MaTtemaTnukn Buarten ISSN 0351-336X
21 (XXI)
1997 (117-120)
Ckomnje, Maxkxenouuja

CONVERGENCE AND INTEGRABILITY OF COSINE
TRIGONOMETRIC SUMS WITH QUASI-CONVEX
COEFFICIENTS

Tomovski Zivorad

Abstract

In this paper we obtain a new proof of theorem for neces-
sary and sufficient condition for the convergence and integrability
of cosine trigonometric sums with quasi—convex coefficients.

1. Introduction

Let {a,} be a sequence of real numbers, and we define sequence {Aa,}
by the formula: Aa, = a, — an+1, for every n € N.

Thus in view of the above definition it is obvious that the sequence
{a,} is monotonely decreasing on N if and only if Aa, > 0.

Next we define sequence:

AzanzAan—AanH :an—an+1—(an+1—an+2):an—Qan+1+an+2, n e N .

[e 0]
Definition 1. A sequence {a,} satisfying Z (n+1)|A%,| < © is

n=1
called quasi—convez.

oo
Definition 2. A sequence {a,} satisfying Z |Aa,| < oo is called

n=1
sequence of bounded variation.
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Lemma 1. [1] Let {a,} be quasi~convex and bounded sequence. Then

{a,} is sequence of bounded variation, and lim n Aa, = 0.
=00

2. Main result

Theorem. Let {a,} be quasi-convex sequence. Then the cosine
trigonometric sums is convergent on L! to f and holds:

Jlim 1.5, — flh=0  if and only if a, log n = o(1).
Proof. Applying Abel’s transformation twice we get:

1 & 1
Su(z) = 2 Z AayDi(z) + —2—an+1Dn(x) =

k=1
1 n—2 1 1
_ 2 1 1
=3 kX—% (n+ 1) A%anFo(z) + 2nAan_1 Foo1(z)+ Z%Dn(m)
where:
Do) = sin (n +x%)z, Fo(z) = 1 [sin (n +$%)$]2
sm 3 n+1 sin £

are Dirichlet and Fejer kernels.
Since {a,} is quasi—convex sequence, it follows that the series

Z(n + 1) A2an-;—Fn(:1:) is convergent in L! to f.
n=0

Thus
n—00

if and only if

1 . *
%n Aty Fpq(z) + ianDn(:l:) -0 in L' (*).

Sufficiently. Suppose condition a, logn = o(1), hold. Then,
a, = o(1). Applying Lemma 1 we have: n Aa, = o(1).
Thus the convergence (*) follows by the estimate:

1
%n At Fra(z)+ §anDn(z)—0

1 1
< =nAan ||Foalli+5an (| Dalh=
1 2 2

= —2—n Ady-1 + 200 =3 log .
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Necessity. Suppose convergence (*) hold. Since

1 . 1 .
§N AaN_lFN_l(n) + gaNDN(n) =

1 2T . 1 27 .
= §N Aan_q1 [ Fn_1(z)e™"™"dz + F0n [ Dn(z)e """ dz =
0 0

(1 —inx 1 ]
=/ [EN Aapn—1 (FN..1 (z)e ) + EGN (DN(w)e““””)]v dr,
we have: ° : o
) 1 . 1 RN
11_}11(1)0 §N Aay_1Fn_1(n)+ §GNDN(72) =
. 2 11 —inx 1 —ine
:1\}1_1}100 g EN Aan_1 (FN_l(a:)e ) + -2~aN (DN((L‘)C ) dz| <
. 2 1 1 .
< lim [ [—N Aan-1Fn-1(z) + —aNDN(x)] e " dx =
N—oo o 2 2
. 27 1] 1
= lim [ |zNAan-1Fn_1(2)+ zanDn(z)| dz =
N—ooo g |2 2
lim 1NA Fy_1(z)+ ! Dn( 0
= - _ 1l —_ =
N1—->002 aN-1L'N-1 2“NN55)1

Now let n = 0, and then n = E orn = if N is even or odd.

Then we get: N Aay_; = o(1). Since ||[Fy—1]j1 = 1, the convergence
(*) imply that ayDy — 0in L'.
Applying the asymptotic formulae:

4
[|Dnlly ~ - logn +0(1)  we get: aplogn =o(1).
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KOHBEPI'EHIINJA 1 UHTET'PABMJIHOCT HA
KOCUHYCHMTE TUTOHOMETPUCKHU CYMU
CO KBABU-KOHBEKCHH KOEPUIITUEHTHA

Tomosckn Kusopan

Peszume
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