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Abstract. For the general linear differential equation of
the IT order with analytical coefficients a(x) and b(x)

y" + a(x)y’ + b{x)y =0 (1)

we can prove the possibility of integration by quadratures in the
form of a series of integrals and the general solution is given
by (13). So, the Liouville theory for general solution, which is
based on the recognition of the fundamental system of particular
solutions, can be substituted by quadrature formulae:

y = ¢,y, + ¢y, = F(a(x),b(x)) (2)

It means that the recogniton of a fundamental system of particu-
lar solutions {y,,y,} at first is not necessary. We will show
that such a fundamental system can be always formed, without
trials and guesses. It means that every equation (1) can be sol-
ved by quadratures without exclusion and we can reject the tra-
ditional claim that in the general case equation (1) cannot be
solved by quadratures.

The "solved by quadratures" means not only the finite inte-
grals of coefficients, but also the series of an infinite number
of integrals of coefficients.

Idea. Canonical differential equation of the II order

At first we consider a canonical differential equation of
the II order

y" + a(x)y = 0_ (3)

where a(x) is an analytical function in the neighbourhood of
x =0, which doesn’t reduce the generality. It means that a(x),
for any |x| < a can be expanded in a power series

= 2 n
a{x) = a, + ax + ayx® +...+ anx +... (4)

where a, are constants. There is a unique solution, by the Caushy
theorem, expanded in the form

y=c,  +cx+ocx?+...+cx” 4., (5)
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where cy are constants. By differentiating (5) two times and
substituting these values with (5) and (4) in (3), we obtain

identity

2:1c,+3:20,x+4- 3¢, x 45 degx T+, L+ (m+2) (n#l) e xT 4oL+

2 n 2 n -
tooot(agta xta X%+, o4a x4 L) (CotCXHC X HL L tC XL L) 0

Using the method of undetermined coefficients, we obtain

1
S, = 3.72%

1
c, = §T§(a°c1+a1c°)

= 1 =
Cy = _4-3(aocz+a1c1+azco) -

(6)

1 1
1303 (-37720C,) ta,¢,%a,¢, ]

1
-5.4(a0C ta,c a0 ta50,) =

Q
]

1
= —gTZ[ao(-j%i)(a°c1+a1co)+a1(-E%Ta°c°)+azc1+aac°]
Substituting these values in (5), the solution (5) is expanded in
the series with numerical coefficient which depend on known a

k
and two arbitrary constants c, and c¢,. By rearranging the terms,

we have

y{x) = co[l-T%-z-aox2 -§%§a1x’ -g%zazx“ -I%gaaxs -

a a a
4] 4 1 s 2 L]
+ ao(TTETjTEx *+ syEEX +§717§73x +...) +

2,

5 1 .6
+ a1(1'2'4.5x + 3TITE G +...) +
+a,( L N N +...1 +
Y P TY S P 1Y 1 AR AR R AR
+ c,lx -7%§a°x° - §%1a1x“ - z%gazxs -
a .a1 -
+ a, 3y ——x°® + 315TE _6x° +...) +
. a a, ., a, ,
a,( y37ETex g X teel)te.l]

and we can see that the series in brackets behind ¢, and c, are
in fact double integrals of the terms of series (4), i.e.
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X x X x X X
y(x) = ¢ [1 - faxfa dx - faxfa xdx - [dx[a x?dx -...
[] o [+ -] ] ]

X X X X X X X X
+ a, (fdxfdxfdxfa dx + [dx[dx[dxfa xdx +...) +
o o (] o [+] o o o

X X X X X X X X
+ a, (fdx[xdx[dxfa dx + [dx[xdx[dx[a xdx +...)+...] +
o o o o o o o o ’

X x X X X x
+ c [x - fax[xa dx - [dxfa x?dx - fdxfa,x®dx -...
o o o o ] o

X X X X X X X X
+ a_ (fdxfdxfdxfa xdx'+ fdx[dx[dxfa x*dx +...) +
°°0°O° o © o0 o
X X X X X X X X
+ a_ (fdxfxdx[dxfa xdx + f[dxfxdxfdx[a x?dx +...)+...])
1oo o o o o o o
or
X x x x X x
y(x) = ¢ [1 - [dxfa(x)dx + [dxfa(x)dxfdxfa(x)dx -
o o o o o o

