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FREE GRUPOIDS WITH 2222 = 2%z%

VESNA CELAKOSKA-JORDANOVAY

Abstract. A description of free objects in the variety V of groupoids defined
by the identity z?2? = z*2% is obtained. The following method is used:
one of the sides of the identity is considered as "suitable” and the other as
“unsuitable” one. First, the left-hand side 2212 is chosen as "suitable” and
the set of elements of I (F being an absolutely free groupoid with a basis
B ) containing no parts that have the form 2%2% is taken as a "candidate”
for the carrier of the desired free object in V. Continuing this procedure, a
V-free object is obtained. Another construction of V-{ree object is obtained
by choosing the right-hand side z®z® as "suitable” one.

(). INTRODUCTION

First, we introduce some notations.

Throughout the paper, F = (F,-) will denote a given absolutely free groupoid®
(i.e. groupoid free in the class of all groupoids) with the basis B. The following
two properties characterize F ([1]; L.L.5):

a) F is injective (i.e. ab=cd=a=c¢,b=d):

b) The set B of primes®) is nonempty and generates F.

For every w € F, a set P(w) (called the set of parts of w) and the length |w| of
w are defined by:

P(b) = {b}, P(w)={w}UP(u)UP(v), |bl=1, |uww|=|u|+]|v]

for every b € B and u,v € F.
The subject of this paper is a construction of free groupoids in the variety V of
groupoids defined by the identity

x2a? = 2%, Y (0.1)

In order to construct V-free objects (i.c. free objects in the variety V) we will

recall the corresponding procedure given in [2] for the variety V) of groupoids
defined by the identity

zx’ = x’z? (0.2)

! Research supported in part by MANU within the project ”Free algebraic structures”. I am
grateful to Professor Gorgi Cupona, the project manager.
2Notions as: groupoid, [ree groupoid, homomorphism ... have the nsual meanings.
3n a groupoid G = (G, ), u € G is prime iff @ # xy, for all z,y € G.
4Here, 2" is defined by: z! = z, 2"t = ¥z,
Kcy words and phrases. groupoid, variely, free groupoid.
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Namely, choose first #222 as the "suitable” (i.e. zz* as the "unsuitable”) side
of (0.2). As a ”candidate” for the carrier of a V,-free groupoid, define the set
R={tec F:(Yac F)aa®¢ P(t)},
and then define an operation * on R by
ttue R= {t+u=tuiftue R&txu= (t2)? if u = 2}.

The obtained groupoid R = (R, *) is a V;-free groupoid with the basis B.
Next, we choose zz? as the "suitable” (i.e. %2? as the "unsuitable”) side and
define a "candidate” for the carrier of a Vi-free groupoid to be the set

Fy={teF:(Ya€F)(a®)?¢Pt)}
and then an operation %, on F; by
tueFy = {trxu=tuiftuc F &t+ u=ad®if t =u=a’}.

Then F, = (Fy,*;) is a groupoid that is not in V;. As a consequence of the
identity 272 = 2222, we come to a new identity a?(aa?) = (a«?)?. This suggests
a definition of a new "candidate” Fy = (Fa,#2)

Fy = {t € I} : (Ya € F{)(ac®)® ¢ P(1)},
We obtain that F» ¢ V; and come to a new identity in V;:
(aa?)(a*(aa?)) = ((*(aa®))?.

Continuing this procedure, we see regularity in the consequences of (0.2) that
suggests introducing a special kind of groupoid powers x +— <"~ defined by:

<> — z, Ic:l> = _,62, x<k+2> =i {k‘;xckﬂ“)_ (0‘3)
Using this, we have: (a?)? = (a<'>)?, (aa?)? = (@<?7)? elc. and a sequence of
groupoids Fy, = (Fy, %), n > 0, defined by: Fy = F = (F,"),

Fy={te Fy: (Va€ Fp)(a~'>)* ¢ P(t)},

F,={t€ Fn_1: (Yo € F,)(a="7) ¢ P(t)},

t,u€ F, = {txpu=tepuiftrnu € F & lxqu= a<ttl> if ¢t = u = o=}

The groupoids F, are not in V;.However, the fact that F 2 Fi---2F,2... and
that F, is "better” than F,_; enables us to define a carrier R’ of a free object in
V} by:

R={teF:(VaeF, k>1) (a<*>)2 ¢ P(t)} (= ﬂ{F,, ‘n>1})
and an operation ' on R’ by:
LueR = {tru=tu if tueR & t¥u=a"*"> if t=u=0a"*, k21}.

Then R’ = (R',#') is a V1-free groupoid with the basis B and it is isomorphic to
R.

