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IDENTITIES OF SONIN-TYPE AND APPLICATIONS

ANDREA AGLIC ALJINOVIC, JOSIP PECARIC,
AND SANJA TIPURIC-SPUZEVIC

Abstract. Some weighted generalizations of recently obtained identi-
ties for perturbed Cebysev functionals are given by using Sonin’s iden-
tity. They are used to obtain the new bounds for perturbed weighted
Cebysev functionals. In a special cases they are reduced to Griiss type
inequalities.

1. INTRODUCTION

For two Lebesgue integrable functions f, g : [a,b] — R, Cebysev func-
tional is given by

10 -5 [ @s@i ot (o) (@),

In 1882, Cebysev in [1] proved that

1 / ! 2

where f, g : [a,b] — R are such that f’, ¢’ exists and are continuous on [a, b]
and [ f'[| , = supsepap [f* (t)|- It also holds if f, g : [a, b] — R are absolutely
continuous and f’, g’ € Lo [a, b] while || /||, = esssupsefa g [f ()]

In 1934, Griiss in his paper [3] proved that
1
T(f.0)| < 5 (M —m) (N —n),
provided that there exists the real numbers m, M, n, N such that
m<f(t) <M, n<g(t)<N
for a.e. t € [a,b]. The constant 1/4 is the best possible.
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S. S. Dragomir in the recent paper [2] established two representations of
Cebysev functional T'(f, g). First if f is absolutely continuous on [a, b] and
g Lebesgue integrable on [a b] then

7.9 = 5 / / (@) (g () = \) [ (£) dadt (1)
where \ is arbitrary real number and the Peano kernel P (z,t) is defined
by

= (t—a), a<t<u,
P(z,t)=
A (t—b) x<t<b,

and second, if f and g are absolutely continuous on [a, b] then

b b
g) = / / K (2,1) £/ (1) ¢/ (x) dadt )

(b_la)g (t—a)(b—2x), a<t<ux,

where

K (x,t) =

(b_la)2 b—t)(x—a) x<t<b.

With the following notation for Lebesgue norm

1flle = ess sup £ )], IIf], = (/ £ |pdt) 1<p<oo,

t€[a,b]

identities (1) and (2) were used in the same paper [2] to obtain the bounds
of the perturbed Cebysev functionals T'(f,g) — uT (e,g) and T (f,g) —
uT (e,g) —vT (f,e) when p,v € R and e (t) =t, t € |a,b], which are given
in next two theorems.

Theorem 1. Assume that g : [a,b] — R is Lebesgue integrable function on
[a,b] and f : [a,b] — R is absolutely continuous on [a,b], p,q > 1 such that
1/p+1/q=1, then for any p € R

T (f.9) ~ T (e, )
0 - a)lf o infrerllg — Vo if 1.9 € Loo[a, ]
2 q e ) . Iy
(k)" 0 - % 1 = ul,infrerllg =2l if fg € Lylab]
(b= a) " |1 =l inyem lg — ;-
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Theorem 2. Assume that f,g : [a,b] — R are absolutely continuous on
[a,b], p,q > 1 such that 1/p+1/q =1, then for any p,v € R

|T(f,g)—,uT(e,g)—VT(f,e)|
%@-gﬁﬂf—Mkﬂd—V&m if f',9 € Loo [a, b]

B(g+lg+1) e 2 '
< [%}q(b_a)q||f/_.u||p||gl_y||pa fo/ngLP[a’b]
1 I1F" = wlly g = vl

The aim of this paper is to give weighted generalizations of identities (1)
and (2). By using these identities we will also give weighted generalizations
of the Theorem 1 and Theorem 2, i.e. bounds for perturbed weighted
Cebysev functionals

Tw(f_:uevg)v T’w(f_,uevg_ye)v

when p,v € R and e (t) = t, t € [a, b] and weighted Cebysev functional is
given by

Tw(f,g):/abw(x)f(x)g(x)dw—</abw(x)f(x)dw> (/ﬂbwu)g(x)da:)

where f,g : [a,b] — R are two Lebesgue integrable functions and w :
[a, b] — [0, 00) is some normalized weight function.

