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ON SOME OUTPUT PROCESSES IN THE SYSTEMS M/G/1 AND Mx/G/l

M. Georgieva

Abstract. In this paper we discuss the output process of the
group of unserviced customers generated during the waiting time
in the systems M/G/1 and M¥*/G/1. For some special distributions
of the servicing time we have found the distributions of the mo-
ments for the batches of customers when they leave the systems,
as well as the distributions of the size of the batches in expli-
cit form. .

Description of the system

In a single server queueing system we introduce discipline
of the queue and mechanism of servicing in the following way: if

a customer arrives in an empty system, then he is. inmediately
accepted for servicing while, on the contrary, if the system

the servicing which is in process ends. When the servicing of one
customer is over, the following customer is accepted for servicing.
The group of customers formed during the period of time of ser-
vising of one customer is directed to another single server sys-
tem with the same distribution of servicing time as in the begin-
ning. In that way a bulk-arrival flow of customers is generated.
If we presume that the moments of arrival of the group of custo-
mers in the new system forms a Poisson flow with parameter 1,
then the generated flow is quasi-Poisson defined by the parame-
ter » and by the generating function Q(z) of the distribution of
the number of customers in the group. Under the proposed mecha-
nism, each customer in the first system is accepted for servi-
cing in an empty system.

Distribution of the flow of the leaving moments of not
accepted customers

For both systems (the one which the not accepted customers
are leaving and the new one they are entering), it is of inte-
rest to study the random variable '1‘Y - the length of the inter-
val of time between the moments of acceptance of two consecutive




customers, for the first system, and the length of the interval
of time between the moments of arrivals of two consecutive groups
of customers, for the second system.

According to the definition, TY is composed of a random num-
ber ¥ of consecutive intervals of the flow of customers that arri-
ve (at the end of each interval from which the customers arrived)
during the time of servicing of one customer and one additional
interval in which arrived the customer to be accepted. So, if Ty
is the length of the interval between the arrivals of the ith and

the (i+1)St customer, then

T, = T, + .o + 1, + (1)

Y 1 Y7 Tyea

Let us presume that the arriving flow is recurrent with the
distribution function A(x)=P(ri < x), Laplace-Stiltjes transform
a(s) and the moments a,, o,. Then the Laplace-Stiltjes transform

of the distribution of Ty is defined by

Yp{s) = a(s)-Q(a(s)) (2)

The mean and the variance of TY are given by

ET a, (1+EY),

¥ (3)

DT a;(1+EY) + a2.DY, o

Y

The Systems M/G/1

For the systems of the type M/G/1, the random variable Y-the
length of the queue generated during the period of time of one
servicing, the generating function is defined, see (2], by

Q{(z) = B(x=-22), 0 =<2z <1,
so that the Laplace-Stiltjes transform of TY is given by
yT(s) = a(s).B(r-2a(s))
If in the last formula we substitute a(s) by the Laplace-
Stiltjes transform of the exponential distribution of the in-

tervals T, We get

_ A
Ypl(s) = Fs

In [2] is found the distribution of Y for different kinds
of distributions of the serving time which enables us to find
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the Laplace~-Stiltjes transform yT(s) for those -cases.

For the systems M/M/1 we have that the Laplace-Stiltjes
transform is
Ay

vy (s) =_(—_”+ X+u)s’
and the corresponding original, i.e. the density of the distri-
bution of TY is given by

Au
A+

So, we got the exponential distribution with the parameter

G'(t) = exp(- t), tz20

=2/ G+)
It is shown in [2] that Y has geometric distribution

1 .,k -
p{y=k} = T;;(l 1+p) p = Ax/u, k=0,1,2,... ,

with p = 1/(1+p), which in combination with the exponential
distribution of '1‘Y defines the new generated flow of customers
to be gquasi-Poisson.

If xt denotes the random variable - number of customers
arriving at the system during the period of time t, and
P, (t) = P{X,=k}, k=0,1,2,... , t > 0, then the generating func-
tion of the newly formed quasi-Poisson flow,

B(z,t) = (t)z
. k_

according to [5], is defined by
B(z,t) = exp(-i(1-0,(z))t),

where ¢ (2z) is the generating function for the number of custo-
mers in group with geometric distribution P{Y=k} = qu,
k=0,1,2,... .