We use below the same method for constructing free objects in the variety V of
groupoids with z22? = 2%z® .
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1. CONSTRUCTION OF V-FREE OBJECTS BY CHOOSING z2z? AS THE ”SUITABLE
SIDE”

Choosing the left-hand side of (0.1) as "suitable”, we define the first " candidate”
for the carrier of a V-free groupoid by:

Fy={te F:(Ya€F) (a®)?¢ P(t)} (1.1)
By (1.1) we obtain:
1) t,u€ Fy = {tu¢ F) &t =uis a cube °}
2) t,ue Fy = {tu€ Fy & [t # uwor (t =uis not a cube|}
3) € Fy, & {te Fy & tisnot a cube}
H e ot’ch

Define an operation #; on F by:

tuw, if tue k)

tbue Iy =ty u=
: : {(02]?, if t=u=as

By a direct verification we obtain that F, = (F},*,) is a groupoid. However, the
equality (0.1), which has the form here

(t *1 f) *1 (f. *1 t) = ((f*] 'ﬁ) *1 t) #*1 ((t *1 t) *] t) (12)

is not satisfied in F; . Namely, for t = o® , the left-hand side of (1.2) is ((a?)?)?
and the right-hand side is ((a?)?a?)?. Thus, F; ¢ V. Therefore, as a consequence
of (1.2), we obtain that: ((a?)?)? = ((a?)20®)? is an identity in V.

This suggests a definition of a new "candidate” Fp = (Fy, #o):

Fy={te Fy: (Va € Fy) ((@*)*a®)? ¢ P(t)},

t ¥ u, if txvyueF

tbu€ Fo=txqu= . .
2 2 {((a"’)Q]E, if t=u= (az)zas‘

Checking (1.2) (when #, is substituted by *5), we obtain that F, € V and one more
identity in V: (((@?)?)?)? = (((a?)?)?((a?)?a3))2. Continuing this procedure,
we can sce "regularity” in the consequences of the identity (1.2). This suggests
introducing the following notations:

20 =z 1) (:;;UEJ)Z;

(1.3)
2O = g, gl = g+ Ik

It is casily seen, by induction on n, that:

a € Gisa cubein a grupoid G = (G, -) iff (3a € G)n = a?; if G is injective then « is unique,
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Proposition 1.1. /f G = (G,-) is any groupoid, then for each x € G and
m,n = 0:
plmn) — [:L_(m))f"]_

By induction on p, one can show the following propositions:
Proposition 1.2. If x,y € F and p,q > 0, then:
a) || = Plaf; b) [a¥] = (27 ~ Dal
)z® =yP s rx=y d 2P = (Pt & ¢ = 4@,
€) (V:;E F) (Ay,p) € Fx Np)lz =y & (Vz€ F)y ¢ 2] ©
f) 2P = y[q+1] Sp=gq, T=y

Proposition 1.3. If G= (G, ) € V, then for each 2 € G and p,q > 0:
(va1)2 = (z®)%.
More generally: (:z:lf'])(r) = z(P+7) | for any r > 1.

Proof. . Clearly, the above equality holds for p = 0. Suppose that it is true for
p = k. Then, considering the identity (0.1) and the inductive hypothesis, we have:

(@412 = (o022 = (@) el = (@22 = ((=)7)2 =

(@22 = (02 = (*)2.

Using (1.3), we can define the following infinite set of groupoids:
Fy={teF:(Vac F)(a")?¢ P(t)},

tu, if tu€ F)

tbue Fy =tx u=
" - {am, if t=u=all

Fop= {t eF,:(Vae F.) (Qf'mH})z ¢ P(t)}:

trpu, if t#,u € Fry
t,HEFn.'.l :t*ﬂﬂ'lu_ {a{n_l_z)l if t=u=a[“+1]‘

One can show that F,; is a groupoid and Fp4, € V.
The fact that F 2 F; 2 --- 2 F, D ... and that F,4, is "better” than F,
suggests to define the carrier of a [ree groupoid in V in the following way:

R={te F:(Vae F,k>1) (o) ¢ P(t)}. (1.4)

(Note that it is not necessary to define the whole sequence, since the desired ”good
candidate” can be noticed after several steps.)

6Hy is the set of nonnegative integers.
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By (1.4) we obtain:

0) BCRCF

i) tucR=>{tu¢ Re BacFk>1)t=u=al}

i) tue R=>{tue Reft#uor(t=u & (Va € R,k > 1)t # o))}

i) trt) e ReteR & t#a® k> L. -
Theorem 1. Let R be defined by (1.4) and an operation * on R by:

tue R= {txu=tu if tue R & txu=alkt) if t =u=al}.

Then R= (R, *) is a V-free groupoid with the basis B.

