Math. Maced.
Vol. 4 (2006)
11-24

(m + k,m)~BANDS

VALENTINA MIOVSKA AND DONCO DIMOVSKI

Abstract. In this paper p—zero (m + k,m)—semigroups are defined and
it is proved that there are exactly (m + 1) p—zero semigroups. An
{m+ k, m)—semigroup (Q;[]) which is a direct product of all (m+ 1) p—zero
(m + k, m)—semigroups, defined previously, is called an (m + k, m)—band.
Characterizations of (m + k, m)—bands are given.

1. p-ZzERO (m + k,m)—SEMIGROUPS

First, we will introduce some notations which will be used further on:

1) The elements of Q*, where Q* denotes the s-th Cartesian power of @), will
be denoted by z].

2) The symbol ] will denote the sequence z;, zi4+1,...,z; when i < j, and the
empty sequence when i > j.

3)If 2y = x3 = --- = x5 = z, then z{ is denoted by the symbol I.

4) The set {1,2,...,s} will be denoted by Nj,.

Let Q # @ and n,m are positive integers. If [ ] is a map from Q™ into Q™, then
[]is called an (n, m)—operation. A pair (Q;[]) where [ ] is an (n, m)—operation is
said to be an (n,m) groupoid. Every (n,m)—operation on ¢ induces a sequence
[lis[)2;-.-,[ ]m of n—ary operations on the set @, such that

((Vi € Nw) [a]]; = wi) & [2]] = o]".
Letm > 2, k > 1. An (m+k, m)—groupoid (Q;[]) is called an (m+k, m)—semigroup
if for each i € {0,1,2,...,k}

e (3] o] = (] o)

Definition 1.1. An (m + k,m)—groupoid (Q;[ ]) is said to be a projection
(m + k,m)—groupoid if there are 1 < o) < a3 < ... < am < m+ k, such
that

[P = s BB s
for any z]+k € Qmtk,

Definition 1.2. Let 0 < p < m. An (m + k,m)— groupoid (Q;[]) is said to be a
p—zero (m + k,m)—groupoid if [z]"*] = eial il |, for any z7F € QM.
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The operation [ ] for p—zero (m + k, m)—groupoid will be denoted by []P. In (1]
m—zero (m + k,m)—groupoid is called left zero (m + k, m)—groupoid, and 0—zero
(m+ k,m)—groupoid is called right zero (m + k, m)—groupoid. Left and right zero
(m + k,m)—groupoids are examples of (m + k, m)—semigroups.

Proposition 1.3. Any p—zero (m + k, m)—groupoid (Q:[]?) is an
(m + k, m)—semigroup.
Proof. Let (Q;[]?), 0 < p < m be a p—zero (m + k, m)—groupoid. Then:

[Iil [Ii+m+k P _m+2k ]p = [ 1 itp_a+m+k om+2k ]p =

il Tipmak+1| = |T1Ti+1Tikprkt1 Tiemtk+1
p
P42k _ p.m+2k p..m+k m+2k 2
=TT ok—(m-p)+1 — T1Tpr2k41 = | T1Tppkr1Tmpk+1| T
P
. m+k1P _ m+2k
—[[’51 ] Im+k+l] . -

Remark 1.4. If i € N,, is fixed, then either [z"*)? = z; or [z]"7*)7 = 2444
holds in p—zero (m + k, m)—semigroup (Q:[]7).

Proposition 1.5. If (Q;[]) is a projection (m+ k,m)—groupoid which is also an
(m + k,m)—semigroup, then (Q;[]) is a p—zero (m + k,m)—semigroup, for some
0<p<m.

Proof. Let [a"**]. =2;. Theni < jandm—i<m+k—j,ie 1 <j<k+i
It follows [z{"**], = zi\ ¢, where 0 < g < k and

g [ gtm+tk] m+2k _ |, gtm+k| _ | —
[""1 [Iq+z Tgtmrk+i, = [Tott A Tit2qg-

We will consider two cases: A) m < k and B) m > k.

A)Let m < k.

Al. Let i+q > m, i.e. let i+q = m+t, wheret > 0. Then [[m’{"’"‘] a;:;;j‘_iil]i =
= Tmak+t = Tivg+k- Since (Q;[]) is an (m + k, m)—semigroup,
[m'{ [zﬂi’{‘”l ::::f‘:,:ik_,_l]i = [[z1**] 2iisa ], hold in (@;[]) - Then Ziynq =

= Titqtk- S0,i+2¢=1+q+k, ie g=k. Finally, [3:’1"+k]i = Tirk.