2. REPRESENTATION RESULTS FOR PERTURBED WEIGHTED CEBYSEV
FUNCTIONAL

In the next lemma the first representation for weighted Cebysev func-
tional Ty, (f, g) is given. The method of proof is different and simpler from
that of the identity (1) in [2]. Here, we use the Sonin identity.

Lemma 1. If f : [a,b] — R is absolutely continuous on [a,b] and g : [a, b] —
R is Lebesgue integrable function on [a,b], w : [a,b] — [0,00) is some
Lebesgue integrable normalized weight function and W (t) = f(fw (z)dz for
t € [a,b], then

b b
To(f.9) = / / w () Py (2.t) (g (1) — N f (O dedt ()
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for any A € R, where the weighted Peano kernel is

W(t), agtng
Py (z,t) = (4)
Wit)—1 z<t<b.

Proof. We apply Sonin’s identity (see [7])

Tw<f,g>:/abw<x><g<x>—x> (f(x)—/abw(x)f(w)dw> s

where A is arbitrary real number, with weighted Montgomery identity
for function f (obtained by J. Pec¢arié¢ in [5]) which states

b b
f@ = [ w s [ Pooroa (5)

Thus we have

Tw(f,g)z/abw(x) (9(x) — A) (prw<x,t>f'<t>dt) i

b b
- / / w (@) Py (1) (g (x) = N) f' () dadt.
O

Now, we can state the following integral representation for perturbed
weighted Cebysev functional Ty, (f — pe,g) when p € R and e(t) = ¢,
t € [a,b]

Theorem 3. Suppose that all assumptions of Lemma 1 hold. Ife : [a,b] —
R, e(t) =t, we have

b b
Tw(f,g)zuTw(e,g)—i—/ / w(;r)Pw(x,t)(g(x)—)\)(f’(t)—u)dxdt

(6)
for any A\, u € R.
Proof. By using the Lemma 1 and utilizing the linearity property of T, (f, g)
in each argument, the proof follows. Il
Remark 1. For the uniform normalized weight function w (t) = ﬁ,
t € [a,b], the weighted Peano kernel P, (x,t) reduces to the Peano kernel
P (z,t) defined by

ﬁ(t—a), a<t<um,
P (z,t) =

A (t-b) z<t<b
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Consequently, for the uniform normalized weight function the results from
Lemma 1 and Theorem 3 reduce to the results from [2], that is (1) from the
introduction and

T(f,g)=uT (e,g9)+ —a// (z,t)( —A) (f' (t) — p) dadt

where

b
T (e, g) = bia g (6) tdt — Wtba)/g(t)dt.

In the next lemma we derive the second representation for weighted
Cebysev functional Ty, (f, g).

Lemma 2. If f : [a,b] — R and g : [a,b] — R are absolutely continuous

on [a,b], w : [a,b] — [0,00) is some Lebesgue integrable normalized weight
function and W (t) = ft (z)dx fort € [a,b], then

/ / Ko (2.0) ' (1) ¢ () davdt (7)
where

{W(t)(lW(x)), a<t<uw,
Ky (z,t) =
1-W@)W(x) z<t<b.

Proof. By the Fubini’s theorem and identity (3) we have

b b
g) = / / w () Py (2,1) (g () — A) £ () dadt

:/ab (wa<x>Pw<x,t><g<x>—A)da:) 7 (1) d.

Integrating by parts and using the fact that W (a) = 0 and W (b) = 1 we
obtain

b
/ w (@) Py (2,1) (g () — ) dar
¢ t b
w(x)(g(x)—A)dHW(t)/t w () (g (2) — A) de

—w -0 (W0 -N- [ W e)w)

b
LW (<g B-N-W O 0 -N- [ W@ dw)

~w- [
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— W () (=g (8) + 9 (b)) + /W 2)dz — W /W
—/t(l—W())W da:—l—/W (=W (2)) ¢ (2)dz

/th (2) do

and thus we have

T, /(/K (.) g )da:)f()dt.

