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NOTE ON AN INTEGRAL INEQUALITY SIMILAR TO QI’S
INEQUALITY

A. AGLIĆ ALJINOVIĆ* AND J. PEČARIĆ**

Abstract. Improvement and generalization via integral power means of an
recently published integral inequality similar to Qi’s inequality are given.

1. Introduction

The following problem was formulated by F.Qi in 2000. in his paper [3]: under
what conditions does the inequality

∫ b

a

[f (x)]t dx ≥
(∫ b

a

f (x) dx

)t−1

(1.1)

hold for t > 1.

Since then this problem has been intensively considered and applied in Proba-
bility and Statistics (see for instance [4], [5], [6], [7], [8], [9]).

Also, in the recent paper [1] the following problem similar to the (1.1) was
posed: under what conditions does the inequality

∫ b

a

[f (x)]t dx ≤
(∫ b

a

f (x) dx

)1−t

(1.2)

hold for t < 1.

In the same paper the following answers were given:

Theorem 1. Let f and g be nonnegative functions with 0 < m ≤ f (x) /g (x) ≤
M < ∞ for x ∈ [a, b]. Then for p > 1 and q > 1 with 1

p + 1
q = 1 we have

∫ b

a

[f (x)]
1
p [g (x)]

1
q dx ≤ M

1
p2 m

− 1
q2

∫ b

a

[f (x)]
1
q [g (x)]

1
p dx (1.3)

and then
∫ b

a

[f (x)]
1
p [g (x)]

1
q dx ≤ M

1
p2 m

− 1
q2

(∫ b

a

f (x) dx

) 1
q

(∫ b

a

g (x) dx

) 1
p

. (1.4)
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Corollary 1. For a given positive integer p > 2 and f a such that 0 < m ≤
f (x) ≤ M < ∞ for x ∈ [a, b] where M ≤ m(p−1)2/ (b− a)p, we have

∫ b

a

[f (x)]
1
p dx ≤

(∫ b

a

f (x) dx

)1− 1
p

.

Remark 1. In the last Remark an obvious typewriting mistake has been made:
instead of ”positive integer p > 2” should be ” positive real number p > 1”.

The improvements of the integral inequalities from the Theorem 1 and Corollary
1 are given in the Section 2. Also, further generalization of the inequality (1.2)
similar to Qi’s are obtained in the Section 3. by using the integral power means.

2. Improvements of the inequality (1.4)

In the following two Theorems we give the improvements of the inequality (1.4).

Theorem 2. Let f and g be positive functions with 0 < f (x) /g (x) ≤ M < ∞
for x ∈ [a, b]. Then for p, q ∈ R and 1

p + 1
q = 1, 1

p − 1
q > 0 and p, q > 0 we have

∫ b

a

[f (x)]
1
p [g (x)]

1
q dx ≤ M

1
p− 1

q

(∫ b

a

f (x) dx

) 1
q

(∫ b

a

g (x) dx

) 1
p

(2.1)

If 1
p + 1

q = 1, 1
p − 1

q > 0 and p · q < 0 inequality is reversed.

Proof. We have

f (x)
1
p g (x)

1
q = f (x)

1
q g (x)

1
p

(
f (x)
g (x)

) 1
p− 1

q

.

Since 1
p − 1

q > 0 and 0 < f (x) /g (x) ≤ M , we have

(
f (x)
g (x)

) 1
p− 1

q

≤ M
1
p− 1

q

and
f (x)

1
p g (x)

1
q ≤ M

1
p− 1

q f (x)
1
q g (x)

1
p .

Thus ∫ b

a

f (x)
1
p g (x)

1
q dx ≤ M

1
p− 1

q

∫ b

a

f (x)
1
q g (x)

1
p dx.

Further, if 1
p + 1

q = 1 by applying the Hölder inequality, in case p, q > 0 we
have

∫ b

a

f (x)
1
p g (x)

1
q dx ≤ M

1
p− 1

q

(∫ b

a

f (x) dx

) 1
q

(∫ b

a

g (x) dx

) 1
p

.

If p · q < 0 inequality is reversed. ¤
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Theorem 3. Let f and g be positive functions with 0 < m ≤ f (x) /g (x) < ∞ for
x ∈ [a, b]. Then for p, q ∈ R and 1

p + 1
q = 1, 1

p − 1
q < 0 and p, q > 0 we have

∫ b

a

f (x)
1
p g (x)

1
q dx ≤ m

1
p− 1

q

(∫ b

a

f (x) dx

) 1
q

(∫ b

a

g (x) dx

) 1
p

(2.2)

If 1
p + 1

q = 1, 1
p − 1

q < 0 and p · q < 0 inequality is reversed.

Proof. As in the previous Theorem

f (x)
1
p g (x)

1
q = f (x)

1
q g (x)

1
p

(
f (x)
g (x)

) 1
p− 1

q

.