A2. Let i + ¢ < m < k. We have [z} [a:zfﬁw‘]]i = Py
[a:‘l' n:g'_t'f"”‘] -T:::ik.n] = [of [252%]], implies that 2ivag = Tisg-
So,i+2g=i+gq,ie ¢ = 0. Finally, [;c'l"+k]i =%

B) Let m > k.

Bl. Leti+q > mie. i+q=m+t, wheret > 0. We have [[«]""*] 2l 134 ] =

= Tmak+t = Titgtk- Then Zit2q = Tiggik- So,i1+2q=t+q+kie g=k
Finally, [m‘f"‘"‘]‘, = Ditk.

B2. Let i + g < m.

B2.1. If i + ¢ < k, then [z} [xi_"_,_’“,gk]]’_ = Titq. SO, i+29=i+qie ¢=0.
Finally. [E;n-i-k]i = Ij.

B2.2. Let k <i+g < m. Then, [[z]"**] 23t )] = [zi““"]i_‘_q implies that

m4-k+1
m+k e m+k] . m+2k _ q | agtmtk]|  m+2k _
[21 ]i+ = [[«] ]$m+k+1]g_ Ty [Ty Tormtk+1|. = Tit2q-
q q i
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Let j be such that i+(j—1)g < mand i+jg > m . Let i+jq = m+1', where t' > 0.
+k — +k +2k — — el
Then, [«" ]i+(j-1)q = Tigjq, [[37" ]3’::+k+1],-+u_1jq = Tmtk+t’ = Titjet+k

and [xq [ q+m+k] m+2k ] = [ q+m+k] A o W )
1| Tg41 Tgtm+k+1 i+ (i-1)q g+1 1) g+itig i+(j+1)g
Thus, i + (j + 1)g =i+ jg+ kie. ¢=k and [27"*] = 244 O

Propositions 1.3 and 1.5 imply that there are exactly m + 1 projection
(m + k, m)—semigroups.
Remark 1.6. If (Q;[ ]) is a projection (m + 1, m)—groupoid then from the de-
finition it follows that (Q;[ ]) is an p—zero (m + 1,m)—groupoid and so it is
(m + 1,m)—semigroup. The following example shows that, in general, projection
(m + k, m)~—groupoid need not be an (m + k, m)—semigroup. The (4, 2)—groupoid
(Q;[]) where [] is defined by [z{] = 23, is a projection (4,2)—groupoid, but not
a (4,2)—semigroup.

2. (m + k,m)—BANDS

Let (A;; []'),i=1, 2, ..., t be (m + k,m)—semigroups. Their direct product is
an (m + k, m)—semigroup, where the (m + k,m)—operation [ ] is defined by

[$F+k] - yiﬂ -~ Ty = (‘Ti.i! xi.?l "'1Ii.£)s y.'.' = (y_f,l vyj.'2| -"!yj,t)s

Yio = [x1,jmg,_,‘...:r:m+k_j]' , $ € Ny, J €N, 7 € Ny
Definition 2.1. Let A, = (Ap; [ ]?) be p-zero (m+k, m)—semigroups, 0 < p < m.
The direct product of Am, Am—1, ..., Ao is called (m + k,m)—band.

If (A X Apn—1 X...X Ag; []) is an (m+k, m)—band then its (m+k, m)—operation
[ ] 1s of the form

m+ky] _ .m _
") =y & zi = (Tig T2, 0 Tima ),
Yi= (mj‘lyxj.h"-)-T'j.m+l—_ivxj+k'm+2-j,---,I_':-{-k_m-}.],),i € Ntk Jj € Np,.

Proposition 2.2. An (m + k,m)—semigroup Q = (Q,[]) is an (m + k, m)—band
if and only if the following conditions are satisfied in Q:
@ [, = i s w1 € N

a l:jal l:i(—llzkal ym(;l] k=1 zmﬂ—}] _ [ial k! [Jalykalzmaj] md—:‘:I ’
i i i .
for a fized element of Q and j < i; ‘
(I11) a [3El:ckalyma_j] kalzma_i] = [tﬁlzkalzma—i] , for a fized ele-
J ; i
ment of Q and j < i; '
) [Ja‘x“a‘ [ialykﬁlzma_i} ”‘5’}
j

i

I

i=1 k=1 m—j
[az: a z a] , for a fized ele-

ment of Q and j < i; !

(V) ["‘5:”‘] =7
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Proof. Let Q be an (m + k,m)—band. Then directly from the Definition 2.1 it
follows that Q satisfies (I), (II), (III), (IV) and (V).