Remark 2. For the weighted Cebysev functional defined by

b b b b
T(f,g,m:/ p(x)dw/ p(w)f(x)g(x)dw—/ p(x)f(x)dw/p(x)g(w)dw

the following representation identity has been proved by J. Pecarié in [6]:

b T b b
T(f,g,m:/ F(az)/ P(t)dg(t)df<x>+/ P<x>/ B (t)dg (1) df (x)

(8)
where f,g : [a,b] — R are two differentiable functions on [a,b] and p :
la,b] — R integrable, P (z) = [Tp(t)dt, P(x f p(t)dt, for which

0< P(x)<P(b), Vo € [a,b] holds.
If we rewrite this identity for p = w and f,g : [a,b] — R absolutely
continuous on |a,b], we obtain (7).

For the uniform normalized weight function w (t) = ﬁ, t € [a,b], iden-

tity (7) reduce to the Dragomir’s result (2) from the introduction.

Next, we can state the following integral representation for perturbed
weighted Cebysev functional Ty, (f — pe, g — ve) when p,v € R and e (t) =
t,t € la,bl.

Theorem 4. If f,g : [a,b] — R are absolutely continuous on [a,b], w, W
such as in Lemma 1 and e : [a,b] — R, e(t) = t, we have

To(f,g9) = uTw(e,g)+ Ty (f, e) — Ty (e, e) 9)

//K (2,0) (7 (1) — 1) (¢' () — v) ddt

for any u,v € R.
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Proof. By using identity (7) and utilizing the linearity property of T, (f, g)
in each argument, we have

T (f — pe,g —ve) =T (f,9) — nTw (e, 9) — VIw (f, €) + p/Ty (e, €)
for any u, v € R. O

Remark 3. For the uniform normalized weight function w (t) =
[a, b], the result from Theorem 4 reduces to the next result from [2].

3. BOUNDS FOR PERTURBED WEIGHTED CEBYQEV FUNCTIONAL

In the next Theorem, utilizing the representation (6) we obtain the
bounds for perturbed weighted Cebysev functional Ty, (f — pe,g) when
i € R in terms of Lebesgue norms of g, w and f.

Theorem 5. Assume that g : [a,b] — R is Lebesgue integrable function on
[a,b] and f : [a,b] — R is absolutely continuous on [a,b], w : [a,b] — [0, c0)
is some Lebesgue integrable normalized weight function and e : [a,b] — R,
e(t) =t. Then for p,q > 1 such that 1/p+1/q =1 and any p € R we have

T (f;9) — T (e, 9)] (10)

I, ||f’ — oo Infrer |0 (9 = Moo s #f f's9,w € Lo [a, D],
S I'?U ||f/_:u||pinf>\€R||w (g_)‘)Hpv ifflvngELp [(I,b],
1f" = plly infrer lw (g — Ay

b b :
Ig:</ / |Pw(x,t)|qd33dt>

Proof. From (6) we have

where

T (f,9) — 11w (e,9)| = Py (z,t) (g (x) — A) (f’ (t) — u) dxdt

// (2,0 19 () — M| (8) — | drdt

< | =l llw (g = M) //|P (z, )| dzdt.

Taking the infimum over A\ € R provides the first inequality.

