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In [7] it is proved the following result. If the members of
an strictly commutative inverse sequence X of topological spaces
are replaced by homotopy equivalent spaces, the new spaces can
be organized as a coherent inverse system. Moreover, the two in-
verse sequences are isomorphic in the coherent category. In this
paper this result is strengthened, by replacing the commutative in-
verse sequence X by an arbitrary coherent inverse sequence. The
following result is proved also: For arbitrary coherent inverse se-
quencess (Xm,pm) and (Y, gm ), if the maps fm : Xon — Yy, and
f}n : Xm — Ym are homotopic, and f : (Xm,pm) =+ (Ym,qm)
is a coherent map for maps f,, : X, — Y, then there exists a
coherent map f'for the maps f), : X;n — Y, such that f and f’
are coherently homotopic.

The following problem is considered in [7). Let X = (Xn,pn,m) be a
strictly commutative inverse sequence of topological spaces i.e. the maps
Pnm : Xm — Xn, n < m satisfy

Prnn+1Pnti,n+2 = Pn,nt2 -

Let f, : X, — Y, be a homotopy equivalence with a homotopy inverse
gn Y, — X, and let g, f, ~ 1x, by a homotopy H,.

X, e x, 2
Al ¢ 2l g
Y Y
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We can define an inverse sequence Y = (Yy,, ¢s,m) in a natural way: ¢, =
faPnmgm for n < m. The two inverse sequences cannot be compared in
the category of commutative inverse systems pro-Top, since the inverse
sequence Y = (Y}, ¢n,m) is not strictly commutative.

The inverse sequence Y = (Y3, ¢, ) is an object of the category pro-
HTop, since the maps g, and gx,nqn,m are homotopici.e. gk.m ~ gk nqn,m-
Moreover, the inverse sequences X and Y are isomorphic in pro-HTop (usu-
ally, Htop denotes the category of topological spaces and homotopy classes).

The question which arises is: is there a category stronger than pro-
HTop where the two inverse sequences are isomorphic?

In the paper [7] it is given a positive answer to this question in the
coherent category Coh.

The objects-of this category are coherent inverse systems (Ys, ¢gqq;...a, » 4)
defined as follows.

Definition: A triple (Y}, ¢q, A) is called a coherent inverse system over
a directed set A if for n > 2, and a9 < a1 < ... < @y, a = (ag,@1,-..,a4),
the map ¢,: I""! x Y,, — Y,, satisfy the following two conditions

galtr, - 5tj-1,0,t541, .. tn1, @) =
=Qag.bjan (s s timty tig1s oy tno1, ),
ga(t1,. s tj__l', Litjt1,otp-1,2) =
| =Qag..a;(t1r- - > ti—1,9a; a0 (Lit1s -+ > In-1,2)).

For example in the special case n = 2, the map ¢uyq,q, : I X Ys, — Yo,
satisfies :

Ga0a1a2(0,%) = Gagas(T)s  aoaras(1,2) = Gagay 9ayaq(T)-

The same definition under the name projective system appears in [4].
There was announced the existence of the coherent category of these stys-
tems and of coherent maps of order without an explicit formula for coherent
maps.

The coherent category Coh whose objects are coherent systems and
morphisms are homotopy classes of coherent maps was explicitely con-
structed by the author [6].

The other description of coherence is given by Cordier and Porter in
more general situation. Their approach is not based on explicit formula
for coherent maps and coherent homotopies. In the paper [1] they gave a
positive answer to the same problems considered in this paper. The relation
of their coherent theory and the category Coh is an open question, although
representing the directed set A as a category [2], it is easily seen that their
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notion of coherent diagram over A in the category of topological spaces
coincides with the notion of coherent inverse system over A.

For purposes of this paper it is enough to describe the level coherent
category Coh®. Level coherent maps are a special type of coherent maps.

The level coherent map over A, (fi-): (Xa,Pa, A) = (Y4,4a, A) consists of :
0) a map f,,: Xq, — Yo, for any index ag in 4;

1) amap fuyq,: A X X,, — Y,, for any pair of indices) ap < a; in) A
such that ’ ‘

faoal(()’x) = faopaoal(a") ?

faoay(1,7) = Gagay fa, () -

2) In the general case, for a strictly increasing sequence a=(ag,a1, . . . ,a),
ap < a3 < ...< @n, there is a set f, of 271 maps |

{fiojl---jk |0=j0 <j1<...<jk=n}=fg'

The map ffoir-dk:I""F x A¥ x X,, — Y,, must satisfy the following
boundary conditions:

SRk (r,0,0) =

Qao...aj (Tl’ cooy Ti—1, g:;han“ o (le yeooy Tkt (L‘)), i =0
W
Qe Jieedk [ A1 .
S A (L A RO B 1<i<k-1,
0w Gk ' : i =k
L gg...i’;k_ll (T17 ceos Th_1—k+1, t’pa,-k_l...a,, (Tjk..l—k+27 ve ey Tn—ky IL‘)), ’
for (T1,...,Tn—k) € I" %, t = (to,...,tk—1) € A* 1, 2 € X,_, and
041+ 3k { A0 _ ploJmim41—1... gk =1 : . .
fio]l k(aj mTvtv"v) - ao...&';...n(;,,. (T’t’»z)’ Jm < J < Jm+1

for (T1,...,Tnog~1) € I"F"1 t = (to,...,t) € A¥, z € X, (we identify
the notations f2, = f,, and also f0}, = faga,). We denote a level coherent
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ma,p over A, by (fa) (XayPas A)—(Ya, ga, A). Two level coherent maps ( f ),
( 1 a) are homotopic if there exists a level coherent map (F] ) such that the

map Fa connects the maps fa, f’J

The category having as objects coherent inverse systems over A, and
as morphisms level homotopy classes of level coherent maps is denoted by
Coh4 - the level coherent category over A. The level coherent category
over the set of natural numbers N is denoted by Coh™. The objects of this
category are coherent inverse sequences denoted by X = (X,,pn,m)-

In this paper, the result from [7] is strengthened replacing the com-
mutative inverse sequence X = (Xy,Pn,m), by a coherent inverse sequence
(Xm,pn) (Theorem 1).

Also, it is proved the following result:

Let f = ( fm) (Xn,pn) — (Ym,qm) be a level coherent map between
arbitrary coherent inverse sequences (X n>Pn) and (Ym,qm). If the maps
fm: Xm—Yn and f] : X, =Y, are homotopic by a homotopy Fp: Xp —

Y,., then there exists a coherent map f’' = (f’ 1) (XnyPn) = (Y, ) and

a coherent homotopy F = (F%): (X, Pn) = (Y, ¢m) which connects maps
f and f'(Theorem 2).

In the proofs of these theorems it is used the Lemma. of Vogt [8] about
homotopy equivalences and the notion of strong fundamental sequences
introduced in [3] by Lisitsa, for defining strong shape theory for metric
compacta. As shown in [5], it is one of the several equivalent approaches
to the strong shape theory of metric compacta.

The level strong homotopy classes of level strong fundamental se-
quences and non-commutative inverse sequences form a category as shown
in [7]. As shown there, this is a very simple description of level coherent
category Coh?™ ([7], Theorem 2).

. We repeat the description of this category - the level category of strong
fundamental sequences.

Let X = (Xn,pnm) and Y. = (Yn,¢n,m) be inverse sequences com-
mutative up to homotopy. A strong fundamental sequence from X to Y

consists of a map f,: X, — Y, and a homotopy fpn+1:f X Xpn41 — Y,
such that

fn,n+1(07 :L’) = fnpn,n-f-l(m) )

fan+1(1:,2) = gnnt1 frpr(2) - .
Two strong fundamental sequences (frn, font1) and (f}, f} np1): X = ¥
are coherently homotopic if there exists a strong fundamental sequence
(Fan,n+1) Ix X —»Y (where I X X = (I x Xp,1 XPini1)) such that
Fo:Ix X, =Y, satisfy ’
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Fo(0,2) = fu(z), Fn(lym) = frlz(‘v)

and maps Fy, n41: 1 X I X Xp41 — Y, satisfy

Fn,n+1(t, 0,1") = fn,n+1(t’ :t) ’ Fn,n+1 (t7 1,3’) = f:z,n+1(t’x) .

This is an equivalence relation and we denote (fn, font1) ~ (F'ns flnnt1)-
The composition of level strong fundamental sequences (fn, fn,n+1):

X - Y and (gn,9nn+1):Y. — Z is the strong fundamental sequence
(hnyhn,n+l):£"’ ..Z_. defined by

hyn = gnfn

and
Infnn+1(2t,T), ‘ 0<t<
hn,n.H(t,:l?) = .
Innt1(2 = 1, fapa(z)), 35St

Theorem 1. Let (Xy,pm) be a coherent inverse sequence, let
fm:Xm — Y, be a homotopy equivalence with a homotopy inverse
Im:Ym — Xpm. Let Y = (Yy,qn,m) be the inverse system defined by
Gnm = fnPn,m@m, for n < m. Then there is a coherent inverse system
(Y, gm) such that for m = (n,m), g = @n,m, and (Xm, pm) and (Yo, gm)
are isomorphic

1) in the level coherent category Coh™
2) in the coherent category Coh.