X x X x X X
fdxfa(x)dxfdx[a(x)dxfdxfa(x)dx +...] +
o o (4] (] o (4]

(7N
x x X x X x

+ c [x - fdxfxa(x)dx + [dxfa(x)dx[dx[xa(x)dx -

o (] o o ] (]

X X X x X X
Jaxfa(x)dx[dxfa(x)dx [dx[xa(x)dx +...].
°o o o o o o

By induction, we can present the following theorems:

Theorem 1. Canonical differential equation of the II order
(3) with analytical coefficient a(x) has one particular solution
of the type

X x x X X X
y.(x) =1 - fdxfa(x)dx + fdxfa(x)dxfdx[a(x)dx -... =
! 0o o o o o []
® x X X 2 X X 2 (8)
= £ (-1)° [ [ ax)dx®*... [ [ a(x)dx
k=0 O° ° o o,

~
k-fold double integrals

Proof. If we differentiate (8) two times, we get

X X X X x x
y" (x) -a(x)+a(x) fdxfa(x)dx - a(x) fdxfa(x)dxfdxfa(x)dx +... =
o o o [+] o o

X X X X X X
-a(x)[1 - fdxfa(x)dx + fdxfa(x)dxfdxfa(x)dx -...] =
(] o (] [+ o o

-a(x)y,(x),
that proves the theorem.
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Theorem 2. Canonical differential equation of the II order
(3) with analytical coefficient a(x) has the second particular
integral of the type

X X X X X X
v, (%) = x - [fdxfxa(x)dx + [dxfa(x)dx[dx[xa(x)dx ~-... =
o o o o o o . (9)
w kK X X X X X x
=x+ I (-1)" f [ a(x)dx®*f [ a(x)dx?...[ [ xa(x)dx?
k=1 ) oo o o

k-fold double integrals

Proof. If we differentiate (9) two times

X X x X X
ya(x) -xa(x) + a(x)fdx[xa(x)dx - a(x) fdxfa(x)dxfdx[xa(x)dx +... =
o o (4] (-] o (]

X X X x X x
-a(x)[x - [dxfxa(x)dx + [dxfa(x)dx[dx[xa(x)dx -...] =
o (] o (] (4] 0

-—a(x)y, (x),
that proves the theorem.

As for (3), according to the Liouville theorem, the Wronskian
determinant is

F =0, ie. Wly,,v,) = const = c

we can determine the constant c using (8) and (9) and the condi-
tions y, (0)=1, vy, (0)=0, y,(0)=0, y;(0)=1. So

Y, Y| [t 0

Wiy, ,y,) = =1

44 y; 0 1

and we obtain

Theorem 3. The general solution of equation (3) is

© kxx X X
yix) =c, X (-1)" [ [a(x)ax®... ] [ a(x)ax® +
o o [ OJ

k=o

W

k-double integrals (10)

o kxx X X X X
+clx+ £ (-1)" [ fax)ax®[ fa(x)dx? ... [ fxa(x)dx?)
2 k R o o0 o o,

=1

W
k-double integrals

So, equation -(3) can be always solved by a formula in which the
general solution depends only on coefficient a(x) and two
arbitrary constants.
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Definition. Solution (10) is counsidered as cuadrature in a
wider sense, as a series of integrals, because it gives a general
solution by means of coefficient a(x) in one single way.

Example. For a(x)=1, we obtain y,(x)Qcos(x), Y, (x)=sin(x),
but for a(x)=-~1, y,(x)=ch(x), y,(x)=ch(x) i.e. we obtain the tra-
ditional trigonometry with a constant period and the hyperbolic
geometry.

General analytical linear differential equation of the II order

Let us consider the homogeneous differential equation

y" + a(x)y’ + b(x)y = 0 (1)
where a(x) and b(x) are analytical functions. With substitution
-3fa(x)dx
y=e .2 (11)

equation (1) can be transformed into a canonical type
’
z* + (b-Ja* - 3z = 0 (12)
On the basis of the previous theorems, we obtain the next

Theorem 4. The general solution of (1) is

]

-%Ia(x)dx ot a_a’y a2
y(x) = e [c, £ (- 1k I I(b -Ia -——)dx ...I I(b-Ia ~Sp)ax? +

k=o K o,

k-double integrals

7 a’ x X 1 a’
+c, (x+k2 (- 1) I I(b—z-a -—2-)dxz {g(b-;a’ )dx’!] (13)

—
k-~double integrals

So, every linear differential equation of the II order qan be
solved by quadratures in a wider sense.

