MatemaTtuku Buiaren ISSN 0351-336X
21 (XXI)
1997 (111-116)
Ckomje, MakenoHunja

ON THE DENSITY ON SOME SPECIAL FUNCTIONS
IN L? SPACE AND IN COMPLEX REGION

Tomovski Zivorad

Abstract

In this paper we consider the system of functions e~ /2,
n=123,... for every z € (0, 00). We chall prove that this
system of functions is dense in L2(0, oo).

Then, let A1, A2, Az, ... is asequence of positive intiger num-
bers, such that A, — 0o. On the other hand we shall prove that for
the system of functions: zMel/*, m=0,1,2,3,... the sequence
2z, z*2, 223 . is dense, i.e. if for some analytic function f(z)
about the point z =0,

ff(z)zm+’\P et/?dz=0, p=1,23, ... (1)
c

where C is a closed curve enclosing z = 0 of the complex region Q2
and f € H(C U Int C), then f(2) = 0 for every z € Q.

We shall prove the following results in main case.
Theorem 1. The system of functions z"e%/2,
dense in L*(0, o).

Proof. We shall proof that if the function f € L%(0, 0o) is an orthog-
onal by all of functions z"e~%/2, n=1,2,3,... then f =0.

n=123,... s

oo
Let [ f(z)e~*/>z"dz = 0, and we consider the Laplace’s transfor-
0 e

mation:
1

for z=1/2+1y.
T /2 + 1y

F(z)=
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Since |e%%| = e~%/%, we get

0o 00 1/2 /o 1/2
Fis@le=ans (T sk as)  (Femde) =l <o,

i.e. the function f(x)e~%/? absolutely convergent for every z € (0, c0).
Thus F(z) uniformly convergent at z, for every z € (0, co). There-
fore, F(z) is continuous and analytic function.
On the other hand,

T @™ = (- f@)a" e, n=12,3, .

are continuous functions at z, for every z € (0, o).
Application of the Leibnitz’s rule for differentiating under the integral
sign, yield:

—1)* oo
F(")(z):( ,_;31_ ({ f(z)z" e " dx, n=1,2,3,....
Specially,
F(n)(1/2+ iy) - (—1)n Ofo f(il?) 2" e—x/? e %Y dr .
V2r 0 :

For y = 0 we have:

F(n)(1/2)=(;;—)ﬂ_ Zof(a:):c"e‘”ﬂdzzo, n=123,....

Applying the Taylor’s expansion of function F about the point z = 1/2,
we get:

0 pin)
Fiz)=Y F—q(ll—/Ql(z—uz)n = 0.

n=0

Thus, F(z) = 1 ofof(:l:) e /2% dz = 0. But the uniqueness theorem
0

V2er
of Fourier transformation implies that f(z)e™*/?2 = 0 ie. f(z) =0 for
every = € (0, 00).

Colloraly 1. The set of Lager functions is dense in L%(0, 00).

Proof. If f € L*(0, 00) is an orthogonal by all of functions z" e~ %/2
then f is an orthogonal by all of functions e=*/? L,(z), where L,(z) =

k
! Yo (—l)’“(:) % are the Lager polynomials.
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Using the same techmque as in the proof Theorem 1, we get that the
system of functions z ne=2* g € (—o00, 00) is dense in L2(~—oo ).

Thus, as a consequence, we get that set of Hermite functions is dense
in L?(—o00, ). '

Futher we will deﬁne a special class of orthogonal polynomials P,(z),
such that:

{el/zzmpn(z)zudz:()’ v=1,2,...,n—-1 (2)

where ¢ is a closed curve enclosing z = 0.
Using calculus for the n—th derivate of the functions Zmten el/z]
m=20,1,2,..., we get that

dr
— —m  —1/z %  m+42n l/z
Pu() = 7 e (), ®)

is a polynomial of degree n.

Thus P,(z) = )\(n) 2" 4+ /\Sl 12" -l 4 )\g"), where

A = (m42n)(m+2n—1)...(m+n+ 1) )\(") (-1)".

