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CHARACTERIZATION OF (2k, k) —- RECTANGULAR BAND

D. Dimovski* and V. Miovska*~*

Abstract

A (2k,k) semigroup (Q;[]) which is a direct product of a
left-zero (2k, k) — semigroup and of a right-zero (2k. k) - semigroup
is called (2k, k)~ rectangular band. In this paper we give a charac-
terization of (2k, k)-rectangular band.

1. Introduction

The pair (Q:[]) is called a (2k, k) — semigroup if []: Q% — QF is a
map satisfying the following condition:

[, 2k+i1. 3k — [[2K] .3k 5 73]
[} (23T @3k i) = [[27"]a3%,,], foreach 1<i<k,
where k > 1 and Q # 0.

A pair (A;[]), where [] is a (2k, k) — operation defined by [23%] = 2§
is (2k.k) — semigroup. It is called left-zero (2k, k) — semigroup. Dually, a
right-zero (2k, k) — semigroup (B;[]) is defined by [27¥] = 23 |.

A pair EA x B; []) where [] is a (2k, k) — operation on A x B defined
by fI"]H"I = yl' - (.1'25 = (af.bij. Y = (a-j, bj+k)s i € Nog, J (S Nk) is (2&,:‘{‘-) —
semigroup and it is a direct product of a left-zero (2k, k) — semigroup and
of a right-zero (2k, k) - semigroup on A and B, respectively. Such a (2k, k)

semigroup will be called (2k, k) — rectangular band.

2. Characterization of (2k. k) — rectangular band

We give a characterization of (2k, k)-rectangular band.

Proposition 1. Let Q = (Q;[]) be a (2k,k) semigroup. Q is a
(2k, k) rectangular band if and only if the following equalities are satisfied

in Q:
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126 D. Dimovski and V. Miovska

(1) [abe] = [ac], a,b,c € Q; ‘
2) [adaak, 6oty ) = 4okl okl 07 € Ni
2 k i
3) [ak] = a, where ¢ denotes aa .i. .a.
Proof. Suppose a (2k,k) - semigroup Q = (Q;[]) satisfies (1), (2)

and (3).
(A) Let a be a fixed element of Q. Denote by L the subset of ¢

L={z"a N1z € Q}.

Let
[z 1, [u"@ 1 € L,i € Ny

Then:

—
—

-1 ok—1 2%—1 %—1. . (2
[z1 7@ Ji...[@e @ ifn @l fye @ i) =

= ([} ah[zl 8o ... [ alelyk dlx [y{“ aly ... [k Qi =

= (% & (¥ Glugk Gl [0 el © (b lyF alaly) 8l [yk Gl =
[y 8 € e d)s @ (s T .

¥ I

Il

So, (L:[]) is a left-zero (2k, k) — semigroup.
(B) Let D = {[%a_ lm]k | z € Q} and [a?*~! z;);, [zkajlyi]k € D,i€ Ng.
Then:

2k—1 2k—1 2k—1 2k—1 (2)
[Ta xlh [ a -’Ck]k[ a yl]k [ﬂ- Ulc]k]i=

= ([ 2¥1 [ 282 ... & ¥]u[6 2] [ b]a ... (8 yEI)i =

= (8 2408 11 [ y¥a - 6 vEl) L G (@ y¥ald yhTo- . [G p¥e): =
= (ot t]: D [a ] 2 e .

So, (D;[]) is a right-zero (2k, k) — semigroup.
(C) We define a map ¢ : L x D — @ with:

(v([z ¥ ")y, [a " yle) € Lx D) gz " |1, ("2 yle) = [z "a’ y "]y,
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cnaracTeERZATION OF (2K, k) - RECTANGULAR BAND 127

(C1) We will prove that ¢ is a well-defined map. Let

2k— 2k— 2k— 2k —
[2¥a ")y = W 1, P gl = [Ma ol
Then:
2k— 2k—1 2k—1 k 2k—1 2k—1 2k—1 k
e ¥a e ¥ty e P Eh = ([u e e T o [z VA e T
[ 2ka_1§3]1 = [[u 2ka_1]1[u 2ka_l]g oo ju 2ka'_1]k f’t‘]l
k=1k 2k—1k
[z az)y=[ua z)
k—1k k—-1k
lr ")y =[u ax];.

62 e P el e = 0 06 e P2 a5 el

k2k—1 k 2k—1 2k—1 2k—1
Wa yh=W(a v...a V[ a vk
kk—1 kak—1

Wa yh=Wa v

kk—1 kl—1
Wy yh=Fa vk.

o T
So,y=1[¥ ! V|k. Then:

k-1 k-1 k—1k, k=1 kk—1 k-1, (2

e 2"y e = [[ua'E), "' W vl e, @

k=1k, . k—1k k=1ky kk—1 . k-1
—[[u azhfu azlp...[i ek a v ali=

k—1k kk—1 k-1, (1 k=1 kk—1 k=1, (2
— et et o fa ' Y et et v (e, @
k-1 k k-1, [k k-1 ko p—1
=ua [Yv ahWv alo...pv alh=
k—1k 1

o~ -1 k-
=u ayv alh-:[uka ukalh.

