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Abstract

In this paper the units of (m + k,m)-groups and
com(m+ k, m)-groups are considered. Some properties of them are

presented. Units of type (e,e,---,e) in both cases are also studied.
In the last section some examples of com(3,2)-groups with units
are given.

1. Preliminaries

Vector valued (m + k, m)-groupoids, semigroups and groups were in-
troduced in [16] and [1]. These algebraic structures generalize the usual
binary (2, 1)-algebraic structures, and also they have new ideas and spe-
cific properties.

For a set S and a positive integer g, S? denotes the g-th Cartesian
power of S. We use the notation z{ instead of z = (z1, -+, z,) for elements
x € §9. Let n,m, k be positive integers and n = m + k.

An (m + k,m)-groupoid is a pair (G, f) where G is a nonempty set,
f is an (m + k, m)-operation. i.e. a map f : G™** — G™. The notions
of semigroups and groups are generalized to the notions of (m + k,m)-
semigroups and (m + k, m)-groups. An (m+ k, m)-groupoid (G, f) is called
(m + k, m)-semigroup if for each z7"*?F € G™+?* andeachi: 1 <i<k

et et = fa it (1.1)

An (m+k, m)-semigroup (G, f) is called (m+k, m)-group if for each a € G*,
b e G™, the equations

113

2115



2116

114 Kostadin Trenéevski and Biljana Janeva

f(za) =b= f(ay) (1.2)

have solutions z,y € G™. Note that (m + k, m)-groups satisfy stronger
condition than (1.2). Namely, for any fixed a1,---,ax, b1, -+, by € G the
equation ‘

flajaTak,) = (b1, -+ bm)y, 0L j<K, (1.3)

has a unique solution z1, - -+, T, [2], and in section 2 we will use this state-
ment.

For m = 1 = k, the above notions are the usual notions of binary
groupoids, semigroups and groups, and form =1, n =k +1, they are the
notions of n-groupoids, n-semigroups and n-groups. Further on we assume
that m > 2.

The (m + k, m)-semigroups and (m + k,m)-groups are examined in
[1,2,3,7). There are a lot of natural examples of (m + k, m)-semigroups.
The description of the free (m + k, m)-semigroups is given in [6]. The
existence of nontrivial (m + k, m)-groups (G, f), depends crucially on k.
For k < m, there do not exist finite nontrivial (m + k, m)-groups. If k = m,
then (2m, m)-groups are closely related to the usual groups, with additional
rich structures [3, 10]. For k > m, there are a lot of examples of (m+k,m)-
groups [7]. The description of free (m + k,m)-groups is given in [8, 9]. In
[11, 13] the nonexistence of some continuous (m + k, m)-groups for k < m
is proved.

In section 2 we will use the following result. For each (m + k.m)
group (G, f) there is a binary group H such that G C H and for each
(3:13 2T ’1xm+k) € G™* and (yli o ay‘m) € Gm:

f@mt) =y & 21T Tmik=Y1: Y2 Ym- (1.4)

Such an example of group H is the universal covering group [2]. Namely,
if (G, f) is an (m+ k, m)-group, then (by [2] ) the universal covering group
is denoted by GY and GY = G™ U Gm+1 U...UGmik—1, where Gy =
G™+1 /3 and f3 is the restriction on G™¥7 of the congruence relation on G*
generated by

A = {(A2,b7)| f(a}}) = b7 in G}.

Another type of vector valued structures is the theory of fully commu-
tative vector valued structures and now we give a brief overview of it.

