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IIPABOATOJIHM IIOJIYI'PYIIN

Bpasaxo JI. Tpuesoscka

Eaga nosxyrpyna S ce HAPEKyBa AENMA KO CUTE HEj3UHMA eJIeMEHETH
ce udeMnomenmuy, T.e. =gz 3acekoj z €S.

IToryrpynara S ce HAPEKyB& GNMUKXOMYMAMUEHE BKO I'0 TIOCEAYBa
CJIeTHOBO CBOjCTBO:

sy=yr=>zr=y, =T,yES.

Cexoja aETMKOMYTATMBHA LOJYTPYIA € JIEHTA. AHTHKOMYTATUBHUTE
DONYTPYIM YIITE Ce HADEKYBAATH TNPAS0G20ANYU AEHMU.

Osze ke pasriename HexoW MOXEM OGOmITYBama HA IPABOAIOJ-
HATE JICHTH, OPY IITO KAKO IOjNOBHA Ke HM HNOCHY/KA CACNHABA EKBU-

BayeHTHA AeduEMIMja Ha Tue xeHTH [8]):

Jlema 1. IToayzpynama S e npaeoazoana AENMa GKO U CAMO GXKO 80
S ce aadoaosenu caednuee ceojemaa:

(1) (Vz € 5) D=,

(2 (Vz,y,z € S) TYr=2Z2. g

HaraMmy, npermocTaBkaTa Kexa CHTE €IeMEHTH Ha J8JEHATA nory-
rpyna na Gupar mueMmoTeRTHM ke Omae mcmymTeHa, a ke ro obommTy-
me muertureror (2). Kaxo mro ke moxakeme momonsa, TOJXyTpynaTa
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ke mOCEeMyBa MAEMIOTEHTH, HO JO 38KJIYyYOKOT JNEKa CUTE HEj3MHM eJe-
MeHTH ke BuzaT mAeMIOTeRTH, ke He JOBeJe YImTe HeKOja Apyra J0moi-
HWTEJHS Tpermocraska. HajaseHOTO OfGOmMMTyBam€ HA MAEHTHTETOT
(2) %e ro BoBemeMe co clenHEABA

Je¢pmmvmuja. [lonyrpynara S ja HapeKyBaMe npasoazoana noay-
epyna axo mocrojar k,m € N, k < m, m > 2, raxsu mro ja Gune
3a8,I0BOJIEHO CJIEJHOBO CBOjCTBO:

(3) (Vz1,Z2,...,Tm,Y € S) Z1...TkYTk41.. - Tm = T1%2...Tm -

Hacexane maramy S ke Guzne npasoaronsa noxyrpyna. Hexa r € S
7 n € N; ako n > m Toram cnopex (3) mobusame nexa

:‘!:'_' — mkxﬂ—mzm-—k = wkzm—-—k = mm’

(4) " =z™ 3a n>m.

3a n = 2m ox (4) cnenysa mexa (z™)? = 2™, na ™ € MAEMIOTEHT.
Hexa s e majmMammor mpupoger Gpoj 3a xoj z° e maemmorerT (OBIE
s < m). Cnopepn axkcuomara Ha Apxumen mocrom r € N rTaxos mTo
rs > m, a Toram, co orxexn Ha (4),

xl=z‘?ﬂ:zm,
a moToa 3a koj 6mno | > s, ako | = ps + ¢, nobusame nexa,
ml = gP?. t=Is_mt=mm_zt=$kwtwm—k=mm,
TaKa IMTO, 38 CeKoj [ > s e

L= =g’

Toa 3naum Nexa DEPHOIMYHUOT eI O IMKINYIHATA NOTIONyTrpyna ()
ox S e emmoenemenTrs (emumwuna) moarpyna ox S, T.e.

(5) (z) = {z,2?,...,2° }U{z* = e},

Kane mTO CO ez I'0 O3Ha4YyBaMe HIEeMIOTeHTOT IMTO MYy COOANBETCTBYBAa
Ha T.

Jla ro o3gaumme co F MHOXeCTBOTO O] CATEe MIEMIOTEHETH On S.
On w3necenoro cnenyra neka E # () (ce npernocrasysa aexa u S # 0).
Hexa e € E u z € S; nopamm
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NPABOATONEHR NONYTPYIH 101

eze = efze™ F = ekemF =™ =¢,

uMaMe JeKa
(ez)? = evex = ex, (we)® = zexe=ze,

raka mro ez,ze € E. Toa 3mawm mexa E e mmean (ma cmopex Toa X
NOTIONYTPYyHa) BO S.
Axo e, f, g € E, mMame JIeKa

—k _ k m—k _
efg=efgm™F =eg™ F =eg,
na F e mpaBoAroJHA JEHTA.
Jla ro cymmpaMe HaIOpeJ M3HECEHOTO BO CleIHABA

Jlema 2. Cexoja npasoazoana noayzpyna S e nepuoduynG npu wWmo,
3a cexoj T € S, nepuoduwnuom dea 00 YuKAUNKAMA NOMNOAYepYne < T >
e edunuuna nodzpyna 00 < = > (u 00 S). Mroxcecmsomo E 0d cume
udemnomenmu 00 S e npasoazoana aenwma u e udeas 80 S. o

Jla pasrienaMe HEKOM MOKHEM obommTyBama H& HAEMIOOTEHTOTO
ceojereo (1), mpermocrasyBajke u HaTamy Jexa S € OPABOATOJHA IO-
nyrpyna. HajEampen ke ro pasriezame CIEIHOBO CBOJCTBO (HapedeHO
obonwmena udeMnOMERMHOCT):

(6) EneN)(Vz,ye S)(z"=y"=>z=y).

