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DETERMINANT WHOSE ELEMENTS
ARE SYMMETRIC FUNCTIONS

Kostadin G.k Trendevski* and Ice B. Risteski**

Abstract

In this paper is given one theorem of the ”small” generalized
Vandermonde determinant.

1. Introdliction

In the previous paper [1] we obtained one interesting determinant so
called ”small” generalized Vandermonde determinant, but here we will give
one method of its evaluation. This determinant is 1mportant and finds
application in the theory of complex manifolds.

In the present paper we denote by o, the s-th symmetric function, i.e.

0-8(1“17:52’"'73"”): E Ty " Tig * " Tiy

1< <9< <P S0

for 1 < s < n, and oo(x1, 22, -,25) = 1. Specially, we denote by
or(z]*zh? - - - z}*) op-th symmetric functions of ry + --- + r, variables: zy
(rq times), zg (ro times), -- -, zp (r, times). Also by D we denote differ-

entiation with respect to .

2. Main result

Now we give the following result.

Theorem. Let ay,---,ar be k distinct numbers and let us consider
the following sequence of m > k elements

va17"',a1,a2,"',az,"',ak,"‘,ak
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For each i € {1,---,k} we define

where a; repeats r; times (1 < i < k).
ri}, the j-th (1 <

r; veclor-rows X;3, - -+, X;y, such that for each s € {1,---,
j-£ m) coordinate of X;s is

) L, Tl T Tk
oj—s(a] G;108;41 ai’)

Then the determinant of the m X m malriz obtained from these m

vector-rows 18 equal to

(_l)m—k H (aj _ ai)‘rirj.

1<i<j<k

Proof.' Let us consider this ”"small” generalized Vandermonde deter-
minant as a limit of the standard Vandermonde determinant V(t) with

elements

aj + pt, (1<j<Kk0<p<rj—1)andt#0.

Let z(a) = (1,a,a%,---,a" )T be a vector-column. If we substitute
zjp-= z(aj + pt), where z; = z;0 and if we introduce the difference op-
erator by the second indices Azj, = zjp41 — 2jp, then for the standard
Vandermonde determinant we obtain

V(t) = det "210, 211, " 1 21,r1-1>2205 221, " " "1 22,701y " "3 20y k1, " " Ty Zk,rp—1 " =
=det ||z10, Az10, - - -, AT 210, 200, A2z20,- -+, AT 299, - -, 20, A2k, - -+, AT Lz .
Let DPz; = DPz(a;) and z; = z(a,) then the "small” generalized

Vandermonde determinant V can be expressed in the followmg way

V =det IIZ],szrL, %:—ﬁf‘, 2, Dz P 'Iz)_z._—ljf"" ,Zk, N ]rk—li'

where it holds
APz
D?z; = lim ——
t—0 tP

t
v = lim —2 )
t—0 ri=1

I1 II »it*
j=1p=0

The final formula
V= (_l)m—k H (il:j _ a:,')”rj

0<i<ji<y

follows from the development of the previous limit by using the standard
" Vandermonde formula for V' (¢). ||
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Ezample. fm=6,k=3,r1=3,ro=2,r3=1,a; =z, ap = y and
a3 = z, then according to the theorem it holds

1 0 0 1 0 1
2y + = 1 0 3z + 2 1 3z + 2y
2+ 2z 2y +z 1 322 +3zz 3z +2 322 + y? + 6y
y2z v +29z 2y+z 23+32%z 322432z 23+ 622y + 3xy?
0 yéz y? +2yz 32 3+ 3222 3:b2y2 + 223y
0 0 y2z 0 3z x3y?

= —(y = 2)%%(z — 2)* Nz — 9)*) = —(y — 2)°(z — 2)3(z — ).

Remark 1. Ifitis r; = 1,(1 <4 < k) then we obtain the standard
. Vandermonde formula, [2].
Remark 2. This result generalizes as follows. Let

Q,11,al2, o, Q1,0 @21, q22v T2y Tty OkL, QK2 T T Ty Ok s

be given numbers and let r{ + ro+---+rx = m. For eachi € {1,---,k}
we define r; m-dimensional vector-rows x;i,---,X;,, such that for each
s € {1,---,r;}, the j-th (1 £ j £ m) coordinate of x;; be the symmet-
ric function

Uj—s(allv a12’ S a].,'r‘17 Y a’i—l,l) ai—l,2) STy ai—l,n_u

Q41,1 @341,2: """ Bit1,ripys """y Ok, Ok2,7 ", Gk, )-

Then the determinant of the m X m matrix obtained from these m
vector-rows is equal to :

()™ * [ J(ajp — a:q)-

for1<i<j<kl1<p<r;1<g<m

Note that this result may find some applications in different topics of
mathematics. For example it applies in the theory of permutation products
on manifolds [1].
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EITHA NETEPMVHAHTA UM EJIEMEHTHN
CE CUMETPHUYHHM $YHKIIUUN

Koctamun I'. Tpeauesckn* u Uoe B. Pucreckn **

Pezume

Bo Tpymor e manesa Teopema 3a BpeNHOCTa Ha €AHA NETEPMHU-
HaHTa, KojamTo e obonmryBame Ha BamnepMonnoBaTa NeTepMUHAHTA.
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