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FREE (M + k, M) —RECTANGULAR BANDS WHEN k < m
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Abstract: A characterization of ( rectangular bands when k < m | using the usual

rectangular bands is given in [4]. This result is used to obtain a free (m + k,m) — rectanguiar band when

k<m.
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1. INTRODUCTION

First, we will introduce some notations which will be used further on:
1) The elements of Q°, where Q° denotes the S —th Cartesian power of Q, will

be denoted by X; .
2) The symbol X/ will denote the sequence X,X,,,.. X; when /< j, and the empty

sequence when i > j.

S
3) If X, =X, =..=X, =X,then X, is denoted by the symbol X .
4) The set {],2,...,8} will be denoted by N..

Let Q # & and n,m be positive integers. If [ ] is a map from Q" into Q™ then
[1is called an (n,m) — operation. A pair (Q;[ ]) where [ ] is an (n,m) — operation is
said to be an (n,m) - groupoid. Every (n,m) —operation on Q@ induces a sequence
[ 1] 1,5--[ 1,, of n—ary operations on the set Q , such that
(VieN,) x| =y) e |x]=yr.
Let m>2,k>1. An (m+km) - groupoid (Q[] is caled an
(m + k,m) — semigroup if for each i € {O L2,..
b iz e - Ux'"*“ )
Let (A]) be an (m+k,m)—groupoid, where [] is an
(m+k,m) —operation defined by [x"*]=x". Then (A[] is an
(m + k,m) — semigroup and it is called a left-zero (m + k, m) —semigroup.  Dually, a

m+k

right-zero (m + k, m) —semigroup (B;[ ]) is defined by the operation [ x| = x:*.
The pair (Ax B;[ ]), where [ ] is an (m + k,m) — operation on A x B defined
by

[Xm+k] ylm = (xi =(ai’b[)’yj :(aj9bj+k)’i€Nm+k’ jG Nm)
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is an (M + k,m) — semigroup and it is a direct product of a left-zero and a right-zero

(m + k,m) — semigroup on A and B, respectively. Such an (m + K, m) — semigroup is
called (m + k,m) —rectangular band.

The following propositions characterizes (/m + k, m) — rectangular bands when

k<m.
Propositon 1.1 ([4, Propositon 2]) Let Q=(Q;[]) be an
(m+ k,m) — semigroup, k <m. Q is an (m + k,m) — rectangular band if and only if
the conditions
(a) lx,’”*z"L = [x{x”“z" J_., ieN_

i+k+1
j+k-1 m+k

(b) lx1m+kJ; = ly,"“ixj.ym Xisi juksr i,jeN,

m+k m
(c) X |=X
are satisfied in Q.
Propositon 1.2 ([4, Proposition 3]) Let Q=(Q[]) be an
(m + k,m) — semigroup, kK <m. Then Q is a direct product of a left-zero and a right-
zero (M + Kk, m) — semigroup if and only if there is a rectangular band (Q;*), such that
X7 ] = x, % X, XM €Q™, PN,
Propositon 1.2 gives a characterization of (m + k, m) — rectangular bands using the

usual rectangular bands. Rectangular band is a semigroup which is a direct product of a
left-zero and a right-zero semigroup, or equivalent, rectangular band is a semigroup

(Q;*) that satisfies the following two identities X * y*zZ=x*Zz and X*X = X, for
each X,¥,ze Q.
This result of Propositon 1.2 is used to obtain a free (m + k, m) — rectangular band

when k<m.