Proof: First we construct the coherent inverse system (Y., ¢y ) such
that for m = (n,m), gm = ¢n,m-

We will consider a more general situation: Let (X,,ps, A) be a commu-
tative inverse system over a directed set A. Let f,: X, — Y, be a homotopy
equivalence with a homotopy inverse g,:Y, — X, and g, ~ f, 1x, by a
homotopy H,.

We can define a map ggq0,: Yy, — Yo, for any pair of indices ap < a; by
Gaga; = fagPaoa9a,- For ag < a3 < ay, we define a map Gagarar:d X Yoy —
Yao by

faopaoalaz(?tl’gaz(x)) ’ 0<th £ %,
qaoalaz(t17 a") = 1
faopaoalHa1(2tl - l’Pamggag(x)) 9 -2- S tl S 1 *
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For n > 2, we define a map g4: [ "1 % Y,, — Y,, in the following way. We
define a partitioning of the cube I™*! into 2"~! smaller cubes. These cubes
are defined for any sequence 0 < i3 < ... <% <nand 0 <k <n-1by

{(t,...,t_)|0§ tgé, o, 0< t<

On this part of the cube I"~1 the map ¢.: I""! X Y,, — Y,,, for the
sequence & = (@g,a1,...,0y), @g < @1 < ...< @y, is defined by

qg_(tla v 7t'n.—17x) =
= faopaoal...a,-l (2t17 ey 2ti1—17 Ha,‘lv(ztil - l’pail...aiz (2t1]+1’ ..

ces iyt Hay (2tiy = 1,y Payy o (2ig 1 -+ 2nt, o (2))))

We have to verify that these maps are well defined. For ¢;, = %, 1<
n — 1, that follows from the equalities ° '

Pa;,, -~ i, (2, _ 41y ey 2t,~g_1, H,, (07Pau-.-a.~,+l (2t 415> 2tipy—1,Y)=
- Paiy_yeaig(2ig_ 415 o5 215 Pagpeaiyyy (2lik 15+ 5 2higy -1, 9)
= Pasy_yeigyy (Zligog41s -5 28,1, 1, 2,41, s 2tig4-1,9)
Similarly, fort; = %, i¢ < j < ig41, that follows from the following equalities
Pay, - Cigr (Qtigg1s - 26521, 1, 28541, ., 250, 21,9) =
= Pagyea; (2ligh1s -, 281, Pajuai,, (2415 2y -1, )
= Paiya; (2lich1s oo 261, Hay (0,Da4..004,,, (285415 -+ 2iy gy 1, Y)
Fort;, =1,1<{¢<n=1,from
Pasy_ vty ity o ity Hay, (1, Psrang,, (2tit1y- s 2igyao1,¥) =

= pa,-l_l.‘.a.'l (2ti¢_1+l [RRER 2ti¢—1,gilfi,Pa.-g...a.-,H (2ti¢+17 [RRS] 2ti¢+1—1 2 y)
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it follows that

qg(tla - -’tit—lv 1’ti¢+17 se ,btn—lax) =
= qao...a,-l (tl’ oo 7ti4—1’qa,~t...a,, (ti1+17 e 9tn—17$)) .

Fort; =0, 4y < j < tg41, from
pa,,-l...a..-t_’_1 (2t‘i¢+l’ e 72tj—17 0’2tj+1, R 72ti¢+1—l7 y) =
= Pa;yodjonaiyy, (2ti¢+1, cey 2y, 2tj+1, ce. ,2t,-t+1_1,y)

it follows that

qg(tl, s »tj—1707tj+1, .- '1tn—-17$) =
= an.,.&,-...a,‘ (t17 seey tj—l, tj+1’ ey tn—l7$) .

By this, it is verified that the triple (Y, g4, A) is a coherent inverse system
over a directed set A.

Now, exactly as in [7], Theorem 1, we prove that Y = (Yy,¢n,m)
and (Xn,Pn,m) are isomorphic in the level category of strong fundamental
sequences. Then, from [7], Theorem 2 it follows that (Yo, ¢m) and (Xm, pm)

are isomorphic in the level coherent category Coh”, and i in the coherent
category Coh.

