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Abstract

In this paper, an output stream of unserved customers is con-
sidered. Namely, during the service of a customer or a group of
customers, other customers which wait in the system lose some
properties and cannot be accepted for servicing. Therefore, they
leave the system unserved. We determinate the Laplace-Stieltjes
transformation and the probability generating function of the inter-
output times between two groups of unserved customers in GX /G /1
and Gi‘; /Gp/1 system, respectively. As a special case, we find the
distribution of this characteristic for M/M/1 and Geo/Geo/1 sys-
tems.

1. Introduction.

In the paper [2] the output process of groups of unserved customers
generated during the service time in the system M/G/1 are considered.
Here, we generalize the problem and determine the Laplast-Stieltjes trans-
form (LST) and the probability generating function (p.g.f) of the length of
the interval between output moments of two consecutive unserved groups.
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In Section 2 we describe the systems which are considered. In Section
3 we give some preliminary results about the number of the customers
arrived in the system during the service time of a customer in M/G/1
and Geo/Gp/1 systems, respectively. In Section 4 we define the way of
generating of the output stream of unserved customers during the waiting
time. We determine the LST (in continues case) and the p.g.f. (in discrete
case) of the length of the interval between two consecutive output moments.
We find the mean and the variance of this characteristics. As a consequence,
we obtain the LST and p.g.f. of this characteristics when the input stream
is ordinary. In Section 5 we give some conclusions. ‘

2. Description of systems

In this paper we consider systems with arbitrary distributed inter-
arrival and service times which can be continues (GX/G/1 systems) or
discrete random variables (GX /Gp/1 systems). The input stream is deter-
mined by interarrival times 17,73, ... which are independent and identically
distributed random variables (r.v). In the continues case, they are given
by its LST «a(s) and in discrete case, by its p.g.f V(z). In each moment,
at most one group of customers arrives in the system. The number of
customers in a group is a discrete r.v. Z defined by its p.g.f. ®(z).

In further, for a given discrete r.v. £, we denote its p.g.f by Pe(z). If
£ > 0 is assumed to be a non-integer r.v., the its LST is denoted by ¢¢(s)

In the continues case, if a group arrives in an empty system the service
of a customer from this group starts immediately. In the discrete case,
the time axis is divided into equal intervals called slots. The service of a
customer is synchronized to start only at slot boundaries. Without loss of
generality, we assume that the length of a slot is equal to a unit time. If a
group arrives in an empty system the service of a customer from this group
starts in the first discrete moment after arrival epoch.

In the both cases, if the server is busy, the customers from the group
remain in the queue and wait for service according to the queueing disci-

pline. We assume that the service time of a customer is given by a positive
rv. X.

3. Some preliminary results

In this section we consider systems with Poisson and geometrical or-
dinary input stream i.e. M/G/1 and Geo/Gp/1 queueing systems. (The
number of customers in a group is 1).

Let Y be a r.v. which denote the number of customers arrived in the
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system during the service of a customer. It is a discrete r.v. and its p.g.f.
is determined by the following theorem.

Theorem 1. (see [3]) The r.v. Y is determined as follows:
(a) for M/G/1 system, by the p.g.f.

Py(2) = ox(A — A2), 0<z<1
(b) (see [4]) for Geo/Gp/1 system, by the p.g.f.
Py(z) = Px(go + poz), 0<Lz<1.
0

Example 1. (see [3]) If the system M/M/1 is considered then the
p-g.f. of Y has the form:

oo k v
’ [ad H k
P = — 1- —— 1
=y (1) - )
and we find that
u
P{Y =0} = ——
{ } )
. (2)
7 7
PlY=k}=—"—(1-—L_) , k=1,2...
r=m =5 (s u+A)

: H

ie. Y ~ Geo orY ~
)

occupation of the system.

