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NOTE ON AN INTEGRAL INEQUALITY SIMILAR TO QI'S
INEQUALITY

A. AGLIC ALJINOVIC* AND J. PECARIC**

Abstract. Improvement and generalization via integral power means of an
recently published integral inequality similar to Qi’s inequality are given.

1. INTRODUCTION

The following problem was formulated by F.Qi in 2000. in his paper [3]: under
what conditions does the inequality

b b t—1
/ f @) da > ( / f () d:c> (L1)
hold for ¢ > 1.

Since then this problem has been intensively considered and applied in Proba-
bility and Statistics (see for instance [4], [5], [6], [7], [8], [9]).

Also, in the recent paper [1] the following problem similar to the (1.1) was
posed: under what conditions does the inequality

/ 1 (@)t de < ( / f @) dx> (1.2)

In the same paper the following answers were given:

hold for ¢t < 1.

Theorem 1. Let f and g be nonnegative functions with 0 < m < f(z) /g (z) <
M < oo for x € [a,b]. Then forp>1 and q¢>1 with%—l— % =1 we have

b
[ @)
and then

b 1 1 1 1 b % b %
/[f(z)]g[g(x)]adstPm‘F (/ f(x)dx) (/ g(:v)dx) . (14)
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1 1 b 1 1
g ()] dw < M»*m a2 / [f (@)]7 [g (2)] da (1.3)
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Corollary 1. For a given positive integer p > 2 and f a such that 0 < m <
f(x) <M < oo for x € [a,b] where M < m®=1*/(b—a)?, we have

1—1

/ab[f(x)]fl’dx§</abf(x)dx>

Remark 1. In the last Remark an obvious typewriting mistake has been made:
instead of “positive integer p > 2”7 should be ” positive real number p > 17.

The improvements of the integral inequalities from the Theorem 1 and Corollary
1 are given in the Section 2. Also, further generalization of the inequality (1.2)
similar to Qi’s are obtained in the Section 3. by using the integral power means.

2. IMPROVEMENTS OF THE INEQUALITY (1.4)

In the following two Theorems we give the improvements of the inequality (1.4).

Theorem 2. Let f and g be positive functions with 0 < f(x) /g(z) < M < oo

or z € [a,b]. Then forp, ge Rand + +1=1,1 -1 >0 andp, ¢ >0 we have
» g

(/abf(a:)dx> (/abg(x)dxy (2.1)

>0 and p-q < 0 inequality is reversed.

Q=

Q=

b ) ) 1
[ 1@ @) ar< -

1_1
P q P q

st =riaer (20)"

Since%—%>0and0<f(x)/g(x) < M, we have

and

Thus
b 1 1 1 1 b 1 1
/ f (@)} g ()t de < Mﬂ/ f (@) g (2)? da.

Further, if 1% + % = 1 by applying the Holder inequality, in case p, ¢ > 0 we

have
/:fo:) g (@)t dv < M3~ (/ff(@dx)q([lbgu)dx)p.

If p- ¢ < 0 inequality is reversed. O
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Theorem 3. Let f and g be positive functions with 0 < m < f (z) /g (z) < oo for
x € [a,b]. Then forp, ¢ € R andl—i—l:l, l—l<0cmdp,q>0wehave

/f z </f ) (/abgu)dx); (2.2)

If% + é =1, % - % <0 and p-q < 0 inequality is reversed.

-Q\b—‘
m»—‘
mH

Proof. As in the previous Theorem

Since5—7<OandO<m<f( x) /g (x), we have

and

Thus b
m3 =t [ f()ig( pd$>/f )b g(2) da.
a

Further, if 1% + % = 1 by applying the Holder inequality, in case p, ¢ > 0 we

have
[ e

If p- ¢ < 0 inequality is reversed. O

m
m»-A
I/\
3
B =
|
Q=
7N
)
o
\
—~
oS
s
8
~
Q=
7N
—
o
e}
—
o)
Q
8
~
=S|

Remark 2. Comparing to Theorem 1, Theorems 2 and 3 hold for a wider class of
functions. However, (under the assumptions of Theorem 1) the constant in (2.1)
is better than the constant in (1.4). Indeed, since - i < % and * —I— ==1,p,g>0
we have
a 1
a1 1\ a1\ a1 11
M»2m & = M»2 | — > M»? | — B p2 ¢2 = M7 q,
()" = ()

Also, the constant in (2 2) is better than the constant in (1.4) since

1 a1 1_1
2 —mr?2 2 =mpr q,

M »»m q2 > mpl m a
Consequently, the next two Corollaries are the improvements of the Corollaryl.

Corollary 2. Let f : [a,b] — R be a function such that 0 < f (x) < M < oo for
x € la,b]. LetalsopeR, 1 <p<2and M < (b—a)?2, then we have

1

[[f(@]idxs([lbf(x)dm) .
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1.