Axo S e npasoaroinma jerra, Toram (6) e TOUHO; MCTO Taka BO
IPaBOATOJHA JIEHTa TOYHO € ¥ CBOjcTBOTO (3).

Ila ro mpernocrasuMe obparroTO: S na 6ume mpaBOAroaHa DONy-
rpyma Bo koja e Touro (6). Axo n > m, Toaram cmopexn (4) 3a cekoj
T € S umame mexa z" = r™ Kaje mTO ™ € MAEMIOOTEHT (& CTaBMMe
2™ = e;). Cera umame gmexa z" = e; = e} on Kazne, cnopex (6) cie-
IyBa OEKa T = e, na S ke buzme nemra. Ho, xaxo m mpm Joka3oT Ha
JlemaTa 2, Kaxo mociemuna oA uaeMnoTesETHOCTA U (3) ce nobusa mexa
S e mpasoarosHa JIEHTA.

ITa npernocraBume xeka 1 <n <m (3an=1 (6) e TpuBujan=0).
ITocromr » = N Takeo mTo n” > m. Ila mpeTnocTaBuMe Ieka Ty = YT
(om oBaa mpermocraBka ciexysa mexa xPy? = y?zP 3a cexom p,q € N);
CO mOBEKEKPATHA OPUMEHA Ha IOCIeNENOB uuerTuTeT U (3) mobusame:

r

" = kan —m mm—k =™ = mkyxm—k = yxk—lmmm—lc —
- y&:k_lyzm_k e ykmmm-—k s ykxym—k =
_ .k .n"— —k _ _n"
=y*F.y m, m—k _ yﬂ
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102 Ep;m JI. TpmemoBCKE

3uaun,

r "
2" =y" .

Ox mocneTHOBO DABEHCTBO CO NMOBeKeKpaTHA mpuMeHa Ha (6) mobm-
BaMe, IO pex:

r—

r r r—=1 1
2" =y" 3z =y S =y"=r=y,

na nobusame Nexa Ty = YT = T = Yy ITO 3HAYM JeKa S € MPaBOaroaHa
nernTa,. Taka ja HOKamaBMe CIeTHABS

Teopema 1. IIpasoazoanama noaynpasa S e npasoazorna aewma
axo u camo axo 80 S e mowno ceojcmeomo (6). o
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RECTANGULAR SEMIGROUPS

Branko L. Trpenovski

Summary

A semigroup S is called a band iff all their elements are idempotents,
i.e. 2 = z for any z € S. A semigroup S is said to be anti-commutative
iff it satisfies the following condition

zy=yr=>z=y, forall z,yeSs.

Every anti-commutative semigroup is a band. The anti-commutative semi-
groups are also called rectangular bands.

We will consider here some possible generalizations of the rectangular
bands. As a starting point we will use the following (well-known) equivalent
definition of these bands):

Lemma 1. A semigroup S is a rectangular band if and only if S
satisfies the following conditions:

(1) (Vz € 9) 7 =z,

(2) (Vz,y,z€ 5) zyz==zz.

a

Further on, the assumption that all elements of the given semigroup are

idempotents will be abandon, and the identity (2) will be generalized. As we

will see later, the semigroup will have idempotents, but the conclusion that

all their elements are idempotents will follow by an additional supposition.

fTﬁe a:nnou.nced generalization of the identity (2) will be introduced by the
olloving
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104 Bpasxo JI. Tpuemoncxm

Definition. A semigroup S is called a rectangular semigroup iff there
are k,m € N, k < m, m > 2, such that the following condition is satisfied:

(3)  (Vz1,%2y.+,Zmy Y € S) Z1.. . TkYTk41 .. . T = T1T2 . . T+

Below it is assumed that S is a rectangular semigropup.
Let z € S and n € N. If n > m, then by (3) one obtains that:

(4) z"=z™ for n>m,

and that the periodic part of the cyclic subsemigroup (z) of S is a one-
element subgroup of S, i.e.

(5) (x) = {z,2%,...,2°" 1} U {z* = e, },

where e, denotes the idempotent which corresponds to z.

Denote by E the set of all idempotents of S. It is easy to see that E
is an ideal (thus a subsemigroup) in S and a rectangular band. We will
summarize all this in the following

Lemma 2. Any rectangular semigroup S is periodic, such that for
every z € S, the periodic part of the cyclic subsemigroup (z) is a unit sub-
group of (z) (and of S). The set E of all idempotents of S is a rectangular
band and an ideal in S. u]

Supposing still that S a rectangular semigroup, consider the following
condition

(6) (AneN)(Vz,ye S)="=y"=>z=y).

If S is a rectangular band, then the condition (6) and the condition
(3) too, are satisfied. Conversely, if S is a rectangular semigroup with (6),
then S is a rectangular band. Thus we have the following

Theorem 1. A rectangular semigroup S s a rectangular band if and
only if the condition (6) is satisfied in S. o