Conversely, suppose that the (m + k, m)—semigroup Q = (Q;[]), satisfies (I),
(II), (III), (IV) and (V), and a is a fixed element of Q.

(A) Let Ap = {["‘E‘:cé‘;] g€ Q} and let [“’E‘x,éi] &g, $€ Nipuas

m

m

Then:

m—1 k m=—1 k () |i=1 {m=1 k& k=1 |m-1 k m—i| (IV)
rna O TyikQ =l a a ra a iy @ a =
m m4 i m m 1
i—=1 |m=1 k k=1 m—i| (II) |m—1 k=1 |i—=1 k=1 m-—i
=|a | a z;a aaal| =|aza|aaaa
m i
m=—1 k-1 m—1 k
= a r; aa = u r;a "
m m

Because Hma_lxl a] [mc;l:cmH é.] ] = [mE] T Lkz] [mcfl T 3:1 LA LD

is a left zero (m + k, m)—semigroup, i.e. an m—zero (m + k, m)—semigroup.
(B) Let Ap = { [5.1:”151] T € Q} and [gx; ma_.l] € Ap, i € Njyyk. Then:
1 1

k m—1 k m—1 (1) |i=1 |k m-1| k-1 |k m—1| m—i| (1)
ar; a e @k @ =\|a |lax; a a |ATijpp G a -
1 144 1 1 i
i—-1 k=1 |k m—1| m—i| (II)||i=1 k=1 m—i| k=1 m—1| (V)
=|laaa |ATipx @ a = aaaaa @ Tiyk 1@ -
1 i i 1
k-1 m~—1 k m=—1

= [ﬂ a Titgp @ ] = [(1.’::,4;; a ] .
1 1

So, (Ao; [ ]) is a right zero (m+k, m)—semigroup, i.e. a 0—zero (m-+k, m)—semigroup.
(C) Let

AP={I

k—
= ["”'a 13] }, 1<p<m-—1, and z; € Ap, j € Nypyi.
m

—_

-

|

¥ —
=

m+k—1 p—1 m+k—p +k m—p-—1
xGQ,:t::[a: a ] =...=[ax a ="a 2" & =
1 P p+1

(C1) For i < p we have
(1) fi-=1 k=1 —i i—1 k=1 |i= —i —i
z;n-l—k]i . [‘a z,'a Tipk ma l] = I:‘(l % J.a [tal iek m+{{c I] ma 1.] (I=V)
i i i

i—1 k=1 m—i i—1 m+k—i
=|lazx aa a =|lax a = I.
i i



(C2) Let i > p. Then:
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n[i-1 k-1 i i—1 [ith—1 —i] k-1 —i] ()
[:cf‘*""]i(:) [ a T; @ Tiyk a'] = [‘a [‘ a ;'@ ‘] Q@ Tipk "a '] -
i i i
=1, k=1 m—i i+k—1 m—i
= @ a0 Tjyp a = a Tiyp Q =Tit+k.
i i
We have [z]" "'"] x”z;“;']‘ﬂl So, (Ap;[]), 1 < p <m-—1,isap-—zero
(m + k,m)—semigroup.
-1 k k m—1
(D) Let ([ma T a:l 1 L2y 000y Ty I:a'zm+1 @ } ) € AmxAm—l X...XA]_ XAU'
m 1
—1 k—1 i—-1 .
Define: ag = 11, a; = "a Qi1 @ Tiy1 Q@ , i € N, and By = Ty,

P [i— k=1

1
Q@ Tmi1—i @ Bi-1 @
Then

m—l]
a

Aty —2 G [Im a Tm4l

k=1
Gm = |Gm—-1 @ Tm4

[i—1 k—
@ am—;i"a i1

k-1

Let o: Ay X Appey X e

m=—1 k
for any element ([ [ a]
XA] x A(}.

m—i

m—q (1n uu[m 1
= | a
i

'm—l
a r a .Bm-—l} = Bm.
5 m

m

m+1l-—i

] i € Np,.
i

k=1  m-2| k-1 m—1| (II)
atym—2 A T, G Q@ Tmy1 QA -
2 1

m—l] m—2] [ m— 2] (Im)  (I1)
1] a gy —2 G B] = =
1 2 2

k-1

eﬂﬁml] -

x Ay x Ag = @ be the map defined by:

m—1 k k
' a ra 1 L2y ey Ty | A T4
m

m-—1
T = Qm,
1

m=—1

1]

k
B0 s [axm.H ] ) €Ay x A1 X ... X
1

(D1) Proof that ¢ is a well-defined map.