Applying the Holder inequality for double integrals we have

// (2,0 19 () — M| £ (8) — | drdt
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s(/%/ﬂamaww¢mgé(/%/ﬂwumgu»—va%w—uv¢mQ%
(/l/'P wtwimﬁ (/‘U uVﬁ-Lﬂwu»@u»—MW¢gp

= 13 ||~ ], Ihw (g = M, -

Taking the infimum over A\ € R provides the second inequality.
For the last part, since 0 < W (¢) < 1, t € [a, b] we have

sup [Py (z,1)] =1
(z,t)€la,b)?

d
b b
[ [ w @R 0llg @) - A1 @) - ] dade
b b
gwauwmm/“/1mmmu»—ﬂv%w—uwmu

< 1P (2, )l 1w (g = My 1 = wlly = 1w (g = My [ = wel] -

again, taking the infimum over A € R completes the proof. O

Remark 4. If we take w (t) = ﬁ, t € [a,b], we have

b b b b
//|Pw(x,t)|qdwdt:/ / P (2, )| dudt

and N
19— 2(b—a)? a
Yo \@+1D)@+2)
o (g = Mll, = 5= lg = A,

Thus, for the uniform normalized weight function (10) reduces to the in-
equality from the Theorem 1.

Corollary 1. Suppose that all assumptions of Theorem 5 hold. Addition-
ally, if —co <m < g(x) < M < oo for a.e. = € [a,b] then for any p € R
we have

|Tw (f,9) — uTw (e, 9)|

=
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LI O —m) [l IF = pllaes T € Dol
<{ LI —m) b - o) el lIf —pl,, € Lyla,],
LM —m) (b—a) |wl |f— pll,

Proof. If —oo <m < g(z) < M < oo for a.e. = € [a,b], then

inf lw (g — )| H <g‘m+M>H

gnwan(g—m;M)H < ol 3 (M1 —m)

and for p > 1

it o=Vl < [ (5

<l | (- ")

Applying (10) the proof follows. O

m+ M
2

p

1 1
= ||w —(M—-—m)((b—a)r
) lwllo 5 € ) (b—a)

Corollary 2. Suppose that all assumptions of Theorem 5 hold. Addition-
ally, if —oco <y < f'(t) <T < o0 for a.e. t € [a,b] then we have

+T
Tw (f, )——T (e, 9)
Ly (T —7)infaer [ (9 = Ml if 9 € Les [a, D],
< %f I =) (b—a)rinfrcr[|w (g = A)l,, ifg e Lyla,b],
3 (L =) (b—a)infrer w (g — N, -

Proof. If—oo<'y§f’(t)<F<ooforae t € [a,b] then

- 7”“ < (C-7)
and for p > 1
Tr 1 1
] <5 e-or
2 » 2
Applying (10) the proof follows. O

In the next Theorem, utilizing the representation (9) we obtain the
bounds for perturbed weighted Cebysev functional T,, (f, g) — uTw (e, 9) —
vTy (f,e) when u, v € R in terms of Lebesgue norms of f’ and ¢'.
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Theorem 6. If f,g : [a,b] — R are absolutely continuous on [a,b], w
[a,b] — [0,00) is some normalized weight function and e : [a,b] — R
e(t) =t. Then for p,q > 1 such that 1/p+1/q =1 and any p,v € R we
have

|Tw (fag)_,UTw (eag)_VTw (f,€)+,UVTw (eve)| (11)
Jl ||f/_:u|| ||(g _V)Hoov iff’,g’ELoo[a,b],
< Jq If" = ull lg"=vl,, iff,9 €Lyla,b],

21 = wlly llg" = V||1

b b :
Jg:</ / Kw(x,t)qdwdt>

Proof. From (9) we have

where

— 1Ty (e,9) = vTw (f, ) + Ty (e, )|

//K (@, 0|1 (t) - ul|d (x) — v| dadt

<7 =il @ =) /a e e

Applying the Holder inequality for double integrals we have

/ab /awa (x’t) ’f/ (t) - 'u’ ’gl (.Z‘) - V’ dxdt
< (/ab/awa (x,t)qudt>% (/ab/ab’g/@) e _M’pdasdt>%

