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EXPRESSIONS OF LAGUERRE POLYNOMIALS
THROUGH BERNOULLI POLYNOMIALS

Blagoj S. Popov

Abstract

The aim of this paper is to obtain an expansion formula of Larguerre
polynomials through Bernoulli polynomials.

1. Introduction

Laguerre polynomials L(a)(ac) are defined by

1
L) (z) = (—“%ﬁ)-"- Fi(-m14ae52), n>0 (1)
where -
(a)nz™
Fi{a; b;2) =
11 (e; b 2) 7; (0)n !
is the confluent hypergeometric function and
() =ala+1)(a+2)...(a+n-1), n>1
(a)o =1 , a 75 0
is the factorial function [1]. It is a special case of the generalized hyperge-
ometric function ,Fy (a1, o, ..., ap; Bi, B2, ..., By; ¢) used later.

From (1) it follows immediately that

D*(1 + a)pz
L(a)(fv) Z k('(n ()’tl+a)

Bernoulli polynomials B (x) are defined by

RO 2)
n=0

from where we have
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B.(z) = an (:‘) B,z™ . 3)

r=0
B, are the Bernoulli nombers [2].
From (2) it follows

[e o}

. tr __
;(B (z+1) Bn(z)) = = te Z(n—l)'
and we have
Bn(z +1) = Bp(z) = nz" 1, n=0,1,2,.... (4)
We use the relations (3) and (4) to conclude that
" n! B(z)
Zk'n—k-{-l)' (5)

2. The relation between Laguerre and Bernoulli polynomials
Consider the series

N 1)%(1 + a)pzt"
;L% Y(a)t" Z Z (sl (n_( ) ( 1)+ @),

n=0 s=0

_ 3 CD( a2t
stn! (14 @); '

n, s=0

Using (5) we have

00 o n = > 1)*(1 + @)nysB z)tmte
Y L@ =Y (n! k)! ((s—k)++1)! l(ci'ga)s )

(=1)*TE(1 + @)ng sk Br(a)t" o+
nl k! (s+ 1) (14 o)tk

ns=0 k=0

Ms

n, k, s=0

in which we use the identity

SN Alk,n-k)y=Y Y A(k,n) (6)

n=0 k=0 n=0 k=0
~ to collect the powers of ¢ in the last summation above. By the same identity
used conversely we may write

1)s+k 1+ a)n+kBk(x)t"+k _

- o n_. (
Z L (@)= Z z (n— )Nl + a)syrkl(s + 1)!

n=0 n, k=0 5=0
~1)k ntk
= Z 2Fy(—n, ;14 o+ k,2; 1)( D) (1T?)n+k3k(w)t .
n,k=0 n.k.(l + a)k
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By the identity (6) used again conversely, we obtain

o n Y ), )
ZL(a () ZEZF?(;”+'“’1;1+“+’“’2;1)( lfz)(n(ﬁ)x()lf"iﬁt '

Finally, it is

n k
(@)(my _ 3 , o (D1 +a) By(z)
L (7:)_2 oFy (—n+ k.1 14+ a+k, 2 1)k!(n—k)!(1+a)k

k=0

(7

3. Special cases

1° When a = 0, we have the simple Laguerre polynomials denoted by
Ln(z) ie.
Lo(z) = LY (2) = 1F (-n; 1; ).
Then from (7) we obtain

(=1)*n!By(z)

La(z) =) 2F(-n+k, 1; k+1,2; 1) HE (b))

k=0

2° Hermite polynomials reduced to Laguerre polynomials [3] give with
(7) the relations

(=1)™hantk(2n — 1)1 By(2?)
(2k — 1)

Han(2)=Y " s Fa(-n+k, 1; k+ 2 1)(})
and w0

(—=1)ntkontk+l(on L 1)1 B (2?)

3
H)n+1(~’”)-$>: Fa(=n+k, 1 k43,21 (i) 2k+ 1)

k=0
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N3PA3YBAIBE HA TTOJIMHOMMWUTE HA LAGUERRE
CO IIOJIMHOMMWTE HA BERNOULLI

Bunaroj C. Hlonos

Pezuwme

Bo Tpynot ce maBa enmHO pa3BMBame Ha HOJMHOMHUTe Ha Laguerre
BO peIoBM Ha moamHOMMTe Ha Bernoulli.
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