From

Py

P(z,t) = exp(-r(1-—E—)¢) (4)
1-qz
we immediately get

P,(t) = P(0,t) = exp(-igt)

By taking logarithm in (4) and consecutive differentiating
(similarly as in [3]), we get
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~

(t) = 2?% p exp(-iqgt),

“ bl a2 . o N
Pa(t) = ((x t) p* + %ﬁé)exp(-iqt),

5 igt) 3 - Rqt)? aza 4 AQtas o

P,(t) = (i—ng— p+ i—ng- 2p3q + —%qua)exp(-kqt),
and so on. By induction we can conclude that the distribution of
xt is

sa N g4 n—1 e _ —an
ﬁn(t) - ((Agt) *n + (Agti : (nI n-1 q+ g t) (n 2) n 3qz+...

oot iégEﬁy——(“'k)p“‘qu 4.+ 288 pon- ‘)exp( 54t ,

n ,o-

B () = kf1il§%l—(k_1) pXg" Kexp(-igt), n=1,2,...

P (t) = exp(-igt)

The validity of the above formulae can be established, as
well, by taking intoc account the probabilistic meaning of ﬁn(t).
Namely, ﬁo{xt-O} is the probability that for the interval of time
of length t there is no customer from the flow under considera-
tion, which will happen if there is none moment of the Poisson
flow with parimeter A or, there are k moments, k=1,2,..., of the
same flow in every of which arrived an "empty" group. So,

P{X =0} = “kilél—exp(-it) = exp(-igt),
which, on the other hand, is the probability that no customer
arrived from the Poisson flow with parameter iJ. Because of that,
now, B{¥Y=n} will be the probability of the event: during the
period of time t, there has arrived n customers in k moments,
k=1,2,...,n, from the Poisson flow with parameter i&, and all
groups of customers are nonempty.

If we express i and p trough the parameters of the first
system, we get for P,(t) and ﬁn(t) the following formulae

B (£) = expl-atiit)
° e AN (R E A

k 1 )ukx k

- n a
B (t) = I (i) J(8), n=1,2,...
n k=1 zu+ksa 43 k- ( +A)
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For the systems M/E, _,/1 it is show in [2] that the distri-
bution of the number of customers in groups of the leaving flow
of unserviced customers is

k+n-1 1 oh A
P{¥Y=n} = { _ ) —_—, p ==, n=0’1,2,,’.
X1 T ® (14007 g

If we put p =1/(1+p), then the distribution of Y can be
interpreted as the distribution of the pumber of "unsuccessful"
experiments before k "successes” happen (with the probability of
"success" equal to p,).

The Laplace-Stiltjes transform of Y in the system M/Ek_1/1
will be e
) k=1 . _ (Aq.)
v(s) = ap% x N T
r=o (s+Ap1)
from where, for the density of the distribution, we get
k T 1 (xq, )F
G’ (t) = apj exp( Ap ) T ( “;T"—
r=o
and, after expressing P, through 1 and u of the system M/Ek-1/1'
we will have that

k-1
G'(t) = X ( )
r=o

For the mean and the variance we have that

U yk=1-r A r+1t

x+u) (>.+u) GF) TTexP (' t)
_ 1 1, _ 1

E(TY) = 7(l+k§—) = T(1+ko°),

1 1 1 1 )
D(T,) = —(1+k—(1+-1)) = L (1+ko (2+ =
( v) 13(1 p1( p1)) Az( Pol(2+p ), Po

= | >

For the system M/D/1 it is shown in [2] that the variable
Y has Poisson distribhtion with parameter p=ig,, where 8, is the
mean of the servicing time. If we put a1=l/u, then we will have
that
v(s) = Pgexp-201-73))
By inversion of the Laplace-Stiltjes transform y(s) we get

6’ (t) = Akz 3. Frexp -2 ilEl—exp( -t)

If we denote

-k 1o
PA/u(k) = (i) k! xp( )'
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Akt k
Ei,h = ——ET——exp(—At)
then the distribution function of Y can be expressed through the
Poisson and Erlang distributions as follows

4
GE) = TPy, k) Ey ()
The mean and the variance, in this case, will be
= Ll - L2
ETY = -X(1+i), DTY = A3(1+ u).
Conclusion

The examination of the flow of unserviced customers for the
system M/G/1 that we have done above, shows that only in the case
of exponential distribution of servicing time we can get the
geometric distribution of the size of group and the exponential
distribution of the intervals of leaving the system of two con~
secutive groups.

Systems MX/M/1

Now, let us consider an one-server system with exponentially
distributed servicing time and flow of groups of customers that
arrive in moments which form a Poisson simple flow.