-1  k
Let [ma 1 a]
m

m—1

k
= [a“m-hl a

1
m—1 k
a rna =

Then, [

m

[mffiul 5] , Zj =uj, J € N \ {1}, [a:::m.,.l
m

m—l]
a —
1

m—1 k . =
a wuya| implies
m

m—1|m-1 &k k-1 m—1|m—-1 k k—1 (111)
a T a a I =| a6 a uja a T =
m m m m
m—1  k—=1 m—1 k=1 (=I;
a Ty a I = a u; a I
m m
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m+k m—1 k-1 )
[ I ] a uw a I =
m m
m—1 k—1
I = a w a &I .
m

k m—1 k m—1 i y
ATy Q = |QUmsy Q implies
1 1

k=1 |k m—1| m-—1 [ k-1 |k m—1| m—1| (IV)
ITm41 @ (AT C a = |Tm+1 @ |QUR41 O 43 =
1 1 1 1

k-1 m—1 [ k=1 m—1 t:Ig
Tm+1 @ Tm41 @ = |Tm41 @ Umypr Q
1

L 1

mtk k-1 m—1] (V)
Tmt1| = [Tmil @ Unpyr G | =
i 1

k=1 m=1
Im41 = |Tm41 @ Um4r @

1

m

-1 k=1 m—1 [m—1 k=1 k=1 (1) | m—1 k-1
) = a oy a4 T2 = a a u; a mn a ITo = a uy a I
m m m

m—i k—1 i-1 m—i , k-1 i-1 ,
a; = a a;) a4 ;4 a = a ;¢ 4 Uiy a =y,
m+1—i m+1—i
1<i<m—1
Then:

k-1 m~1 ' k=1 k-1 m=1| m=1| (IV)
Om = |@m—1 @ Tmyy O = |0, a Imt+1 @ Upyl @ @ -
1 1 1
' k=1 m—1 P
= |0p_1 @ Upyr G =a
1
m—1 % k m—1
So, ¢ a 10| ,To,...,Tym, |[ATpme1 G =
m 1
m—1 k k m—1
=¥ a ua s Uy ey U,y (A Um41 D .
m 1

(D2) Proof that ¢ is an injection.

Let
m—1 k k m-1
‘P([ a I ﬂ] 1 T2y 00ey Tny [G$m+1 a ] ) =
m 1
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m-—1 k k m—1 : '
=@ a uya Z Uy ey U,y (A UMmp1 A 1e. Gy = Q-
m I 1
: S e, 2
Since ay, = a, it follows
k-1 k—1 m—1 m—1 k=1 , k=1 m—1 m—1| (IV)
m+1 @ |[@m—1 Q@ T4y G a = |Tm+1 Q@ | 7 @ Upgy O a =
1 1 5 1 1
k=1 m—1 k—1 m—1| (1)
Tmy1 @ Tpyp @ = [Tm+1 @ Upmr G =
1 1
m+k k-1 m=1| (V)
Im+1]1 = [Im+1 @ Umiy @ =
1
k—1 m—1
Tm4l = |Tm41 @ Umyy G a
1
Using this:
k m—1 k p— m—-1] m-1] (IV) k=1 m—1 k m—1
ATm+y @ =0 |Tm41 @ Uppl a =la & Umyr Q =|QUm+1 @ .
1 1 J1 1 1
Since B, = f;, it follows
m—1[m—-1 k=1 k-1 [(m=1[m-1 k=1, k-1 (1)
a a xr a PBm-o a I =|"a a uy a f,_, a I
m m L L m m
m=1 k-1 [(m-1 k-1 (1
a ) a I = a u; a I =
m o 4m
m+k [(m—1 k=1 | (V)
[1'1] = a u a rm =
m L Jm
(=1 k=1 |
I = a u a
- 4 1m
Using this:
m—=1 k m—1|m—1 k-1 k| () [m—1 k=1 m—1  k
a r1al =| a a u, a ;| a =l au aal =|a uwa
m m m m m
Let 2 < i < m. Since
m—i k—1 i—1 m—i k-1 i—1
am=| 8 @i=1 & Bm—i a] = [ a o, & Bl a] =ap,,
m+1l—1 m4l1—i
we have
m—i |[m—i k—1 i—1 k-1 i—1
a a oy a Bp—; a a aj-; Q =
m+l—i m<41—i
m—i |m—i k-1 i-1 k-1 i—1 (111)
=|a [a a;_laﬁ:n_‘-a] a qi_, a =
m+1—t m+1—i
m—i k=1 i—1 m—i , k-1 i—1 (L
a aj—) 4 o1 @ =0 o, a o) a =
m+1—1 m+l—1
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m+k m—i k=1 i—1 (V)
a,-_1] = [ a o, a @i a] =
m+1—i m41—i
m—i , k—=1|m+i1-i k-1 i—-2 i—1 (v
a1=|a a;_; a a @j_o @ I; a a =
m+2-i m+1—i
m—i , k-1 i—1
Qj—] = a oy, a r; a =
m+1—i
m+l—1 k=1 =2 m=i |m+4l—i , k—1 i=2 k=1 i—1 (IT)
a 2 @ I; a =] a a w; o @ u; a a r; a =
m+2—1 m+2—1 m-41-—1i
m+l—1 k=1 i-2 m+l-i , k=1 |m=—1 k=1 1—1 =2
a j_9 @ IT; G = a a; 5 a a u; a r; a a
m+2—1 mA+1—i T
Thus, we have
m+l—1i k=1 |m+1—t k=1 1-2 i—2
a I; a a -2 a T; a a =
m+2—i T T
m+l—i k=1 |m41—i , k=1 |m—i k-1 i—1 i—-2 i—2 {1Vv)
= a T; a a @5 @ a u; a I; a a a =
m+1—i m42—i mio—i
m+l-i k-1 i-2 m+l—i k=1 |m=1 k-1 -1 1=2 (=I£
a T; @ T; O = a Tia |a u amx;a a
m-+2—1 m+1—i m42—i
m+k m+l—1 k—1 |m—i k=1 i-1 i—2 (V)
Ti = a T a a u; a r; a a =
m+2—1
m+1-—1 m+2—i
m+1-1 k=1 jm—i k—1 i=1 i—2
Ti= a T; a0 | a u az;a a
m+1—i mE2—i