Let S(™ be the m-th symmetric product of S, i.e. $™ = S™/ ~
where =~ is equivalence on S™ defined by z" =~ yi" if and only if

21,2, -+, Ty 1S a permutation of y1,y2, -+, Ym-

A map f: G — G™ is called a fully commutative (n, m)-operation
on G, and the pair (G, f) is called a fully commutative (n, m)-groupoid.
A fully commutative (n, m)-groupoid is called a fully commutative (n,m)-
semigroup, if for each 1 <1i < k and each :n‘f+k € Gntk)

Feet Flai el )= f(f D)l (1.5)
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A fully commutative (n, m)-semigroup (G, f) is called a fully commutative
(n,m) -group if for each a € G*) b € G™), the equation

flaz)=1b (1.6)
has solution x € G'™).

Further on we will write com(m + k, m)-groupoid (semigroup, group)
instead of fully commutative (m+ k, m)-groupoid (semigroup, group). The
notion of com(m + k, m)-groupoids, semigroups and groups are introduced
in [5] and [4]. The free com(m + k, m)-groups are described in [4]. Some
examples of com(m-+k, m)-groups are given in [12]. Namely, these examples
are constructed over the set of complex numbers C or subset of C, and they
naturally lead to the affine and projective com(m + k,m)-groups. These
groups are well studied in [14, 15| and we will refer to them in section 4.
Moreover, these groups are uniquely known as continuous com(m + k, m)-
groups.

Note that a com(m + k, m)-semigroup (group) induces inductively a
unique com(m + sk, m)-semigroup (group) for s > 2, by

FT ) =T T ) (1.7)

In this paper we consider the units in (m + k, m)-groups and also in
com(m-+k, m)-groups, and give some of their properties and some examples.
In both cases we study special units of type (e,e,...,€).

2. Units in (m+k,m)-groups

First we introduce the following definition.
Definition 2.1. Let f: G™* — G™ satisfy the following conditions:
(1) fei e D)aitt, ) = f(f(a)znth), 1<is<k,
where n = m +k and &1, -+, Tpek € G,
(ii) there is an element e € G, which will be called unit, such that for
any ry,-+,Im €G

f(a:i,e.---.e,xﬂ})z(J:1,---,a:,,,), 0<i<m,
S’
k
(iii) for any fixed ay,- -+, ax, by, -+, by € G the equation

f(a';_a:;nu;;]) = (bli e b‘m)s 3 € {0‘ k}
has a solution of z1, -+, .
Then (G, f) will be called (m + k, m)-group with unit.

Three cases should be considered here. If k > m, then the element e (if
such an element exists) such that (e, e,--+, ) is a unit may not be unique.
This can be seen from the following simple example.

Example 2.1. Let us consider the following (6,2)-group (R \ {0}, f)
defined by

Then f(z1, @2, &3, T4, T5, T6) = (T1T3T5, ToT4Ts).
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f(l, L,L,l,z,y)= f(l‘, 1,1,1,1L,y)= f(z,y.l, 1,1, 1] = (&7, )
and also

f('_l" =1 3 _11 _11 &xr, y)zf(.l?, _1v _11 ""lv _]-s 2)‘)Zf(:":! Y, _'1! _1! _1: —1):&:! y)
and hence the unit is not unique.

If k = m, then there is a unique element e such that (e,e,---,e) € G™
is a unit. Namely each (2m, m)-group can be considered as a usual binary,
i.e. (2,1)-group (G™, ), and it is known [3] that the corresponding unit is
of type (e, e, -, e). satisfied.

Example 2.2. Let (G, %) be a usual binary group. Then

f(-??l,xz, Ty Tmg 1y Tm2y ',Isz=('~F1 ¥Tm41, 2% Tmy42, 0 oy T * Tom)

defines a (2m, m)-group with a unit element e, where e is the unit of (G, *).
Namely, the element e satisfies the condition (ii) of the definition 2.1.

If k < m, we prove the following proposition.

Proposition 2.1. If (G, f) is an (m + k,m)-group with unit and
k < m, then |G| = 1.