Let A(t) and #(z) denote the distribution function of the
flow of moments of arrivals of the group of customer and the
generating function of the size X of the groups, respectively
and let B(t) denotes the distribution function of the servicing
time. Then the distribution function of the random variable Y* -
size of the groups of customers formed during the servicing time
of one customer, will be defined by the generating function

Q(z) = B(A=A%(z)), 0 Sz S1

where ) is the parameter in the Poisson flow and B(s) the Lapla-
ce-Stiltjes transform of B(t). If there exist B, and 8, and EX
and EX*, as well, then the first two moments and the variance

of Y* will be R
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ET} = o, + B,07(1),

ET§2 = o, + 20,8,8° (1) + a,8,8"(1) + 8,8’ (1)2 + Ao B ¢’ (1),
DTy = ox(1+18,07 (1)) + 872(1)-03 + a B (8" (1)+67(1)),
cg = a, - a3, 0; =B, - Bf
If the group of customers waiting to be serviéed, leaves the
system in the moment when, after the end of servicing of one a
new customer arrives, then the Laplace-Stiltjes transform of the
interval of time T; between the moments of leaving the system of
two consecutive groups, will be
y(s) = a(s)-B8(x-21¢(a(s)))
or, expressed through the distribution of Y¥*,
v(8) = a(s).Q(a(s))

From the last formula we get the mean and the variance of T*:

Y
ET} = a, (1+EY*)
* = g3 ) 2 py*
D'I‘Y oA(l+EY ) + o3.DY

. For the system M*/M/1 defined by ¢,(z)=pz/(l-qz) and para-
meter u of the distribution of servicing time, we have that

A qr?y

v(8) = SoF s T (s+x)[pxu+(u+X)AT

* in the fol-

By inversion of y(s) we get the density of TY

lowing form

Ay _ A’u _pAu
G’ (t) %exp( At) + m%)—(mexp( X+ut)'

and the corresponding distribution function

=1 - -EAE .
G(t) 1 A+qu(q" exp(~At)+r-exp( ut))
The mean and the variance of T; are
=1 1
ET; T
DTy = (3 )3 + (5 La, (( ly2 ——)-

’

So, we got that the average length of the interval between
two moments of the beginnings of new servicing, i.e. between two
consecutive moments of leaving by the groups of the new flow from
the system under consideration is for q/pu bigger than that of
the system M/M/1.
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If we turn, now, to the system Mx/n/l, defined by the func-
tion Oa(z)=p/(1-qz) and parameter u of the servicing time, then

Au - g2y :
pAu+{gi+ujs (A+s) [pAu+{qi+u)s

y(s8) =

from where we get

= Au - 2%y __PAu
G'(t) = WGXP( At) + T“_—u?—m)-exp( a%;it)
and the corresponding distribution function

G(t) =1 -X%F(u-exp(;xt)+x-exp(-q iit)).

In this case, for the mean and the variance, we have thht

» =1, g
ET = 3 + o

X = la l’. gy 2 2
DT = () * + (- (D* + D ..
We note that the average of the interval between two consecu-
tive moments when the groups are leaving the system, defined by

¢,(z) is for 1/u smaller then the one for the system defined by
$.(z).
1

If we compare the numerical characteristics of T, we have
found for the last case and those for the systems M/M/1, we can
conclude that:

-if p > q, then ET} > ET;

Y'
-if p < g, then ET; < ETY;
- = * =
if p g, then ETY ETy.
Conclusion

From the above discussion we can conclude that for the
systems MX/G/1, under the presumption that the servicing is
exponential, the output process is unordinary with a kind of
geometric distribution for the batch size, but it is not quasi-
Poisson. So, if we wish the output process from the system
Mx/M/l, when entering a new system, to be quasi-Poisson, it_is
necessary that the arrival batch moments form a simple Poisson
flow with parameter i,.
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3A HEKOM H3JIE3HM MNOTOUM KAJ CHCTEMMTE M/G/1 H Mx/G/l
M. Teopruesa

PesumMme

. H3yuyeHH Ce H3JIeSHM NOTOUM Xaj CHCTEMHTe OR THn M/G/1 m
Mx/G/l, $OpPMHpPAHK On KJIMEHTHTE MTO NPHCTHIHYBaaT Sa Bpeme Ha
ONCAYyXYBaBETO Ha eNeH KJIMeHT. Taka NOOHeHHTEe NOTOLH, BO OMUT
cnyyaj, ce CO NMpUMCTHrHysame BO IpynH. Bps OCHOBa Ha EOGHEHHTe
BOo [2] pacnpemesn6H Ha o6eMoT Y Ha I'pPynuTe, Tyka ce Haorfa pacnpe-
nenbara Ha BpeMeTo Ty Ha H3nerysame Ha IDYNHTe KAHEHTH, 3a
PasJHYHH pacnpepnentn Ha BPEeMETO Ha ONCiayxypame, Kako M 3a nOBa
BHOA Ha reoMeTpHCKa paclnpenenta Ha OGEMOT Ha I'PYNKTE BO CHCTe-
muTe M"/G/1.