= Tu |l = nll, llg"=»ll,-
For the last part, we have for a <t <z <b, that
Ky (z,8) =W () (1 =W (z) < W (t) (1= W (t))
since W (t) = fatw () dx < W (z) and similarly for a <z <t <b
Ky(z,t)=1-W (@)W (z) <W({t)(1-W(t)).
We can deduce that

1
Ky (z,t) < 7 x,t € [a,b]

since 0 < W (t) <1, t € [a,b]. Finally

b b
/ / Ky (z,t) | f (1) — p| |¢' (2) — v| dzdt
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< |, <x,t>||oo/b /b!f’ () — i |d (2) — v| dudt

1
=z 17" = wllyllg" =l -
4

Remark 5. If we take w(t) = =, t € [a, ], we have

b—a’

b b
/ / Ky (z,t)! dedt = / / K (z,t)? dzdt

:m/a (/a (t—a)q(b—x)th—l—/:(b—t)q(x—a)th>da:

b
= (q n 1) (16 _ a)2q / ((1' — a)q‘H (b _ x)q + (b _ x)q—I—l (.Z‘ _ a)q> .

The Beta function is defined by
B(a,f) = /lt‘l—l 1-t)tdt o,8>0
so by substitution r —a = so(b —a) we get
/b (z —a)?™ (b—2)Tde = (b—a)®T™ /01 s (1 —5)%ds

=0b-a)B(g+2,q+1)

and
’ +1 2gt2 [ +1
/(b—x)q (r—a)ldx = (b—a)*? /sq(l—s)q ds
a 0
=(0—a)"™™B(g+1,9+2).

Since B(q+1,q+2) = 3B (¢+1,q+1) we get

/b/bK( £)7 dadt (b_a)zB( +1,q+1)

x, rdt = —— , .

a Ja PR

Thus, for the uniform normalized weight function (11) reduces to the in-
equality from the Theorem 2.

Corollary 3. Suppose that all assumptions of Theorem 6 hold. Then we

have
T 1F oo 19 oo » i f'1 9’ € Loo la,b],
Tw (o) << JollFI NG, if fl,g' € Lyla, b],
I gl -



16 ANDREA AGLIC ALJINOVIC, JOSIP PECARIC, AND SANJA TIPURIC-SPUZEVIC

Proof. Applying (11) with u = v = 0 the proof follows. O

Remark 6. Taking w (t) = b% t € [a,b], in the last corollary we have

a’

5 0= 01 9o if 1.9 € Loo [a,0],
_a2 .
TEDI<y (B a+1La+0) I, 90,, i 9 € Lyla,b],
1 / /
L1 gl

Notice that the first inequality is exactly the Cebysev inequality from 1882.
and the other two were obtained in [2].

Corollary 4. Suppose that all assumptions of Theorem 6 hold. Addition-
ally, if we assume that —oo < v < f'(t) <T < o0 and —o0o < ¢p < ¢’ (t) <
® < 0o for a.e. t € [a,b], then we have the following inequality

Lo (f.9) = Lo Ty eng) ~ 222 1, (7,0 4 DD D (o
J&)i(r_’y)(@_qb)v ifflag/ELoo[avb]a

< Jg).i(f‘—'y)(@—QS)(b—a)%, if f',9" € Lpla, ],
TT=—y)(@—-¢)(b—0a).

Proof. If —co < v < f'(t) T < oo and —00 < ¢ < ¢'(t) < & < oo for
a.e. t € [a,b] then

P 7—1—1“ 1
H —§(F_7)7
d 1
¢+ _5(‘1’—@
and for p > 1
T 1 1
| sgr-me-or,
d 1 1
S I LU

Applying (11) the proof follows. O
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Remark 7. Taking w (t) = b% t € [a,b], in the last corollary we have

1T

Teg) - 232 1 (.0 + T Dy (o

( )21( )((I)_¢)v Z.fflagleLoo

<(q+1)B(q—|—1 q—l—l))
iT—7)(@ )(b—a)Q-

v+T
(f’g)_T
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