Proof. It follows that, for every u € F , there is at most one pair (o, k) € F' x Ny,
such that u = a*l, By a direct verification of (0.1) we obtain that R € V.
Furthermore, B is a geperating set of R and for any groupoid G € V and a
mapping A : B — G there is a homomorphism ¢ : R— G that extends A. O

2. CONSTRUCTION OF V-FREE OBJECTS IF 2°2° 1S THE "SUITABLE SIDE”
Now, choose the right-hand side of (0.1) as "suitable” and define:
F/={te F:(Va€F)(a®?*¢ P(t)}. (2.1)
By (2.1) we obtain:
1) t,ue F{ = {tu ¢ F| &t =u is a square }"
2) t,bue F{ = {lue F{ & [t #u or (t =u is not a square |}
3') t? € F| & {t€ F{ & t is not a square}
{)tPcFletheF,n>3.
Define an operation *} on Fy by:

Lu if lueF|
tueF{ =txju=q !
U 1 ¥ u {(as)z, if i‘.=u=£12.
By a direct verification we obtain that Fy ' = (F{, #}) is a groupoid. However, the
equality
(7 8) %] (E#18) = ((£ 7 £) ¥ £) #) ((E) ) 1 8) (2.2)
is not satisfied in Fy ’. Namely, for t = a?, the left-hand side of (2.2) is ((a?)%a?)?
and the right-hand side is ((@®)®)? . Thus, F ' ¢ V. Therefore, as a consequence
of (0.1), we obtain that: ((a®)?a?)? = ((®)*)? is an identity in V.
This suggests a definition of a new ”candidate” Fy ' = (Fj, #5):

Fy={t€ F] : (Ya € F{) ((o®)**)* ¢ P(t)}

7o € G is a square in a groupoid G= (G,") iff (3a € G) a = a?; if G is injective, then « is
unique.
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t*| u, if tue Fy
((as)a)z, if t=u= (%72
Checking (2.2) (when #} is substituted by #3), we obtain that F> ’ ¢ V and one
more identity in V: (((a®)*)%((a®)%0?))? = (((«®)%)3)2.
Continuing this procedure, we can see a "regularity” in the consequences of the
identity (2.2). This suggests introducing the following notations:
<0> <kH> _ (5<k>)3,

T =&, T
o<k = (g<k+1>)2,<k] (2.3)

LuEFé:}t*’zu:{

xco} = ‘,32’

It is easily seen, by induction on n, that:

Proposition 2.1. If G = (G,-) is any groupoid, then for each x € G and

m,n > 0:

x{m-‘rn) — (m-(m} )<n> :

By induction on p, one can show the following propositions:
Proposition 2.2. If z,y € F and p,q > 0, then:
a) |z<P7| = 3¥|x|
b) 2<P> = y<PHe> o g = <9,
¢) (Vz € F)(3!(y,p) € F x No)[z = y“P” & y is not a cube |.
Proposition 2.3. If z,y € F and p,q 2 0, then:
a) |z<P)| = (3P = 1)|z|; b) |z<P)| < |z<PH>|; ) 2P #£ <P o > 1,

d) a<PH> o ycq], p>0,g>1; e 2<Pl — yqql Sp=gq £=1.

Proposition 2.4. If G = (G,-) € V, then for each x € G and p,q > 0:
(xq:])'z == (I<:n+‘l})2‘

More generally: (z<P1)<"> = g<P+"> for any v > 1.

As in (1.4), we define the carrier of a free groupoid in V in the following way:

R ={te F: VaeFk>0)(a<")? ¢ P(t)}. (2.4)

By (2.4) we obtain:

0) BCR CF

) tueR > {tu¢ Re (JacF) t=u=aM k> 0}

i) tue R = {tue R & [t#u or (t=u& (Ya€F,k>0)t#a<M)}
Theorem 2. Let R' be defined by (2.4) and an operation ¥’ on R’ by:

tucR = {t¥u=tu if tue R &t+ u=(a*>)? if t =u=a<H}.
Then R' = (R',*") is a V-free groupoid with the basis B.
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Proof. Tt follows that, for every u € F there is al most one pair (o, k) € F X Ny,
such that u = a<k. By a direct verification of (0.1) we obtain that R’ € V.
Furthermore, B generates R’ and, for any G€ V and a mapping A : B — G, there
is a homomorphism ¢ : R — G that extends A. O

(Note that R and R’ are isomorphic with the same basis B.)

3. SOME REMARKS

Remark 3.1: The method used above is not applicable in some varieties of groupoids.

Namely, consider the variety of groupoids with the identity 2 = 2®. If we choose
z? as the "suitable side” of the identity and define

R={te F: (Vo€ F)a® ¢ P(t)},

ttu€R= {txu=tu if tu€ R&txu=1? if t =u?},
then we obtain that R = (R, *) is a free object in this variety. However, if we
choose the right-hand side as the "suitable” one, then by

R ={te F:(Ya€ F)o* ¢ P(1)},

tueR = {t¥u=tu if tue R &t+«u=1t> if t=u},
R' = (R',+") is not a groupoid. (Namely, if t = u , then t ' t = t3 = 3t ¢ P(t)!)