. i—-2
Sincez; =| a z; a | a u; a z; a a and z;,u; € Amsi—i,

m41-i k-1 [m—i E—1  i=1
m+2—i

]m+1—i
2 €11 < m, we have

m+1+k—i i—2
Iri= a T G =
m+2—i

m+1+k—i |m+l=i k=1 |m=i k=1 i=1 i=2 i-2 (IV)
a a I; a a u; a4 r; a =

m+2—i m+2—i

m+l—i k=1 |m—i k-1 i-1 i-2 (11)
a a a a u; a T; a a
m+41—1

m42—i

2170
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m—i |m+l=—i k=1 i—2 k-1 i—-1
=|a a a a u; a a x; a =
m+2—i =L
m—i |m+1+k—i i—-2 k—=1 i—1 m—i k-1 i—1
=] a a u; a a r; a =|la uy a xa =
m+2—i ml—i m=+1—i
m—i k=1 |m—i k+i-1 i—1 (IV) |m—i k-1 i-1
= a u; a a x; a a = a u; a aa =
m—i k+i—1
= a uw; a = Uj.
m+1—-i
Therefore,

m=—1 k k m-—1 m=1 k k m=—1
a T1a| ,T2y.0y T,y |[ATm41 G = a ual ,Ug,..,Um, (GUm41 4 )
m 1 m 1

i.e. w is an injection.
(D3) Proof that ¢ is a surjection.

Let z € Q. Then [mil 3:3] € A,, and [5:’“&‘} € Ag. We will prove that

1 1

- [ . e Foy
s "3’:"‘&1] "2 | e 1gcicm=1.
L i1 .

1. If j < i then '

=

i—1 li=1 [k+i m—i—=1| m+k—i| m+k—3| (1I) |i-1 |k+i m—i-1] k=1|j=1 k—1m—j| m—i (V)
a ar a a a =|a axr a a aaa a a =
1 1 Fi

] i+1 i

i+1 ;

i—-1 |k+1 m—i-1 k-1 m—i i—=1 |k+i m=—i-1 m+k—1
= a ax a a a a = a a r a a
1+1 1+1 %

2. If i < j then

a a

k+i—1 |i=1 |k+i m—i—1| m+k—i|m=7| (II) |i=1 |j=1 k=1 [k+i m=—i-1 m—j| k=1 m—i| (IT
a a axr a @ a - a aa a axr a a a =
i j ;

- i+1 ; i i+1

i-1]i |[j=1 k=1 m—j| k-1 m—i-1 m+k—i| (V) |i=1]i k=1 m—i-1 m+4k—i
=|la jalaaaa a azrxr a a =la |aa axT a a
i+