Proof. If k < m, then according to (ii) we get

f(e,f:’,"',E,xl,l'z.‘",xm_k,e,e,"',E) = (I?-., 6’-,'",E,I{,.’l’fz,"".??m_k)._
e, e N e’ N
k k k
and
f(€$C,"',C,JE],.’I?Q,"‘,.:L‘m..k.C,C,"'16) - (mls$29'"a$1rt—ksese1""3)-
e, Nt N, s’
k k k
If z; # e we obtain a contradiction. Thus 1 = e, and |G| = 1. ' O

The following proposition is obvious.

Proposition 2.2. Each (m+ k,m)-group (G, f) with unit induces an
(m + sk, m)-group with unit.

Note that if (e, - - -,€) € G¥ is a unit in (G, f), then (e,---,e) € G** is
a unit in the induced (m + sk, m)-group.

The condition (ii) in definition 2.1 can be replaced by the following
weaker condition:

(ii’) There are elements €, T1, - - -, T, €G and thereisani€{0,---, m}),
such that :
f(:zr‘i,e,-- ',6,17?_1}_1) = (xla' * 'sxm)-
N —
k

The proof follows from the proposition 2.3.
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Now we will consider the general case of unit (e;,---,ex). There are
some different ways to define it. First, we can say that (e1,-- -, ex) is a unit
string in an (m+k,m)-group, if

f(mlr AR TS PRS- PR B El ‘,:Cm) = (Il, o '1mm)|
for each z1,---,2m € G and each j: 1 < j < m. In this case, analogously

to proposition 2.1, it is easy to verify that |G| = 1if k < m. In‘order to avoid
such a situation we can require a unit string in the induced (m + sk, m)-
group and thus the unit string should belong to G**.

According to the previous discussion we assume that k > m and we
will describe all the unit strings in an (m + k, m)-group. First we prove the
following:

Proposition 2.3. Let k > m. Assume that there are elements
€1, €ks T1s ***,Tm € G and there is a j € {0,1,- -,k — m} such that

f(&eszTy) = (@1, 2 Zm).

Then (ey,---,ex) is a unit string, i.e. the previous equality is true for
arbitrary xy,+++, Ty and arbitrary j (0 < j < k—m).

Proof. Let H=G" be the universal covering group of G. If
f(a‘ie’f;t}”_,_l) = (x1,*+,Zm), then according to (1.4),

Ty Tjre1 g Tipl Ty =T1c  Tm
is true in H. Hence e, ---e; is a unit in H and thus
Ty T Oy Ok Tjpl T =Ty Ton
is true for arbitrary z;,-- -, z,, and arbitrary j (0 < j < k—m). Thus
f.(x{e’fw}il) = (Z1, 1 Tm),
is true for arbitrary zy, -, z,, and arbitrary j. O

According to proposition 2.3, the definition of a unit string (e, - -, ex)
reduces for example only to a left unit string, and moreover the following
equality

Fle§aT) = (21, . Tm) (2.1)

is sufficient to be true for one m-tuple (z1,-:-,z,,). This result does
not tell us anything about the existence of a unit string (ey,---,ex). If
k = m the unit string is unique. If k& > m, the set of unit strings is of the
same cardinality as G*~™. Namely, for any elements x1,+++,ZTx—m, in G,
the equation (2.1) has a unique solution on Z,4+1, -+, zx. Note that for
arbitrary 1, -+, Z;,Zj4m+1, " -, Tk, the equation (2.1) has also a unique
solution on 41, Tjpm, (0<j < k—m).

The next property gives an additional property of a unit string
(el, v, ck)-
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Proposition 2.4. Ifk > m and (e1, -+, ex) i a unit string in an
(m + k,m)-group (G, f), then (e;,--- ek, €1, -, €i_1) is a unit string for
each i, as well.