Since 1
p − 1

q < 0 and 0 < m ≤ f (x) /g (x), we have
(

f (x)
g (x)

) 1
p− 1

q

≤ m
1
p− 1

q

and
f (x)

1
p g (x)

1
q ≤ m

1
p− 1

q f (x)
1
q g (x)

1
p .

Thus

m
1
p− 1

q

∫ b

a

f (x)
1
q g (x)

1
p dx ≥

∫ b

a

f (x)
1
p g (x)

1
q dx.

Further, if 1
p + 1

q = 1 by applying the Hölder inequality, in case p, q > 0 we
have

∫ b

a

f (x)
1
p g (x)

1
q dx ≤ m

1
p− 1

q

(∫ b

a

f (x) dx

) 1
q

(∫ b

a

g (x) dx

) 1
p

.

If p · q < 0 inequality is reversed. ¤

Remark 2. Comparing to Theorem 1, Theorems 2 and 3 hold for a wider class of
functions. However, (under the assumptions of Theorem 1) the constant in (2.1)
is better than the constant in (1.4). Indeed, since 1

M ≤ 1
m and 1

p + 1
q = 1, p, q > 0

we have

M
1

p2 m
− 1

q2 = M
1

p2

(
1
m

) 1
q2

≥ M
1

p2

(
1
M

) 1
q2

= M
1

p2− 1
q2 = M

1
p− 1

q .

Also, the constant in (2.2) is better than the constant in (1.4) since

M
1

p2 m
− 1

q2 ≥ m
1

p2 m
− 1

q2 = m
1

p2− 1
q2 = m

1
p− 1

q .

Consequently, the next two Corollaries are the improvements of the Corollary1.

Corollary 2. Let f : [a, b] → R be a function such that 0 < f (x) ≤ M < ∞ for
x ∈ [a, b]. Let also p ∈ R, 1 < p < 2 and M ≤ (b− a)

1
p−2 , then we have

∫ b

a

[f (x)]
1
p dx ≤

(∫ b

a

f (x) dx

)1− 1
p

.
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Proof. We use the results from the Theorem 2 with g (x) ≡ 1. If 1
p + 1

q = 1,
1
p − 1

q > 0 and p, q > 0, then q > 2 > p > 1. Putting g (x) ≡ 1 into (2.1) yields to

∫ b

a

[f (x)]
1
p dx ≤ M

1
p− 1

q (b− a)
1
p

(∫ b

a

f (x) dx

) 1
q

.

Since 1
p−2 = q

p−q and M ≤ (b− a)
q

p−q is equivalent to M
1
p− 1

q (b− a)
1
p ≤ 1 we have

∫ b

a

[f (x)]
1
p dx ≤

(∫ b

a

f (x) dx

)1− 1
p

.

¤

Corollary 3. Let f : [a, b] → R be a function such that 0 < m ≤ f (x) < ∞ for
x ∈ [a, b]. Let also p ∈ R, p > 2 and m ≥ (b− a)

1
p−2 , then we have

∫ b

a

[f (x)]
1
p dx ≤

(∫ b

a

f (x) dx

)1− 1
p

.

Proof. We use the results from the Theorem 3 with g (x) ≡ 1. If 1
p + 1

q = 1,
1
p − 1

q < 0 and p, q > 0, then p > 2 > q > 1. Putting g (x) ≡ 1 into (2.2) yields to

∫ b

a

f (x)
1
p dx ≤ m

1
p− 1

q (b− a)
1
p

(∫ b

a

f (x) dx

) 1
q

Since 1
p−2 = q

p−q and m ≥ (b− a)
q

p−q is equivalent to m
1
p− 1

q (b− a)
1
p ≤ 1 we

have
∫ b

a

[f (x)]
1
p dx ≥

(∫ b

a

f (x) dx

)1− 1
p

.

¤

In the next two Corollaries the reversed inequality of (1.2) is considered.

Corollary 4. Let f : [a, b] → R be a function such that 0 < f (x) ≤ M < ∞ for
x ∈ [a, b]. Let also p ∈ R, 0 < p < 1 and M ≥ (b− a)

1
p−2 , then we have

∫ b

a

[f (x)]
1
p dx ≥

(∫ b

a

f (x) dx

)1− 1
p

.

Proof. We use the result from the Theorem 2 in case p · q < 0 with g (x) ≡ 1. If
1
p + 1

q = 1, 1
p − 1

q > 0 and p · q < 0, then 0 < p < 1. Putting g (x) ≡ 1 into reversed
(2.1) yields to

∫ b

a

[f (x)]
1
p dx ≥ M

1
p− 1

q (b− a)
1
p

(∫ b

a

f (x) dx

) 1
q
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Since 1
p−2 = q

p−q and M ≥ (b− a)
q

p−q is equivalent to M
1
p− 1

q (b− a)
1
p ≥ 1 we have

∫ b

a

[f (x)]
1
p dx ≥

(∫ b

a

f (x) dx

)1− 1
p

.