2. Free (m + k,m) —rectangular bands when kK <m

Let (Q;*) be a free rectangular band with a basis B. Then
Q=Bu {ab|a,b e B,a+# b} and operation * is defined by:
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X=y=a
=4, =Ca
5 x=a,y
X=ac,y=a
x=ac,y=da
X*Y =1
x=ay=b
Xx=a y=cb
ab ,a#b
x=ac,y=>b
x=ac,y=db

w

Let k <m and let [ ] be the (m +k, m) — operation on Q defined by
[x[””‘l =X, %X, X" eQ™*, ieN,_

Then

Proposition 2 (Q;[ ]) is a free (m+ k,m) — rectangular band when k <m with

abasis B.
Proof. Since k<m,let k+t=m, t>1.

m+2k

First, we will prove that [|[x/* |x™2 | = x, % x,.,, .

a) let i<t.Theni+k<t+k=m.
We have

L+ berzs | =
*[thkl( |.Xm+kl+k =
z(xi xi+k) (xi+k*xf+2k):
=X * X,k
b) Lett<i<m.Theni=t+A,1<A<kandi+k=t+A+k=m+A.
uxrmk m+?klu

m+k+1

m+k _

I,x J4 xm+k+)._"
(X * xH—k) xm+k+}.=
= X, *X
=X; * X, -

. i E k +2k
Further on we will prove that [x;’ lxj:;"* Jx;.'lm_mﬂl_ = X; * X, o -

m+k+1:

c) Let i<j. Then i<j<j+t implies i+k<j+t+k=j+m. Moreover,
i+k>k>jie j<i+k<j+m.Leti+k=j+A.
We obtain
] j k +2k
lx'f [x;:;m ]X?lm+k+‘ll, =
j+mik Jj+m+k J+m+k jrmk m+2k —
[X XleX}L * } lx;J,T ) I [ ;+1 L+1 lx;ﬂ J xj+m+k+1j,- -
_ j+m+k -
= Xi *lx L =

i+

= X; *(Xﬁ_;_ *xj+};+k):
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=X * X T
—X xl+2k
d) Let j<i.
di)Let j+1<i<j+tie i=j+r, 1SA<E.
Then i+k=j+A+k<j+t+k=j+m.
lx;lxj+m+k m+2k l_

j+1 Jrmek+1
;+m+kl l jrm+k J
lxm * X hk

=(xj>l xj+l+k) (X;'n\fk xj-rl+k+k)=
=X ¥ Xjppakek =
=X; * X ok -
d2)Let j+t<i ie. i=j+t+A, 1SA<k-j. Then j+t+k<i+k ie.
j+m<i+k.
llexj+m+k m+2k lz

j+1 Jrm+k+1
j+m+k -
=[E ] X =
= (xf+l-+1 xf+f+);+k )* Xj+k+l'+k+l =
=X * X

JHE+A JHk+t+k+d =
=X; *X;,
m+k m+2k _ j+m+k |, m+2k H :
Then ux m“,”]/. = lx1 lxm j+m+k+1J,'- forany ieN_, 0<j<k.So

(@[ D isan (m+ k,m) — semigroup, when kK <m.
According to Proposition 1.2 (Q;[ ]) is an (m + k, m) — rectangular band, when

k<m.
Itis clear that B < Q. Let U € Q and let [B] be an (M + k, m) — subsemigroup

of (Q[]) generated by B. Then, for ceB we have

i1 k-1 m-i

u=ab:a*b=[ca cb C] E[B], i.e. Qg[B]ASo. (Q;[ 1) is generated by B .

Let (S;[]) be an (m+k,m)—rectangular band when k<m and let
f:B — S be a map. By Proposition 1.2, there is a rectangular band (S; 0) such that

[x"'”‘]; =X, 09X, X" eS8S™ jeN_. Since (Q;*) is a free rectangular band
with a basis B, there is a homomorphism g :Q — S, such that g(b)=f(b)b e B.

Let X" € Q™* . Then

g([xm+k]‘)=g(xf *Xi+k)=g(xl')° l+k) [g(x (XZ)*"g(me»k)]A' :

So, g as an extension of the map f , is (M + k,m)—homomorphism from (Q;[ ])

into (S;[1). Hence (Q;[ ]) is a free (m+ k,m)—rectangular band with a basis B
when K<m .=
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