Proof. It is sufficient to prove that if (e1,e2,---,ex) is a unit string,
then (ex,eq, ez, <+, ex—1) is also a unit string. Since (ey,---,ex) is a unit
string, we obtain

flex,e1,e2,++, €k—15€ks iy - =3 Tm—1) = (€ks T1y***, Tm—1)

for any x1,---,Zm_1. Now according to the proposition 2.3 we conclude
that (ex,e1, €2, -, €k—1) is a unit string as well. a

3. Units in com(m-+k,m)-groups

We consider an analogue to the definition 2.1 for fully commutative
(m + k,m)-groups. Instead of G* we consider the permutation product
G,

Definition 3.1. Let f : G5 — GU™) satisfy the following condi-
tions: _ _ . )

(i) f@ @ik, = F(FD)anth), 1<i<k,
where n =m+k and xy,+,Tpsk € G,

(ii) there is an element e € G, which will be called unit, such that for
any i, Tm €G

fzT, e oo €) = (21,0, Tm),
Nt
k
(iii) for any fixed ay,- - -, ax, b1, - -, by, € G the equation
f(“’fz?) = (bl, Lyl b‘rn.)!

has a solution on z1,-- -, Zp, (unique up to permutation).
Then (G, f) will be called com(m + k, m)-group with unit.

Analogously as in section 2, the condition (ii) in definition 3.1 can be
replaced by the following weaker condition:

(ii") There are e, zy, -, Ty € G,

f(a' e, €) = (@1, Tm)-
e, e
k

Proposition 3.1. Ifk <m and (G, f) is a com(m+ k, m)-group with

unit (e,---,e), then the element e is unique.

Proof. Assume that k < m and (G, f) is a com(m + k, m)-group with
special units (e, -+, e) and (¢/,---,€’). For k =m:

(f:',"‘, ):f(es"'aese"!“'te!):(8,9”'981)!
m

m m m
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and thus e = €'. If k < m, then

f(m‘in_k!ei ) ”‘-e!ef""ve}) - (IT#kTE: ’ “:C)
N N’ N, e’
k k k
and
f(a:’]-,n_k187° ' ‘,E,e’,"‘,e’) = (:E’]’.n_kte!;' = _!ef)
k k k
are true for arbitrary 1, -+, 2m—k and this is possible only ife =¢’. O

Note that if & > m and (G, f) is a com(m + k, m)-group with a unit
(e,---,€), then the element e may not be unique. It can be seen from the
following example.

Example 3.1. Let us consider the following com(6,2)-group on
C \ {0,1} defined by

f(21, 22, 23, 24, 2s, z6) = (wy,w2) <

{ 212923242526 = W1l
(J. - Z])(l - 22)(1 - 2'3)(1 = 24)(1 = 35)(]_ = Z(_‘,) = —4(1 — wl)(l - ‘wz) ’

Note that (i,1,1,4) and (=i, —i, —i, —i) are two units of the above com(6,2)-
group.

Proposition 3.2. Each com(m + k,m)-group with unit induces a
com(m + sk, m)-group with unit.

Proposition 3.3. Each com(m+ k. m)-group with unit is induced via
a com(m + 1, m)-group with unit.

Proof. Assume that f : G("tK) — G(™) defines a com(m + k, m)-
group (G, f) with a unit e. Let g : G+ — G™) be defined by

g(alth) = f(aT e, ).
Then it is easy to verify that (G, g) is a com(m + 1, m)-group with unit,
and moreover it induces the given com(m + k, m)-group with unit. o

According to proposition 3.3 it is sufficient to consider only
com(m + 1, m)-groups with unit. From the definition 3.1 it follows that a
com(m+1,m)-group (G, f) is also a com(m+1,m)-group with unit iff there
is an element e € G such that f(z7'e) = (z]*). Thus we are able to find some
examples of com(m + 1, m)-groups with units, and hence com(m + k,m)-
groups with units. Such examples are given in section 4.

We will prove bellow some properties concerning homomorphisms be-
tween fully commutative vector valued groups with units.