! J i+1 ¢ i+1 i

Il

i—1 | k+i —-i—1 k—i i
So, |'a [E’f‘zm& ] ™ €Ai,1<i1<m-1
i+1 :

i

Let

m-1 &k m—2 |m+k—-1 k+1 k+1 m=2| m+k-1 k. m-—1
) a zal ,| a a | al| ,.,||azxz a a Jaz a = Ol
m m m—1 2 1 1
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20 VALENTINA MIOVSKA AND DONCO DIMOVSKI
‘We have
m—=1 k=1 |m=2|m+4k—1 k+1 (11)
a) = a r a a a a o
m m-—1 m
m—1 k=1 |m-=1 k—=1|m-=2 k-1 (V) |m-1 k=1 |m-2 k-1 (11)
‘=a:ra a a a a r a aa = a xr a i T N aa =
m~1 mdm m—1 i
m=2 |m-1 k-1 k=1 (D) {m—2 jmm+k k-1 ) [m=2 k41
=|a 6 T 4.z a aa = T a aa =]l a z a -
m m-—1 m m—1 m=—1
m—2 k=1 |m—3 |m+k—2 k42 (II)
kg = a o a a a Ia a a =
m—1 ETN -
m—2 k-1 |m=2 k=1[m-3 k-1 2 (1v)
=| a a a a aa | a a aal a| a =
L ™ m-t
m—2 k=1 |m-3 k-1 2 (II) m—3 |m—2 k=1 k=1 2
=|la a a a T a aa = ay a ra a aa =
- m=2 m-—1 m—1 m—2
m—3 |m-2 |m—2 k41 k=1 k=1 2 (111)
= a a T a a ra a aa =
L m-1 m—1 m—2
m—3 [m—2 k-1 k=1 2 (I) |m=3 |m+k k=1 2 (V) |m=3 k+2
= Tr a ra a aa = T a aa —-_— T o
m-1 m—2 m=-1 m—2 ’ o
m—i—1 k+i )
aiz[ a ma:, A<i<m—1.
m—i
Then,
k=1 m-1 m+k-1 k=1 m-=1 (I} k=1 m-1 (n
Qm = |lapm—1 @ = a = ['le" ‘a ar a = |z azxa =
1 1 1 1

m+k| (V)
— T =TI
1
and therefore ¢ is a surjection.
(D4) Proof that ¢ is (m + k, m)—homomorphism.

Let
m—1 k k m—1
Y= a x;pa 1 L5203 Ljmy |@Tjmey1 A
m
Then
' m+k =
\9([71 ];) =

m—1 k k
=y ([ a Ti a] s Li 2y ooy Tiyml—iy TidkomA4-2—iy oees [ﬂ Titk,m+1
™
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i—1 k=1 m=1
=|a am-i @ 6:’—1 a = Om-
i

[‘P (71) weg (’Ym+k)]i @

=l k=1 m—i =1 k=1 gy e
ap(y) a () a | =|aa, aa, & =
i i
[i1 [ic1 ,  k=1_, m—i| k=1[i=1 , k=1, m—i| m=i| (D)
=|"a [a - & Bi a] a | aay ;afi,a g =
| i i i

i-1 k=1 [i=1 k=1 m—i| m—i| (IV) [i-1 k—1 m—i
=[aa:n_,-r1[aa:;.‘_‘-aﬁi'_ia] a] =[aa;n_iaﬁj'_, a]:
i i i

i1 k-1 m—i
=|a tpm-i @ ﬁi—l a = -
i i

Thus, ¢ is (m + k,m)—homomorphism.
Hence, (A, % ... x A1 x Ag;[ ]) = Q. O

3. A CHARACTERIZATION OF (m + k,m)—BANDS

In the sequel we will give a characterization of (m+k, m)—bands using the usual
rectangular bands, where a rectangular band is a semigroup (Q; =) that satisfies
the following two identities z*y*z =z *z and  *xz = z, for each z, y, 2 € Q.

Proposition 3.1. Q = (Q; []) is an (m + k,m)—band if and only if there are
rectangular bands (Q; *;), i € Np,, such that

() (z*iy)*jz=z% (y*;2),J <4
(#i)(z*jy)xiz=2%2,5< 4

(i) *j (y*i2) =z %2, <4
and [u:;“'"k]‘. = z; % Zivk, T T € QM i€ Ny,

Proof. Suppose Q = (Q; []) is an (m + k,m)—band. According to Proposition
2.2, (I), (II), (III), (IV) and (V) are satistied in Q. For a fixed in Q, let ;i € Ny,
be an operation defined on @, by z+ y = [‘al :::ka1 Y "&'| . Then using (1), (II),
(IID), (IV) and (V) we can obtain that (Q; *;), i € Ny, are rectangular bands,
satisfying (i), (i1) and (iii) and [2]""*]. = 2; % Zig, 7 € QM i e Ny,

Conversely, let (Q; *;), i € Ny, be rectangular bands, satisfying (i), (ii) and
(i48) and [z7H*], = z¢ % zigk, 27T € Q™ i € N,

Clearly, @ = (Q; []) is an (m + k,m)—groupoid.