(C2) We will prove that ¢ is an injection. Let

2k-1 2k—1 2

ez a8 ) = ¢lu 2

ka_llla [Ta V),

k=1 k=1 k=1 k=1
[z a yalj=a v al.
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Then:

k=1 k=1, . k-1 k-1 k-1
[t y allz a y alz...[z a

— [[‘LL kal k=1 1

k-1 k
y alizh =

k=1 k=1 k=1 k=1 k
voalhlr ayal... [z ay alpr,

1 k=1k k=1 k=1, . k=1 k=1 k=1 k=1, k
yazh=[uwavahuaval..|uavalz)

1

k—
[z a
k—1k k-1  k—1k
[z ax=[u a v azx,

[:U kilﬁ.;'c?]i = [u ka]gfh

So, x = [ukalff']l-
Similary:

k

o—1 k=1
a Ylr-1lz "a

k k-1 k-1 k-1 k=1
Wla za yh...[a = y alik=

k k=1 k-1 k—=1 k-1 k-1 k-1
=Hla z a yh...[a z a Ykalu a v ahle
k k-1 k-1 k=1 k-1 k=1 k-1
Wla z a yli...[a 2 a yhha[a z a yhlk=

k k-1 k-1 k-1 k-1 k-1 k-1
=Ula uwavh...[auva vila ua v
kk—1 k—1 kk—1 k-1
5" 22 g = [ w7 e
kk—1 kk—1
Ya y=[¥a v
kk—1 kk—1
Yy yhe=Ua V.

kl—
So,y=[¥ alujk. Then
2%—1 k—1k. 2k—1, (2),. k—1k k—1k, k
z7a 1 =[uaz] ali=[uaz]...[uazx)a], =

- WO

and
2k—1 2k—1 kk—1 (2)k kk—1 kk—1
Mayhe=[a Vav=alav...[V a vi=
kkk—1 , (1).2k—1
= [ay a u]k(::) a vl.
2k—1, 2k—1 2k—1. 2k—1

So ([z7a 11, [ a yla) = ([u a 11,[ a Vi), i.e. ¢ is an injection.
(C3) We will prove that ¢ is a surjection. Let z € . Then

3) 2k, (2); k=1 k-1 2k—1 2k—1
;1;(=)[a: l(=)[1; azal,, [za]eLl, [a zlxeD
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and
2k—1 2k—1 k—1 k-1

effxa ], azhx)=[raczal;=xz.

So, ¢ is a surjection.
(C4) We will prove that ¢ is a (2k, k) — homomorphism. Let

2k-1 2k—1 1

a=(z:a 0@ W) Bi=(ua h,['a ‘wlk) € L x D,i € Ny.

Then:
((lay ¥ [“a‘m]k e @ 1 P8 o) (w22 ) P ).
- [uk a e vl =
= [[-’51 Zka— ]1 II&- Zka 1] [“1 21:& 1]1 ﬂ ] u [2ka 1 yllx
L M e [ v:c]]
We have:
o([588L:) = e(llz1 @y - [ue @ ey u”‘cr‘mlk 187 wdils)
2k—1 2k—1 k-1

—‘P([xt a i, [ a Vi]k) [z; a v ”- ]1\

lp (01)59 02) -plax)p (31)50(ﬁ2 . @(Br))i =
= [[z ‘! Y kal] e ! yk *a ] [uy *a ” s ]1 [uk & Vi kal],] @
= [[-ﬁ'yl]l [1'1311]&[“1"1 fu Vl]klt =

k] “-} (2] |' ; k—1

k-1
a v a ]].

= [efyfuivth - [“11’1]k]: — [J-' i) = [z

SO e([afBt]:) = [p(en Jp(as) ...p(ar)e(B)p(Ba) - .. 0(Br)]i, ie. ¢ is

. k) — homomorphism.

Hence, Q is a direct product of a left-zero (2k, k) — semigroup and a
right-zero (2k, k) — semigroup.

Conversely, let Q be a direct product of a left-zero (2k, k) - semigroup
and a right-zero (2k, k) — semigroup.