¤

Corollary 5. Let f : [a, b] → R be a function such that 0 < m ≤ f (x) < ∞ for
x ∈ [a, b]. Let also p ∈ R, p < 0 and m ≤ (b− a)

1
p−2 , then we have

∫ b

a

[f (x)]
1
p dx ≥

(∫ b

a

f (x) dx

)1− 1
p

.

Proof. We use the result from the Theorem 3 in case p · q < 0 with g (x) ≡ 1. If
1
p + 1

q = 1, 1
p − 1

q < 0 and p · q < 0, then p < 0. Putting g (x) ≡ 1 into reversed
(2.2) yields to

∫ b

a

f (x)
1
p dx ≥ m

1
p− 1

q (b− a)
1
p

(∫ b

a

f (x) dx

) 1
q

Since 1
p−2 = q

p−q and m ≤ (b− a)
q

p−q is equivalent to m
1
p− 1

q (b− a)
1
p ≥ 1 we

have
∫ b

a

[f (x)]
1
p dx ≥

(∫ b

a

f (x) dx

)1− 1
p

.

¤

3. Generalizations via power means

For a function f : [a, b] → R integral power mean is defined by

M [r] (f) =

(
1

b− a

∫ b

a

fr (x) dx

) 1
r

.

In the following Theorem we give the further generalization of the inequality
(1.2) similar to Qi’s by using the integral power means.

Theorem 4. Let f : [a, b] → R be a function such that 0 < f (x) ≤ M < ∞ for
x ∈ [a, b]. If 0 < r < s, t and M ≤ (b− a)

r−s
s(t−r) we have

∫ b

a

f t (x) dx ≤
(∫ b

a

fs (x) dx

) r
t

. (3.1)

Proof. Since f (x) ≤ M and t− r > 0 we have

f t (x) = f t−r (x) · fr (x) ≤ M t−rfr (x) ,
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and for s > r > 0 we have M [r] (f) ≤ M [s] (f) (see for instance [2]). Thus

1
b− a

∫ b

a

f t (x) dx ≤ M t−r




(
1

b− a

∫ b

a

fr (x) dx

) 1
r




r

≤ M t−r

(
1

b− a

∫ b

a

fs (x) dx

) r
s

and
∫ b

a

f t (x) dx ≤ M t−r (b− a)1−
r
s

(∫ b

a

fs (x) dx

) r
s

.

Since M ≤ (b− a)
r−s

s(t−r) is equivalent to M t−r (b− a)1−
r
s ≤ 1 the inequality (3.1)

is proved. ¤

Theorem 5. Let f : [a, b] → R be a function such that 0 < m ≤ f (x) < ∞ for
x ∈ [a, b]. If 0 < t < r < s and m ≥ (b− a)

r−s
s(t−r) we have

∫ b

a

f t (x) dx ≤
(∫ b

a

fs (x) dx

) r
t

. (3.2)

Proof. Since f (x) ≥ m and t− r < 0 we have

f t (x) = f t−r (x) · fr (x) ≤ mt−rfr (x) ,

and for s > r > 0 we have M [r] (f) ≤ M [s] (f). Thus

1
b− a

∫ b

a

f t (x) dx ≤ mt−r




(
1

b− a

∫ b

a

fr (x) dx

) 1
r




r

≤ mt−r

(
1

b− a

∫ b

a

fs (x) dx

) r
s

and
∫ b

a

f t (x) dx ≤ mt−r (b− a)1−
r
s

(∫ b

a

fs (x) dx

) r
s

.

Since m ≥ (b− a)
r−s

s(t−r) is equivalent to mt−r (b− a)1−
r
s ≤ 1 the inequality (3.2)

is proved. ¤

Corollary 6. Let f : [a, b] → R be a function such that 0 < f (x) ≤ M < ∞ for
x ∈ [a, b]. If t ∈ 〈

1
2 , 1

〉
and M ≤ (b− a)

t
1−2t we have

∫ b

a

f t (x) dx ≤
(∫ b

a

f (x) dx

)1−t

. (3.3)
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Proof. We take t ∈ 〈
1
2 , 1

〉
, r = 1 − t, s = 1 in the Theorem 4. Thus we have

0 < r < s, t and r−s
s(t−r) = t

1−2t , so inequality (3.1) reduces to (3.3). ¤

Corollary 7. Let f : [a, b] → R be a function such that 0 < m ≤ f (x) < ∞ for
x ∈ [a, b]. If t ∈ 〈

0, 1
2

〉
and m ≥ (b− a)

t
1−2t we have

∫ b

a

f t (x) dx ≤
(∫ b

a

f (x) dx

)1−t

. (3.4)

Proof. We take t ∈ 〈
0, 1

2

〉
, r = 1 − t, s = 1 in the Theorem 5. Thus we have

0 < t < r < s and r−s
s(t−r) = t

1−2t , so inequality (3.2) reduces to (3.4). ¤

Remark 3. It is easy to see that if we take t = 1
p in the Corollary 6 and Corollary

7 we obtain Corollary 2 and Corollary 3 respectively.
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