It’s obvious that the polynomial (3) satlsfy the condition (2).
Really, by integration by parts, we have:
m 1/z v v ar m+2n 1/z
I,=[2"e "2 Pp(2)dz = [ z Eg(z e!'*ydz =

- dn—l m n z
= (~v) [ 2 g (P ) da =
C

=(-1)%v! [ j _ (zmt2n e'/?)dz.
¢ Z’lL—’U

Now, we consider the integral:
1 m,1/2 | 2
gn = % { z€ (Pn(Z)) dz
Then, by (2), we get:

gn = = )\(") f Zmell? P (2)2" dz .

271
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Application of integration by parts and Cauchy’s residue theorem, yield:

d
{ o™ el/z Pn(Z) Mdy = { P — (Zm+2n el/z)dz =
. (-1)"n!
= (=1)"n! m+2n l/zd =9 ( i
(=)"n {z e z m———————( Tont 1)

Thus,

_(=)rnl(m42n)(m+2n-1) .- (m+n+1)
- (m+2n+1)! B
_ (=1)™n!

T (m+2n+ 1)(m+n)’

n

Putting u = 2™+2" el/% we get that:

! m+ 2n 1 . 2 1
== — > ie. 22u :u[(m—l—?n)z—l].

Thus, differentiating n + 1-times we find:

(D) 4 2<n 41_ 1) 2t 4 2(71 ;_ l)u(") =
= [(m+ 2n)z - l]u(""'l) + (n _{_ 1) (m+ 2n)u(™ .

If u™ = 2™ el/% y then the given differential equation for the polynomials
P,.(z), is equivalent to

29"+ [(m+2)z-1]y —n(m+n+1)y=0.

The polynomials P,(z) are usually called generallized Bessel polynomials.

Theorem 2. The system of functions f,(z)=2"€'/*, m=0,1,2,3,...
is dense in the complex region ().

Proof. Let f(z) is analytic function about the point z = 0. Then

f(z) = Z cn 2"

n=0

Applyng the Cauchy’s residue theorem, we get:

271
m4Ap,+n l/zd — .
{z ¢ # (m+Ap+n+1)!
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Then from the condition (1) we have:

o0 e
=0, =1,2,3,....
Z%(mmﬁnﬂ)! P

Thus
! C1 . Ca

_#P+2+(#P+2)(“P+3)+“' | “)

. —Cp

where p, = m+ A,.

Then, there exists positive real numbers M and r, such that:
len| < M r™.

To estimate the coefficient c¢g.

Mr + M r? N M3 N _ Mr
pp+2 (pp+2)* (pp+2)° pp+2-—7

IC()‘ < ()\p>1'—2—m).

Letting p, — oo, we get co = 0. Substituting co'= 0 in equation (4), we

have:
€2 C3

pp+3  (pp +3)(p +4).
In the same way, we obtain ¢; =0, et.c. ¢, =0 forall n=20,1,2,....

Finally f(z) = 0, for every z € ).
In the same way, we have the following corollary:

—C1

Corollary 2. The set of Bessel functions is dense in complex region

Q.

Proof. If f(z) € Q is an orthogonal by all of functions 2™ el/% then
f is an orthogonal by all of functions z™ e'/# Q,(z), where Q,(z) are the
Bessel polynomials.
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3A TYCTUHATA HA HEKOUM CIIEIIMJAJTHU ¢YHKIINU
BO L2 TIPOCTOPOT 1 BO KOMIIJIEKCHA OBJIACT

Tomosckn KuBopan

Pezume

Bo oBoj Tpyd ro pasrienyBaMe CHCTeMOT OYyHKIWM: zhe"%/?,

n=12,3,... 3a z € (0,00). IlokaxaBMe JIeKa OBOj CUCTEM (YyHKIUN
e TycTo MHOXecTBO Bo Xunbeprosuor mpocrop L*(0,00). Ilomaramy
JNIOKaKaBMe JIEKa aKo Aj, A2, A3, ... € HA3a O] NO3UTHBHM Ieau Opoe-
BH, T.OI. A, — 00, TOTAIll 33 CUCTEMOT QyHKIMM: 2™ el/* musara

M, 22 2% ... e rycra, T.e. aKo 3a HeKOja aHAIUTUYKa QYHKOHUja
f(2) BO orommHAa Ha ToukaTa 2 =0,

{ f(z)zm+e et?dz =0, p=1,2,3,... (1)

kane C e 3aTBOpeHa KpuBa BO KOMILIeKCHa obmact  u f € H(CuU
Int C), Toram f(z) =0 3a cekoja z € (1.
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