Thus, the procedure used for the variety V is not applicable in one of the
cases for the variety of groupoids with the identity 22 = z® and in any variety of
groupoids with the identity such that one hand-side of the identity is a part of the
other one.
Remark 3.2: It is natural to consider the "shorter” side of the identity %22 =
2*x? as a "suitable” one (as we did in Section 1) and to expect a "shorter” (or a
"less complicated”) construction of a free groupoid in this variety. However, com-
paring the constructions in Section 1 and Section 2 we can see that they are nearly
equal, although one can say that the groupoid powers (1.3) are a "little simpler”
than (2.3). Moreover, the situation with the variety defined by z2? = 2222 is
quite different. Namely, the choice of the "shorter” side zz? as "suitable” leads to
a longer and more complicated construction than the choice of the "larger” side
x22? (the construction in this case finishes at once, at the first step!). (Probably,
the "symmetry” in 2222 plays a certain role.)
Remark 3.3: The free groupoids R and R’ obtained in Theorems 1 and 2 are
V-canonical groupoids. (A groupoid H= (H, ) is said to be V-canonical groupoid
in a given variety V([3]) iff:
(co) BCHCF (1) tue H=>t,u€ H&tu=t+w; (c2) His V-free

(i.e. H€ V; B generates H; for any G € V and any mapping A : B — G, there is
a humornorphism @ from F into & such that ¢ = A).

For a given variety V of groupoids, a set R is said to be representative for V
((4]) iff the following conditions are satisfied:

(Jo) RC F;
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(71) for every w € F there is exactly one u € F' such that u € R and the
equation (w, ) is satisfied in V;

(j2) ift € R, then P(t) C R.

Proposition 3.1, The carrier of any V-canonical groupoid is a representative set
for V.

Proof. Let V be a variety of groupoids and R = (R, *) be a V- canonical groupoid
(with a basis B). If F is an absolutely free groupoid with a basis 5, then there
is a unique homomorphism ¢ from F into R such that ¢(b) = b, for any b € B.
Therefore, for every w € F, ¢(w) is a uniquely determined element of R and
clearly the equation (w,@(w)) is satisfied in V. Thus, (j;) holds. The condition
(j2) can be shown by induction on length of t. Namely, if |t| = 1, i.e. ¢t € B, then
P(t) = {t} € R. Suppose that P(t) C R for every ¢t € R with |t| < k. Let t € R be
such that |t| = k+1. Then ¢t = uv, |u| < k, |v| < k and since {uv}, P(u), P(v) C R,
it follows that P(t) C R. O
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CJIOBOJHU TPYIIOMU U CO z%2? = %3
Becna llenakocka-Joprnanosa
Pezuwme

Bo paGoraBa ¢ manen omuc ma ciaobomuute objextm Bo mMHOryo6pasmero V
Ofl TPYNOUIM ne(UHMPAHO CO MAEHTHTETOT Z°T° = z°a°. Kopucrena e cnea-
HaBa IOCTalka: eIHATa OJ JBeTe CTPAHW Ha UIEHTUTETOT ja CMeTaMe 3a
"coomserna”, a Apyrara 3a "HecoonmBeTHa”. Pasrnenmanu ce msaTa MOKHM
cnyqsan. llpso, mesara crpana z%2% e 3emema 3a "coomserwa”. Bo Toj
cay4daj, MHOXKecTBOTO enementd ox F' (kame mro F e amconyrro cnoBoaen
rpynous co Hasza B) xoumTo He compskaTt men on obumkor z3z3, 3emeno e
Kako "kaHmMIaT' 3a HOCHMTeJ Ha caobonen objext Bo V. Ilpomomxymajém ja
Taa nocranka, nobuen ¢ V-cinobonen rpynousn. Upyr V-ciobonen rpymoun e
KOHCTPYMpDAaH CO 3eMaie Ha JecHaTta cTpaHa z°z’ kako ”coomseTHa” . (do-
Buenure V-ciobomam rpynounu ce msomopgru.) Merfyroa, oBaa mocramka
He e NPUMEHIMBA BO HEKOM MHOryobGpa3suja rpynon,un, KaKO Ha IPUMEpP BO
MHOTyo6pa3suero IeGUHUPAHO CO UAEHTUTETOT T2 = T°, A ¥ BO CEKOe MHOTYO-

6pa3sue rpymounu co MAEHTUTET BO KOj €IHATA c*rpa.na e mem om Apyrarta
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(Remark 3.1). lobuennte V-cnobomam rpynonms R u R’ (Theorem 1 u The-
orem 2) ce V-kanoumuru. Ce nokaskysa (Proposition 3.1) nexa wnocumeaom Ha
V-xaronusen 2pynoud e penpesenmamueno muoxacecmao 3a V (Remark 3.3)
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