= If 1 =1,
1 into (2

L )y 1elds to

f—%>Oandp,q>0,thenq>2>p>1. Putting g (z)

/ab[f(x)];d:%M;‘é(b—a);(/abf )
(b—

Since 15 = sand M < (b—a) 7 is equivalent to M3~

/:[funidxs (/:ﬂx)dx)l_p

Corollary 3. Let f : [a,b] — R be a function such that 0 < m < f(z) < oo for
x € [a,b]. Let alsop € R, p>2 and m > (b— a)?=2, then we have

/;[f@c)]idsc< (/abf(w)dxy_p

Proof. We use the results from the Theorem 2 with g (x) %
= 1

'ﬁ\»—‘

< 1 we have

O

Proof. We use the results from the Theorem 3 with g(x) = 1. If % 1 =1,
%f%<0andp, q >0, then p > 2> ¢ > 1. Putting g (z) = 1 into (2.2) y 1elds to
[ 1@k a<micto- o} ( [ e )
Since 15 = 4 and m > (b )77 is equivalent to m» @ (b—a)? < 1 we
have
b L
[tors (f'rs)
a
O

In the next two Corollaries the reversed inequality of (1.2) is considered.

Corollary 4. Let f : [a,b] — R be a function such that 0 < f(x) < M < oo for
1
z € [a,b]. Let alsope R, 0<p<1and M > (b— )m then we have

[rapecs ([reow)

Proof We use the result from the Theorem 2 in case p-¢q < 0 with g (z) = 1. If
f—|—f =1, f—% >0and p-q <0, then 0 < p < 1. Putting ¢g (x) = 1 into reversed

(2 1) yields to
ot (1)

1 1

b
[ 1@ oz s

‘d\'—‘
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=

Since p% =L and M > (b— a)quq is equivalent to M7~ (b—a)? > 1 we have

2
LAbUXxH;dxz (Abfcwdm>lp

Corollary 5. Let f : [a,b] — R be a function such that 0 < m < f(x) < oo for
1
x € [a,b]. Let alsop €R, p<0 and m < (b— a)r-2, then we have

KU@WM2<[mey;

Proof. We use the result from the Theorem 3 in case p- ¢ < 0 with g (z) = 1. If
14 % =1, % - é <0and p-q <0, then p < 0. Putting g (x) = 1 into reversed

52.2) yields to
b
/f(x)%dac ;;b—a;</f )
1

Since —5 = -~ and m < (b— a)P ¢ is equivalent to mr~ (b— a)% > 1 we

have re p ! -
KU@WMZ<[me>p

3. GENERALIZATIONS VIA POWER MEANS

O

For a function f : [a,b] — R integral power mean is defined by

= (g [ rorw)

In the following Theorem we give the further generalization of the inequality
(1.2) similar to Qi’s by using the integral power means.

Theorem 4. Let f : [a,b] — R be a function such that 0 < f (z) < M < oo for
x €lab. If 0<r<s,tand M < (b— a)sth) we have

/abft(x)dxg (/ﬂbﬁ(m)dxy. (3.1)

Proof. Since f (z) < M and t —r > 0 we have
frla)=f"" (@) fr @) < M7 (),
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and for s > r > 0 we have Ml (f) < Ml (f) (see for instance [2]). Thus

b b v

= | rr@ar< <bla/a f’“(w)dw>
t—r 1 ’ s :
<M (b—a/a f (x)dz)

[ 1 @e < a0y (/fs )

r
s

and

Since M < (b—a)* == is equivalent to M*" (b—a) 1 the inequality (3.1)
is proved. .

Theorem 5. Let f : [a,b] — R be a function such that 0 < m < f(x) < oo for
x€la,b]. If 0<t<r<sandm> (bfa)b‘(:_jr) we have

/abft () d < (/abfs (a:)dx)f. (3.2)

Proof. Since f (x) > m and t — r < 0 we have

ffla)=1""(= ) (ff) m' "7 (@),
and for s > r > 0 we have Ml (f) < I(f). Thus

7@/]“ ) da < mt- bia/f’“ )
S IR

[ 1@< o0y (/f )

Since m > (b—a) =0 s equivalent to m!— "(b—a)'"F <1 the inequality (3.2)
is proved. O

T

©l3

and

Corollary 6. Let f : [a,b] — R be a function such that 0 < f(x) < M < oo for
z€[a,b]. Ift€(3,1) and M < (b—a)™2 we have

b b 1=t
/a ft(x)dxg< / f(a:)da:) . (3.3)
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Proof. We take t € <%,1>7 r=1—1t, s =1 in the Theorem 4. Thus we have

—S

0<r<stand =25 = 57, so inequality (3.1) reduces to (3.3). O

Corollary 7. Let f : [a,b] — R be a function such that 0 < m < f(z) < oo for
z € a,b]. Ift€(0,1) and m > (b— a)ﬁ we have
—t

/abft(x)dacg /abf(x)dx 1 . (3.4)

Proof. We take t € (0,3), 7 =1—t, s = 1 in the Theorem 5. Thus we have

0<t<r<sand fi=5 = 15, so inequality (3.2) reduces to (3.4). O

Remark 3. It is easy to see that if we take t = % in the Corollary 6 and Corollary
7 we obtain Corollary 2 and Corollary 3 respectively.
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