Proposition 3.4. Let G be a com(m + k, m)-group with a unit e and
G’ a com(m + k,m)-group. If there is a homomorphism ¢ : G — G', then
ple) = ¢’ is a unit in G'. :

2121
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Proof. p(e) = ¢’ is a unit in ¢(G). Let p be the least positive integer

such that m + p = 0(mod k) and 1 € G}, is the unit in the universal
’

covering group G'*. Then, for each ' € ¢(G)™ we have 1z’ = a' =
ple)kz' = 1= ple)k, ie. p(e) =¢€' is a unit in G”. O

Proposition 3.5. Let G and G’ be com(m+k, m)-groups with units e
and €', respectively and ¢ : G — G'a homomorphism, such that p(e) = ¢€’.
Then

H := {z|p(z) = €'}

is a com(m + k, m)-subgroup of G with a unit e.

Proof. It is clear that e € H. Let z1,...,&pmyr € H. If f(a:;”*k) =

y' Tk then f'(p(21) ... 0(Tmsk)) = f'(e™F) = ™. As ¢ is a homomor-

phism, then @(y1)...¢(ym) = €™ = p(yi) = ¢, for each i € {1,...,m},
ie. yi € H.

Thus, H is a com (m + k, m)-subsemigroup of G with a unit e. Let
@1ye-o Qs by, .. b € Hand 24, ..., %, € G are such that f(afz7) = b7
As p(a;) = €', ¢(b;) = €', we have

F(p(a)fe(@)T") = ¢(b1) ... (bm),

ie.
f(e*p(x)T) = ™.

As € is a unit in G/, we have f'(¢*p(x)?") = ¢(x1)...¢(zm). Thus
o(x;)=¢€,ie z; € Hforallie {1,...,m}. 0

Analogously as in section 2, we say that (e1,---,ex) is a unit string of
a com(m + k, m)-group (G, f) if

f(ml, s .‘mmjel’. . .’ek) — (xh z ..,mm)

for each z,,- -,z € G. In fact, it is sufficient that the previous equality
is true for one m-tuple (z1, -+, zm,). Moreover, if k > m and e;,,---,€;,

are fixed, then e; for 1 < j < kand j # i, for s = 1,---, k—m, are uniquely
determined up to permutation.

4. Some examples of fully commutative vector
valued groups with units

We refer to the notation and results in [14] and [15]. Let us consider the
special case m = 2 and k = 1. We denote by ¢ the number of excluded points
from the complex plane. It is proved in [14, 15] that up to isomorphism
there are only two affine com(3, 2)-groups (and hence com(2+ k, 2)-groups)
on C (t = 0), and they are given by

By -G 21+ 22+ 23 = w1 + W
f)=ud & e zem — oy (4.1)
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- 21 +2+2z=wtw
Hay=ag = {2132 + z9z3 + 2327 = 1 +wywy ' (4:2)

Ift = 1, then it can be proved that each affine com(3, 2)-group is isomorphic
to one of the com(3, 2)-groups defined on C\ {0}

f{z?) - wf = { zzll +z§2 1323 :1/\ fiﬂl +wsy (/\ € C). (4.3)
The parameter A\ in (4.3) can not vanish or be changed to a constant,
for example A = 0 or A = 1, but note that A and A give isomorphic
groups. If ¢ = 2, then without loss of generality we can assume that the
singular points are 0 and 1 (and oc too). So each affine com(3, 2)-group on
C\{a, 8} (a # B) is isomorphic to one of the com(3, 2)-groups defined on
c\{0,1}

f(@)=v] &

21 29 23 = A Wy Ws
& (A, peC\ {0}) (44)
(z1=1)(22 — 1)(23 — 1) = p(wy — 1)(wz—1)

and some of the groups in (4.4) are isomorphic, but the parameters A and
4 can not vanish.

Now it is easy to see which of the above com(3,2)-groups are also
com(3, 2)-groups with units.