Example 2. (see [4]) If the system Geo(po)/Geo/1 is considered then
the p.g.f. of Y has the form:

1 A
——, where p = — is the coefficient of
1+p Iz

Py(z) = (3)
- 1—(2(1—01’)(10 * 1—(f0—b)% g; (1 - 1711)—?%) - I:(—l—b:b—)zaz}c
and the distribution of Y is given as follows:
P{Y =0} = Py(0) = ‘1—_'(—?2—5(1;,
P> 0 =1 - Tt = @

b b k=1 |
P{Y:k}=P{Y>0}m(l—-1—_—m) k=1,2,...
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The last equation implies the follows. Let define the events A and B
as

with parameter py arrive in the system during

' { at least a customer of the input geometrical stream }
A=
the service time of a customer

exactly k customers from a geometrical stream
b

B =

with parameter arrive in the system

1-(1-b)g

Then the probability of the event that exactly k£ customers from the
input stream with parameter pg, arrive in the system during the service time
of a customer is equal to the product of the probabilities of the events A and
B. This means that the rb.v. Y has modificated geometrical distribution

with the parameter ————.
1-(1-b)g

4. A distribution of output stream of unserved
customers

At first, let us consider GX /G/1 queueing system (system with ar-
bitrary continuous distribution of interarrival and service times) with the
following mechanism of servicing: If a group arrives in an empty system,
the service of a customer of this group starts at the same moment when it
arrives. On the contrary, the customers of the group remain in the queue
and wait for their service. During their waiting times, the customers lose
some of their properties and cannot be accepted for servicing. Therefore,
after finishing of the service of all customers which belong to the first group,
the customers in the queue wait for the arrival of the following group which
customers will be accepted for service and in this moment they leave the
system unserved.

If GJ /G p/1 system is considered, the mechanism of servicing is similar
as previous with one difference. Namely, the unserved customers leave the
system at the first discrete moment after arrival of the following group
which customers will be accepted for servicing.

Let Y; is a r.v. which denote the number of customers arrived in the
system during the service of the ¢-th customer of a group, ¢ = 1,..., 2. It
is clear that ¥;, ¢ = 1,...,7Z are i.i.d. random variables. We determine
the distribution of the length of the interval between output moments of
two consecutive batches of unserved customers. Let denote the length of
this interval with Uz. This interval is composed of a,random number
Y1 + Yy 4 --- + Yz of consecutive interarrival times and one additional
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interarrival time for the group which will be accepted for servicing. Let T;
be the i-th interarrival time, ¢ = 1,2,.... Namely,

Uz=T1+...4+Ty,+Tyv,41+. - +Tvi4vs +- - ATyt y; + g 4 Y241

Theorem 2. The r.v. Uz is determined as follows:
(a) in the continues case, by the LST

Y0(s) = a(s)®(Py(a(s))) | (5)

(b) in the discrete case, by the p.g.f.
Py,(2) = V(2)®(Py(V(2))) (6)
Proof:

(a)
Yi+--+Yz +1 T

we(9) = B(e7) = B (e T )

T G R VT

k=0

o

ZP{Z k}z ZE(-sz vt )P{lerl}"'P{Yk=rk}

k=0 ri=1 =1
00 ) o] [o] rittrp+1l

=S P{Z=k}Y P{Yi=r}- Y P¥e=n} J] E(e7T)
k=0 ry=1 re=1 i=1

=Y P{Z=k} > P{Yi=m}--r Y P{Yp=re}(a(s)) ottt
k=0 ri=1 re=1

=a(s)Y P{Z =k} Y P{vi=r}a(s)" - Y P{¥ = ri}a(s)™

k=0 ri=1 rr=1

= a(s) S P{Z = k} Py (a(s)) - Py (als))
k=0

o(s) Y P{Z = k} (Py(a(s)))"
k=0

= a(s)®(Py(a(s)))
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)
Py, (5) = ib{gz = k}sk
k=1

o0
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...
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X P{Y; = ri} (V(2))"

=V(2)Y_ P{Z = i}Py,(V(2)) -+ Pr,(V(2))
i=1

= V(2) ) PAZ = i} (Py,(V(2)))
i i=1

= V(z)®(Py(V(2)))

P{y, = 7‘1} Z P{Y; = r;} (V(z))rl"'"‘ri‘*'l

0

Theorem 3. In the both cases, the mean and the variance of the r.v.

