT NONHHOMHHK pemeHHja Ha anretap-
CKX mudepeHUHjaNITHH DPABEHKH CO CHHIYJIAapDHHM H HECHHI'YJIapHH CTeNeHH.
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