Theorem 2. Let (X,,, py) and (Yo, g ) be arbitrary coherent inverse

sequences and f = ( fjﬁ ):(Xn,Pn) = (Ym,qm) a level coherent map. If the
maps fm:Xm — Ym, and f): X,,, — Y,, are homotopic by a homotopy
Frn:Xm — Yn, then there exists a level coherent map
f! = (f’lﬂ):(Xm,pm_) — (Ym,qm) and a level coherent homotopy

, = (Fji):(Xm, Pm) — (Ym,qm) which connects coherent maps f and
1.

Proof: By [7], Theorem 2, there is a category isomorphism between
level coherent category Coh™v and the level category of coherent inverse
systems as objects and strong fundamental sequences as morphisms. This
functor leaves the objects fixed and associates to the coherent homotopy

class of coherent map ( fé) the strong homotopy class of the strong funda-
mental sequence (fm, fm,m+1)-

To prove the theorem it is enough to construct the strong fundamental
.sequence (f'm, fi mt1), and a strong level homotopy (Fr, Fm m41) con-

necting (fm,fm,m+1) and (f'm, f'm,m+1)-
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Wedeﬁneamamem+1 IXIXXy — Yy, firston (I x0)U(0,1x
) X X, by

Fm,m+1(t’ 0,117) = an,m'f;l(t’x)
Frm+1(1,8,2) = gm,m+1Fm(s, )

Fm,m+l(0,3a (II) = F‘In(s’ Pm,m+1(w)) .
The map is well defined on points (0,0,z), 2 € X,,, since
fm,m+l(07$) = mem,m+1(l‘) = Fm(Oapm,m+l(w))a

and on points (1,0,z), € Xy, since

Frm1(1,2) = Gt 1 fn (2) = Gmymept Fn() -

Since there is a retraction I X I — (I x 0) U (0,1 x I) we can extend
the map to amap Fy, mi1: I X I X Xy = V.
We define a map f;, n41: ] X Xpn = Y by puttmg

:n,m+l(t7‘r) = Fm,m+1(t, 1,37) .
Then from the definition, the map Fiy py1: I x I X X, — Y, connects
the maps fr m+1 and f'r, m+1 and is a strong fundamental sequence. From
frln,m+1(07$) = Fm41(0,1,2) = Fm(lapm,mH(x)) = frlnpm,m+1(”3)

and

f'm,m+1(1, (B) = Fm,m+1(17 la .’L’) = qm,m+1Fm+1(1, :E) = qm,m+1f'm,m+1(z)

one concludes that (f'm,f}, m41) is @ strong fundamental sequence. It
follows the pair (Fy, Fin,m+1) is a strong homotopy connecting the strong
fundamental sequences (fin, fm,m+1) and (f'm;s fin my1)-
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ITPNJIOT KOH TEOPEMATA 3A
HMNBO XOMOTOIICKM EKBUBAJIEHIIUN

Huxura IllekyTrOBCKHA

PezuamMme

Bo [7] e mokawan cnegEMOT pe3yiaTaT. AKO UJIEHOBHTE Ha WH-
Bep3Ha HM3a OJ[ TOMOJIOMKA NPOCTOPU C€ 3aMEHAT CO XOMOTOICKH
eKBUBaJeHTHHA NMPOCTOPH, O HOBHUTE MPOCTOPHM MOXKe Ja ce GpopMupa
KOXE€peHTHa MHBEp3Ha HM3a TaKBa WITO [BETe WHBP3HU HU3U JOa Ce
HW30MOPQHM BO KOXepPEeHTHaTa KaTeropuja. Bo 0Boj TpyXx pesyiTa-
TOT e monobpeH, CO 3aMeHa Ha KOMyTaTWBHaTa MHBEp3Ha HM3a X CO
OPOM3BOJIHAa KOXepeHTHa WHBep3Ha HM3a. IlOKaKaH € M CIIeJHNOT
pe3ynTar: BO HPOU3BOJHM KOXEPEHTHM WHBED3HU HU3M (Xm,Pm) ®
(Ym,qm), aKko meCIUKyBamaTa fm : X;m — Y u f, : Xy — Y, ce
xoMoTomEA U f : (X, Pm) = (Ym,Qm) © KOXEPEHTHO NpPeCIMKyBame
3a OPeciIuKyBamaTa fm : Xm — Ym, TOTAll IOCTOM KOXEpEHTHO Ipec-
nukyBame f' 3a mpecaukyBamara fl, : X, — Y, TakBo wro f u f' ce
KOXEPEeHTHO XOMOTONHH.
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