Uz are given by the following expressions:
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EUz = ET(EY -EZ 4+ 1)
DUz = DT(EY -EZ + 1)+ (ETY((EY)*DZ + EZ - DY).
]

Let us consider systems with ordinary input stream i.e. the number of
customers in a group is 1. Then the r.v. Uz is given by

Ug=Ti+Ty+ -+ Ty + Ty,

where Y denotes the number of customers arrived in the system during the
service of a customer.

Corollary 1. The r.v. Uz is determined as follows:
(a) (see [2]) in the continues case, by the LST

Tz (8) = a(s) Py (a(s)) (7)

(b) in the discrete case, by the p.g.f.
Py, (z) =V(z)Py(V(z2)). (8)

In the both cases, the mean and the variance of the r.v. Uz is given

as follows: ‘
EU;z; = ET(EY +1)

DUz = DT(EY + 1) + DY (ET)*.

a
Example 3. Let us consider the M/M /1 queueing system. Using the
relation (1) and (7), we have: )

/\M

and the corresponding density of the distribution of Ty is given by

: AL Al
t) = -t t>0.
gr(t) eXp< M_#), >0

So, we have the exponential distribution with the parameter . Since

A
A+

the number of customer which leave the system unserved are given by
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1
the r.v. Y and for this system its distribution is Geo ( g p) (according

relation (2)), we obtain that the output stream of unserved customer is
quasi-Poisson.

Example 4. Let consider the Geo(py)/Geo(b)/1 system. In this case,
using (3) and (8), we obtain that:

_ bgo = 1. i
oo n-1 n—i—1
bpo ( bpo )
1- 2"
+ l—b)po+bX_:Z(1 ~b)po+b (1=0)po +b
=2 i=1

Using the last expression, we find the distribution of the r.v. Ty as follows.

_ bpoqo
P == m v
_ v_ bpog
Py =n} = a0 15T
Po
T

n—1

opdae ! bpo il
X 1- , n2>2.
;(_1—b)po+b< T

5. Conclusions

In this paper we consider an output stream of groups of unserved
customers during the waiting time in G/G/1 and Gp/G% /1 systems. Na-
mely, during their waiting times the customers lose some of their properties
and cannot be accepted for servicing. The distribution of the length of
the interval between two consecutive output moments are found. We can
notice that the LST (in continues case, (5)) and the p.g.f. (in discrete
case, (6)) have the analogues form. Also, the mean and the variance of this
characteristics are given by the same expression in the both cases. As a
consequence, we obtain the LST and p.g.f. of this characteristic when the
input stream is ordinary.
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HEKOU KAPAKTEPVICTUKHY HA U3JIE3HUTE
IIOTONM O] HEOIICJIYKEHU KJIMEHTHN
BO G¥/G/1 1 G¥/Gp/1 CACTEMM

M. T'eopruesa u B. BakeBa

PezummMme

Bo 0BoOj TpyX e mpoyueH eneH W3ie3eH HMOTOK OJ HEOICJIYXeHH
kauenTd. ViMeHO, 3a BpeMe Ha ONCIY)KyBabe Ha elleH KIWeHT WUIV Ha
elHa IPyTla KIMEHTH, KIMEeHTUTE KON YeKaaT BO peaunaTa ry6aT HeKou
O CBOMTe OCOOMHM W He MOXaT la OuaaT mpudaTeHN 3a OICIYXKY-
Bame. 3aToa, THe ro HAIyUITaaT CUCTEMOT HEONCHY:KeHH. Bo Tpy-
not e ompenenena Jlamnac-CrunrecoBara TpaHcpopManyja M reHep-
upaukaTa QYHKIM]a Ha JAODKHHATA HAa MHTEPBAJOT IOMely IBe Hocie-
JOBaTeNHN W3JNeryBakha Ha TPYIM O HEONCIYXeHH KINEHTU BO
GX/G/1uGF /G p/1 cuctemure, coomserno. Kako cuenujasies ciydaj,
HajleHa e pacmpepnenbarTa Ha oBaa KapakrepucTura 3a M/M/1 u
Geo/Geo/l cuctemure.
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