In order to prove that Q = (Q; []) is an (m + k,m)—semigroup, we need to go
through the following three cases: (1) k =m; (2) k > m, ie. k=m+s,s 2 1,
and (3) k <m.

(1) [[—"«'%ml Igﬁ—n]; = [I%m]i *i Tam4i = (Ti *i Titm) *i Titzm = Ti *i Tit2m-

We will prove that {z{ [:cjﬁm] :c?f,’_'m_,_l]i = T *i Tig2m-
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a)Leti<j. Theni+m < j+m. We obtain, i+ m=j+t,for1 <t <m. It
is also true that i + m = j+t <m+t. Soi <t. Then

j | i+2m| _3m — ji+2m]| _ (i41)
[”’{ [ J+1 ]Ij+2m+l]', =Ti* [I;-H L = %i (Tj+e *t -’f:j+:+m) =
= T *i Tjtt4+m = Ti *i Tiy2m-

b) Let j < i. j < i < m implies j < m. Let j +t = m, then i = j + A, where
1<A<tandi+m>j+m.

i [ j+2m]  3m _ [.it+2m , : _
[“Jl [3’;+1 ] "”j+2m+1]‘. = [3’?+1 L *j4 A Tiremir =
(#1)
= (T4 *a Ij+A+m) *ipA Tjtom+A = Ti4A ¥i4A Ti42mtd = To *i Titom-

Hence, [[#i™] #im 1], = [-’GJ; [m';_:.fm] z?‘;“zm“] ,» for any i € Ny, 0 < j < m. So,
(@; []) is an (2m,m) semigroup.
2 [[""?mﬂ] 1'3'31311], = [I?m+a]g*i$2m+s+s+i = (Zi *i Tigmts) ¥iTitam+2s =

j+2m+s Im+2s = i
i+l } J'+‘2m+s+i]‘. = Ti*iTit2em+2s:

= T; % Tiyam+2s. We will prove that [:r{ [:r:
a)leti<j<m+s.
al) Let j <s. Theni+s+m>s+m>j+m. [x’l [ jf‘;""”] x?f;:iﬁl]‘_ -
= Ti *; Tjt2m+s+s—j+i — Ti *i Tid2m42s-
a2) Lets < j<m+s. Ifs+t=jthens+t<m+sie t<m. So,1<t<m.
a2.1)i <t. Theni+m+s <t+m+s=j+mandj<m+s< i+m+s<j+m

i | J+2m+s| 3m42s s
[El [$j+l ] Ij+2m+s+1]i =

= |gott [I:r:+2m+s] [ :+2m+s] [ :+2m+s] [xj_+2m+s] g3m+2s
j+1 1 41 e i+l m—t+1 j+1 ittt j+2m+ta+1

_ i+2m+s .- ) )
=T ¥ [ J+1 ]m_H_', =T ¥ (-Tj+m—f+: *m—t+i ’~";+m—t+i+m+s)

1

Since i < m — t + i, using (iii) we have
(i)
T ¥ (-’rj+m—:+i *m—t+i 35j+m—t+i+m+s) = Ti *i Tjrm—t+i+m+s =

= Tj *i Ts+t+m—t+itm+s = Ti ¥i Tit2m+2s-

a22)i>t. Theni+m+s>t+m+s=j+m

+2m+s 3Im+2s p
[IJl [-"7;+1 ] xj+2m+s+1]i =
= |g#+ [ j+2m+.s] [ j+2m+s] [ '_+2m+s] [zi+2m+s] g3m+2s
1 1+1 1 7+1 S i+1 e i+l A=tt j+2m+s+1

1
= I ¥i Tjp2mtsti—t = Ti ¥i Tsti+2mtsti—t = Ti *i Tit2m+2s-
. i [..i4+2 3m+2
b) Let i = j. [z} ["-'Eilm'ﬂ] T a1 i = Ti ¥ Titamiots = Ti *¥i Tig2m42e-
¢) i > j. Then i < m implies that m > j. Let j +t =m. So,i=74+A1<ALt
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(clearly, ¢ + m + s > j +m). We have
2 2 2
[ [I;ilmﬂ] I?il;misu] - [3511"1”] *i Tjtomts+dts =
— (Ej+,\ *) $j+A+m+s} *i Tj+2mts+rt+s
Since A < i, using (#1) we have
(i1)
(-'Ej+A *) -'L'j+A+m+s) ¥i Tjt2mis+r+s — Tj+A ¥i Tj+2m+s+r+s = Ti *i Titam42s-
2 2 .