(D) Let (i, i), (@i, b:), (ui, 1) € Q, i € Ni. Then:

[(z1,91) - - - (@, yi) (@1, b1) - . . (@k, bi) (ug, 01) - . (g, )]
= [(xl,bl) i .(wk,bk)(ul,vl) Ve .(uk, Vk)]

= (z1,11) - - (Tks i)

= [(@1,91) - - - (@he yie) (wa, 21) - - - (uey )]
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Hence, Q satisfies (1).
(E) Let (ay, w), (ag, by), (w, v), (z,w) € Q.l,i,j € Ny, (uy, VJ-) =
T (3:!'! yi)s [zj}wj) = (ai-bi)-
Then:

[(331‘3;‘1) v (x'iayi) res (CL'k, yk)(als bl) a e '(afa bi) .o .(Gk, bk)]i —

= ('rt':bi) =

= [(ulsul) = -(uj—-ls Uj—-l}(misy‘i) LI

oo (ug, vi) (21, w1) - < (25— 1, wyi—1) (@4, bs) -« - (2 wi)] -
Hence, Q satisfies (2).

(F) Let (a,b) € Q. Then {(;,kb)] = (a,:b). Hence, Q satisfies (3). O

Proposition 2. Let Q = (Q:[]) be a (2k,k) - semigroup. Then
Q is a direct product of a left-zero (2k, k) — semigroup and a right-zero
(2k, k) — semigroup if and only if there exist semigroup (Q:*) which is
a rectangular band, i.e. a direct product of a left-zero semigroup and a
right-zero semigroup, such as

[zXy5) = o % i, 25,95 € QF, i€ N

Proof. Suppose Q = (Q;[]) is a (2k, k) — semigroup, direct product
of a left-zero (2k,k) — semigroup and a right-zero (2k, k) — semigroup.
According to Proposition 1. we have:

(1) [abc] = [ac], a,b,c € Q%
(2) [“Tl““fﬂb: bk, = [-”"{Hlamfﬁuly{—lbyﬁl]j* i,J € Nj;
2k,  k

(3) (@] =a.
For a fixed a € Q, let * be an operation defined on @, by

k—1 k—
cxy=[gayal, zyeQ.

(A) Clearly (@Q; ) is groupoid.

(B) We will prove that (Q; ) is semigroup. Let z,y,2 € Q. Then:

(zey)sz =z k-1 " kélh kol kal]l )
1 k-1 k=1 k=1, k-1
y al...[t ayalz aly=

_— k-1 ; k-1 5 kalh W e kol g kalll;

=[z"a

k-1 k=1 k=1, k- 2
zx(yxz)=[r a [y a z a’] al, 2

1 k-1 k—
z ali...ly a z

1 i kol kalll () @ k=1 k.El]l.

s

k—
=[z"a
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Hence, (z*y) x 2 =z * (y * z), i.e. (Q;*) is semigroup.
(C) In (Q; *)wehavpr*y*z—[x a'a J1=xz%zand

— ko1 k- 1] (2)[ k=1 k= 1] @,
Hence, (Q;*) is semigroup in which z*xy* 2 = 2%z and 2 ¥ ¢ = z, i.e.
(Q; *) is a rectangular band.

(D) At the end, for z¥, y¥ € Q*. i € Nj we have

@ k-1 k-l
[-’319’1] =lzi ¢ yi ali =3+

So, (Q; *) is somlgroup, direct, product of a left-zero semigroup and a right-
zero semigroup and [z5yf]; = 2; * ;.

Conversely, let (Q;[]) be a (2k,k) - semigroup and there exist semi-
group (Q; #) which is a rectangular band, such that

[xlyl]i =¥, :c],yl e QF, ieN.
Then in (Q; *) holds:
(a) z*y*z=x*2z and
(b) z %z ==
We will prove that for Q the statements (1), (2) and (3) from Propo-

sition 1. are true and with that the proof will be completed.
(E) Let of,y¥, zF € Q*. Then:

[ "1’131] = ["1Jﬂ~1 [3’-’1 YL DI *Y2, ey T * Yky By e s ey Zh] =

) (a)
= (T * Y1 %21, T * Yo * 22, .. . Tk * Yk * 2x) =
= (T] % 21, T2 % 22, ..., Tk * 2) = [x’fz{‘]
So, the statement (1) from Proposition 1. is true.
(F) Let z¥,y¥ ok, b5 € Q, i,j € Ny and i bj. Then:
i— -1, 'k i1
[ ezt i )i = ey = [dd z;0%, N b%.1];- So, the state-
ment (2) from Proposition 1. is true.

2k by . 2k ko,
(G) Let . € Q. Then: [T]; =x* :f;(z);r:, i.e. [z] = . So, the statement
(3) from Proposition 1. is true. 0
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KAPAKTEPU3AIINJA HA (2k,k) — ITIPABOATOJIHA JIEHTA

Horuo Humoscxku™ u Banestuna Muoscka™®

Peszuwme

(2k, k)-monyrpynara (@;[]) Koja € OMPEKTEH NPOM3BOA Ha CUHA
neso myara (2k, k)-noayrpyna u egsa aecHo HynaTta (2k, k)-moayrpyna
ce mapexysa (2k, k) npasoaromana seara. Bo TpynoT e manmena kapak-
tepusanuja ga (2k, k)-npasoaronsa JIcHTA.
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