If t = 0, then the com(3, 2)-group defined by (4.1) is also a com(3, 2)-
group with unit, while the com(3, 2)-group defined by (4.2) is not. It ¢t =1,
then the com(3,2)-group defined by (4.3) is a com(3, 2)-group with unit if
and only if A = 1. Thus, in this case (up to isomorphism) we have only one
com(3, 2)-group

3y __ .2 2] 2223 =Wy -y
fAr)=w; ® {31 +z+zy=14+w +ws’ (4.5)

If t = 2, then the com(3,2)-group defined by (4.4) is a com(3,2)-group
with unit if and only if 4 = A — 1. Thus, in this case we have the following
parametric set of com(3, 2)-groups with units

f=vw! e (4.6)
1°22-23=A-w-w
{ (z]z_ 12)2(2;3— 1)(rf:sw—1 1) = (A= 1)(wy = 1)(wg — 1) (A € C\ {0,1}).

Thus for the affine com(3, 2)-groups with units we obtain the group defined
by (4.1), (4.5) and (4.6). Moreover, according to the theorem 5.3 [15], the
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groups defined by (4.1) and (4.4) are not isomorphic and no one of them
is isomorphic to any group from (4.6). In the last step we will classify the
groups in (4.6) up to isomorphism. Namely, according to the corollary 5.2
[15], any isomorphism between affine or projective com(m + k,m)-groups
is induced by a complex map having one of the following forms:
az+b az +b

o(z) = ard = o(z) = = (ad — be # 0).
Moreover such a map ¢(z) must send the set {1,0,00} into itself because
1,0, 0o are singular elements for the group (4.6) and any isomorphism must
send any singular point into singular point preserving the multiplicity of
the singular point (see theorem 5.3 [15]). Thus any such isomorphism is
induced by a map which belongs to the following group of transformations:

1 1
H={z—1-2z z+— : vz — z—ol—— 21— . .
l—2 z 2 l—2z
1 1 1 1
1-2, 3 =, l——, 1-— — . .
L= 260 Tgd T 5 B l—z} (4.7)

Further, each ¢ of these ten mappings identifies A with ¢(A). Moreover,
A€ C\ {0,1} and the group H acts over the set C \ {0,1} and hence
any two orbits of A from (4.6) yield to non-isomorphic com(3,2)-groups
with units. Hence we studied the affine com(3, 2)-groups with units up to
isomorphism.

In the general case, suppose that an affine com(m + 1, m)-group is
given via a matrix A = (a;;). Then it is easy to see whether this affine
com(m + 1, m)-group is a com(m + 1, m)-group with unit or not. Namely,
it is a com(m+ 1, m)-group with unit if and only if there exists an element
z € C such that @, is the unit (m+1) x (m+1) matrix. This transformation
is given by the following affine transformation

1 0 0 0
- Qo + 211 Q1 + 2002 a2 +zng o Ogp 200
P=
Qo + 20m1 Om1 + 2Qm2 Qo + 20n3 00 Qmm T Z0m m+1

This com(m + 1, m)-group has the following representation

1 - e e — — _
f(z;n"' ) Zw?l Ad Sozg .(pz2‘--{pzm+1 :(pwl '(p‘!.UQ.”{pwm'
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EJIMHUIIA BO BEKTOPCKO BPEJIHOCHU I'PYTIU

Kocramun Tpenuesckn™ u bBumana Jamesa ™"

PeazuwMme

Bo 0BOj unaHOK cC pasrienysaaT eamHunu Ha (m + k,m)-rpymu
u com(m + k,m)-rpyma. Jloxaxanu ce Hexou HuBHM cBojcTBa. M BO
[BaTA Caydaja M3ydyBaHM Ce€ MCTO Taka W eIUHUIM o Oo0JMK
(€;8; 2 €)- Bo nocnemsmoTr mnaparpa¢g ce Aagedrd NpUMepd Ha
com(3,2)-rpynu co eIUHAIIM.
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