Then [[ 2m+s g::ﬁil [ [I;Ilm-c-s] ?-T;_mis+l]‘-‘ for any 7 € Ny,
0<j<m. So(Q;[]) isa(2m + s,m)-semigroup.

(3) Since k < m, let k+t=m,t > 1.
First, we will prove that [[z]***] 2213k

m+k+1]i = Ti *i Tit2k-
a) Let i <t. Then i+ k <t+k=m. We have
2 m
[z *]) 2o, = [0 % [0 ) e = (@% @) % (@igk *igk Tigor) =
= & *i (Titk *i+k Tit2k)
Since ¢ < i + k, (i) implies that:
(iid)
Ti *i (Bigk *itrk Tit2k) = Ti *i Tipok-
b)Lett <i<m. Theni=t+\ 1<A<kandi+k=t+A+k=m+A

k
[[1"1“”] —"’:::iiﬁ-:],- = [zt ]g i Tmpktr = (Ti *i Tigk) ¥i Tmphid =

=T % Tmykt A = Ti *i Tephth+A = Ti *i Tit2k.

Further on we will prove that [a:’ [mji}"“‘] :‘T;:ik“]i = X; *; Tigak.

¢) Leti <j. Theni < j < j+timpliesi+k < j+t+k=j+ m. Moreover,
i+k>k>jie j<itk<j+m Leti+k=j+A(theni+k=j7+A<k+A
ie. 1<)

We obtain

i | jtmtk| m+2k _
[1"{ [$j+1 ] Ij+m+k+1]i =
i J j+m+k j+m-+k i+m+k j+m+k m+2k
. ‘z'IJ [EJ’ ] o [IJ l [xj ] " [m ] 3 -
[ 11 [Y5+1 L FERS A 1+1 A1 i+ mdtmtkt] 3
— +mtk|
=T * [ ;-H ],\ =2; *; (Tjpn *A Tjia1k)-
Since i < A, (#i7) implies that:

(iii)
T ¥ (33:-{—.\ *2 3:3+.\+k) = T ¥ Tjpat+k = Ti ® Tipkk = Ti *¥i Tig2k.

d) Let j < 1.

dl)Let j+1<i<j+tiei=7+A1<A<t
Theni+k=j+A+k<j+t+k=j+m. Also,i+k=j+A+k<k+A+k,
therefore 1 < A + k.

[IJ [Iii:n% k xm+2k ] [x1+m+k]A [zj+m+k

J+mk+1 J+1 41 ]M,c =
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= (Tj4n *2 Tjpatk) *i (Tjpatk Fatk Tipathtk) -
Since A < 1, using (#i) we have

i)
(Zj42 *x Tjgatk) *i (Tjartk Frdk Tjtrtktr) = Tita *i (Tjertk Fadk Tjtatk+k) -
Since i < A + k, by (iii) we have
ut)
Tj4n *i (Tjpatk *atk -Fj+a\+k+.l) = Tjga % Tjpask+k = Ti %i Tigok.
d2) Let j+t<iie. i=j+t+A1<A<k-j Thenj+t+k<i+kie
j+m<itk

3| Jtmtk| m4-2k [ jtmtk e B
[x [x3+1 ] Ij+m+k+l]i . [$j+1 L_H *i Tjpmtk+r =
= (Tjpetn ¥4 Tidtrrth) *i Titkttrktr-

Since t + X < 1, using (#i) we have

(i)
(Zje4A ¥4 Tjttta- Fle) *i Tjtktt+hk+A = Tjtrt4+A *i Tjrktitk+r = Ti*§ Tig2k-

+k +2k +m+k +2k . X
Then [[z]" $+k+1 = [3:’ [Ij_,,l ] ;n+m+k+1]i' for any i € N, 0 < j < m.

So, (@; []) is an (m + k,m)Hsemlgroup, when k < m.
Since (Q; *;), 1 € Ny, are rectangular bands, satisfying (z), (i) and (4i7) and

[:z‘;"”]. =i % Tivk, T TF € QMR i € Ny, it follows that in (Q; []) (T), (II),
(III), (IV) and (V) are satisfied.
Hence, according to Proposition 2.2, Q is an (m + k,m)—band. ]
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