Note. The effective summation of the series, which is
represented by the particular solutions, is not always possible,
as we know, because (1) includes a lot of non-elementary and
special functions which do not have a finite form. Obviously
formula (13) includes solutions of a great number of important
equations such as differential equations by Lame’, Matie’, Hill,
ellintical functions and so on.
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Application. For the Riccati differential equation
y’ = a(x)y® + b(x)y + c(x) (14)

using substitution

= a1
Y =32

we obtain
: ’
z' = -z2% + (b+5;)z - ac,
which in turn by substitution
=l
=3
can be transformed into
u” -(b+éé)u' + acu = 0

which is of type (1) and if'qs always possible €o find two parti-
cular integrals in the type of series of integrals

x X X
a, = ¢'/3(b+a’/a)ax t (0K T Taax®...] Taax? (15)
k=0 \o 4] 0o o -,
k-double integrals
and
x X X
u, = e'/2f(brar/arax 5 (-nk j fadx?...[ [xAdx?) (16)
k=1 o o 0
k-double integrals
where )
1 a’'y, 1 a’,2
A(x) = f(b+75) - I(b+_3) + ac. (17)

If we come back to the variable y(x), we get the next

Theorem 5. Riccati differential equation (14) has two
particular integrals

1 U
Y (x) = -3y q, (18)

and u’
200 = -3y o (19)

where u, and u, are given with (15), -(16) and (17) and the soluv-~-
tion of (14) by the theory is given by

Y-y, ~fa(x) (y,-y,)ax
vy,  °¢ (20)
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Conclusion

Theorem 6. Every linear differential equation of the II
order can be solved by quadratures in a wider sense.

Theorem 7. Every Riccati equation can be solved by quadratu-
res in a wider sense.

Example. The Riccati equation
y' = -y? - xy - 2 (21)
with substitution

u'
- JP—-.
Y u

is transformed into a linear differential equation of II order

u" + xu’ + 2u = 0 (22)
and with substitution

- -

u=e 1/:dexz N
is transformed into a camonical tjpe

z" + (3 -xz)z =0

2 7

with a particular solution

X X 2 X X 2 X X
z, =x - | Ix(% -Xnax® + [ 13 -Xpax? | Ix(% —543-)dxz -
o 0 o o o o

X X X X 2 X X

-1 I3 -Epaxt [ 13 -Epax® | [xG -Epax® ... =
o 0 o o o o

P21 P2

2
2! 31 +...} = xe-(x/ﬂ)z = xe-x /‘.

x{l-—(-’zs)z +

So

3 a2 y? o
u=ex/"z=ex/"xex/“= x“/a

1 xe

is the particular integral of the linear equation of the II
order (22), and

= u
y u

is the particular integral of Riccati equation (21).
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HEKOH KBAJIPATYPHH OOPMYJIH 3A JIMHEAPHK IMOEPEHIUJIAJIHHN
PABEHKH OI II PEJ

N. CredaHoBcKka, . ITUMHTPOBCKH
PesumMme

AKO nofi KBampaTypa Ha nudepeHuMjanHa pasBeHKa noapasGHpame
aJICOPHTaM KOJj COOpXM HHTErpanu on KoedHuHeHTHTEe, BO BHR Ha pen oxn
HHTErpan¥ on KoedHUHMEeHTHTe, Toa

-cexoja omuTa JMHeapHa paseHka on II pem MOxe Ka ce pemH CO
KBagpaTypH co ¢dopmynara (13)

-cexoja KAaHOHHYHA paBeHKka (3) e pemymMBa HHS KBampaTypH CO
dopmyniaTa (10)

-cexoja onmTa paBeHKa Ha Riccati (14) e pemnueBa HHS KBanpa-
TypH co dopmynure (15), (16),(17),(18),(19) u (20)

-MOXHA € HOBA penpeseHTauMja Ha crnemMjaNHuTe QYHKIHMH HHS
MHTerpanH o PenOBH Ha KOedHMIHeHTHTEe Ha gudepeHuUMjanHaTa DaBeHKa.
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